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Lecture 8

Multivariable Control System Design

Topics to be covered include:

» Control structure design

 Sequential loop closing
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Lecture 8

The process of control system design

1- Study the plant under control and obtain control objectives.

2- Model the system and simplify it.
3- Analyse the model and derive its properties.

4- Select of controlled output to achieve the specific objectives.

5- Select of manipulation and measurements.

6- Select the control configuration

7- Select the controller type.

ubisap 2an3aNA3IS [01IU0D

8- Design performance specification.

9- Design a controller.

10- Analyse the controller.

11- Simulate the resulting system either on a computer or a pilot plant. 3
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Lecture 8

Selection of control output (step 4)

A controlled output Is an output variable (usually measured) with an
associated control objective (usually a reference value).

Exogenous inputs

W z Control output
— ]_) —
-
Manioulati 1 0%
anipulation Measurement
signal signals

x

In many cases, it Is clear from physical understanding of the process
for example, heating a furnace.

As another example that it is not clear, consider backing a cake.
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Lecture 8

Selection of manipulation and measurements(Step 5)

In some cases there are a large number of candidate measurements and/or
manipulations. The need for control has three origin

1- To stabilize an unstable plant, 2- To reject disturbance,

3- To track reference changes,

Exogenous inputs

W z Control output
— 1__) -
Manipulation . Y Measurement
5‘? K signals \

Large effect on the controlled Strong relationship with the
outputs, and should be control output, or which
close (in terms of dynamic may quickly detect a
response) to the output major disturbance

and measurements

5
Dr. Ali Karimpour May 2021



Lecture 8

Selection of manipulation and measurements(Step 5)

For more general analysis let:

Yair = Gautign + Ggand

y.; IS all candidate output and, u,, is all candidate input.

—

Attention to RHP zeros.

Selection of Maximize (G (jw))

IOset 1 * High input-output controllability. {
Minimize RGA number
RGApymber = 1hi% I”sum

High Hankel singular values.

—
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Lecture 8

Selection of manipulation and measurements(Step 5)

Example 1: A jet turbine

- Selection of control output

2- Selection of candidate input
(manipulation)

3- Selection of candidate output
(measurements)

—

Trust,

- Surge, and

Compressor speed

—
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Lecture 8

Selection of manipulation and measurements(Step 5)

Example 1 : A jet turbine

1- Selection of control output

2- Selection of candidate input
(manipulation)

3- Selection of candidate output
(measurements)

= { A o =) alia | \
’-M\:Au:-h-l-v’d Y Ky _,d».‘a,**’ng—.n.u — ¥ -~
’-\-v‘*‘(' b A Y\ '.\-_.) N ] S \_;lév, Y

'J Il A ‘.‘""‘ ,‘-—.’ e g ’..4-_-5 Y

S

I-Fuel flow valve

e
Ugiln = [WFE A] IGV]T
rog ™~ :
- Nozzle with variable area 11- Inlet guide vanes
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Lecture 8

Selection of manipulation and measurements(Step 5)

Example 1 : A jet turbine

1- Selection of control output

2- Selection of candidate input
(manipulation)

3- Selection of candidate output
(measurements)

Yauu = [NL OPR1 OPR2 LPPR LPEMN NH]'

" Compressor
Speed

LPPR = LP compressor’s pressure ratio

Trust Surge
NL = compressor spool speed

OPR1 = the ratio of HP compressor’s outlet pressure to engine : 9h
LPEMN = LP compressor’s exit Mach number

OPR?2= engine overall pressure ratio DU ANRIATRIIIREY 2021



Lecture 8

Selection of manipulation and measurements(Step 5)

Trust
Control output z = Surge
> P > Compressor speed
>
Candidate input Candidate output - NL
WFE OPR1
— OPR2
Hall o 1 Yall =
IGV LPPR
LPEMN
NH
WFE
Candidate input selection Ugy = | AJ
IGV

10
Dr. Ali Karimpour May 2021



Lecture 8

Selection of manipulation and measurements(Step 5)

Trust
Control output z = Surge
> P > Compressor speed |
>
Candidate input Candidate output - NL
WFE OPR1
- OPR2
i i < Vdll-=
IGV LPPR
LPEMN
NH
[ NL [OPR1 [OPR?2
y1 = |LPPR Yo = |LPPR y3 = |LPPR
Candidate output selection N - NH . NH
AN [ OPR1 P OPRZ
Y4 = |LPEMN| ys =|LPEMN| y¢ = |LPEMN
NH NH NH
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Lecture 8

Selection of manipulation and measurements(Step 5)

Set no.

1
2
3
O
O,
6

Selection of
[Oset ]

Candidate controlled output RHP zeros <100 rad/sec  a(G(0))

CNTCEPRRINH none 0.060
QPRIT=PPRINH_ none 0.049
(OPRZH=RPRRNH. 30.9 0.056

NL, LPEMN, NH none 0.366
OPR1, LPEMN, NH none 0.409
QPRZ=RPEMN_NH 217.7 0.392

Attention to RHP zeros.

Maximize a(G(jw))

High input-output controllability. {
Minimize RGA number

High Hankel singular values. 12
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Lecture 8

Selection of manipulation and measurements(Step 5)

RGA-number

Selection of

| 2r—r—1—rme—r—7‘rrWnr—r—rﬁ*m

— 1T T TTVI
than ) U | AL I RELA | F b ] oc‘:lnl
R .uum (R R I A ) nu | i | »nun’
'0_-4_1-:.4uun--1..4.4.=u|u__L.'.-L,Lu.- LuLlay - - b b SVAS
L e P P rhem v
b reem [ R R R R Y 34 | | IR & )
LAY 0 Hn [ ) k +1 N | 1
B -1 -Iminn- 'M‘H“"FY’ it =1 r KSAt)- N\ i r
R | [ | il ) rin | (| | L
oL rinn (R A Y RE ] TR P Lrheem ey A
....... Clinvpen . S_ LUt ) Y L
LI R A "N o ! — (Ll
thin = LRLL [ Hn | | ) -
] hn gj.’ 1L ] ) N / \
}-——~0 -|= l-aHHl--t—c—d# I =~ = & & ~—‘-Hl'o——-0—oo>-‘t
(R R J (A1 RR NI B ERY "
T ™ Tl v in [ I\ [ LA
& L 3 a1 ] 1]
--_—'-I-I.IITI--I—TT- l"l—l. - |m
AR AL | =) UL | AT ] i
R R RALRL v (R ERL))
ITHI NS TSNV | S T . e ey
N | 0 ! <
10 10 10 10
w (rad/sec)

< Attention to RHP zeros.

[Ospt 7~ 2High input-outputcontrollability.{

«  High Hankel singular values.

Maximize a(G(jw))

Minimize RGA number
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Lecture 8

Selection of manipulation and measurements(Step 5)

Selection of
1O set

_—

R/
0‘0

R/
0‘0

)
0’0

=2 OPR1
[ [y e | ey ey gy et () ] g = ey Pgip g o ey
:::::::':::'~§'Se'§5' Ys = |LPEMN
B oo ffototsfdadndoifedade s ande ey IS NH

[\ y) | \ | I | i | | | ‘ | | | |

z { | | | | ' ) | \ ) | ) | |

ol IEREREEEEEREo sy

o

C ] ] ] ] ' ' ] ' ] ]

@ 0ol L Pl e, P e Mo B

6-." | | ] [} | | ] ] | ) |

x 29 %, IS i f

% ‘ ] ) | | ' ] ] ] )

T 01 NN R T :

| \ 1 I ' ) | ) '
g = 4 S 6 7 B8 9 1011 12 13 14 15 16 17 18
Slate
Attention to RHP zeros.
Maximize a(G(jw))
High input-output controllability.
Minimize RGA number
High Hankel singular values. 14
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Lecture 8

Select the control configuration (Step 6)

Candidate input

U=

Structure of K

> >

Candidate output

Al K fb—— y=|LPEMN
IGV NH

~  Decentralized control. K=

- Centralized control. K=[" T ] b<
%

s 0
(3550

0540750
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K(s) =

Lecture 8

Select the control configuration (Step 6)

(k1(s)
0

0

0

ka(5)
0
0

0
0
ke3(s)
0

-

Y
T A
\J

S

o k1(5)

0
0

0
ki(s).

k2 (s)

1 6es)

Y2
Y3

The design of decentralized control systems involves some steps:
1- The choice of pairings (control configuration selection)

loop-assignment problem or input-output pairing

(RGA and NI index)
2- How many control loops is necessary?

16
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Lecture 8

Select the control configuration (Step 6)

Definition of RGA (Relative Gain Array)
Y1 = G,y + 050U,

Physical Meaning of RGA: Let
Yo = Ul + 05U,

g; relationbetween y; and u; if otherinputs =0 or [Sy']
u.
} Ju, =0,k |

h; relationbetween y; and u; if other outputs =0 or [5']
u.

Y1 = 91U + 91Uy _ On g
u, =——==u — 4 —~22) lu =hu
0= 0,.U, + 0,,U, 2 Jd,, 1 Y, (gn ng( )j 1 111

22

Relative gain? 4 = 95/ h;

A(G) =RGA(G) =G xG ™ i
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Lecture 8

Select the control configuration (Step 6)

Let Y1 = G1,U; + 095U, A(G)=GxG T = { A 1—1}
Yo = gy + 05U, 1-4 A

A=1 - Open loop and closed loop gains are the same,
so interactions has no effect.

2=0 = ¢,,=0 so u, has no effect on y,.
0<A = Closing second loop, no sign change the gain between y, and u,.

2.<0 - Closing second loop leads to changing the sign of the gain between
y, and u,.(Very Bad)

18
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Lecture 8

Select the control configuration (Step 6)

1- It is independent of input and output scaling.
2- Its rows and columns sum to 1.

3- The RGA is identity matrix if G is upper or lower triangular.

4- Plant with large RGA elements are ill conditioned.

5- Suppose G(s) has no zeros or poles at s=0. If A;;(c0) and 2(0) exist
and have different signs then one of the following must be true.

* G(s) has an RHP zeros. * Gli(s) has an RHP zeros.
* g;(s) has an RHP zeros.

6- If g;;=0;(1-1/A;) then the perturbed system is singular.

7- Changing two columns/rows of G leads to same changes.tq KiatslpiER%l



Lecture 8

Select the control configuration (Step 6)

Definition of Niederlinski index.

det(G(0))
[1; g

NI(G(0)) =

20
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Lecture 8

Select the control configuration (Step 6)

1- The choice of pairings (control configuration selection)

loop-assignment problem or input-output pairing
a) Integrity

A decentralized control system has integrity if the closed loop system should remain
stable as subsystem controllers are brought in and out of service or when input saturates

bIE:

k()
Y
—’O+ —| k2 (s) 2, ° y'z
Uz G(s) Y3
() 0 0 0 e 0 0 0 o R
Uy Va
K(s) = 0 k,(s) 0 0 0 e 0 0 4 4
0 0 ks(s) 0 0 0 € O
0 0 0 kys)llo 0o 0 e e, €{0,1}

A necessary condition for integrity is that the Niederlinski index of G(0) and the
Niederlinski indices of all the principal submatrices G (0) of G(0) are positive:
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Lecture 8

Select the control configuration (Step 6)

1- The choice of pairings (control configuration selection)
loop-assignment problem or input-output pairing
b) Integral stabilizable P(s)

—O— -] Bg C(S) > G(S)
q ==

System P(s)=G(s)C(s) is integral stabilizable if there exist a k>0 such that closed loop
system is stable and its steady-state error to all constant inputs are zero.

Theorem: The necessary condition that a proper real rational stable matrix P(s) is
Integral stabilizable is: det[P(0)]>0

Exercise: For both following system det[P(0)]=3, show that just one of them is
Integral stabilizable.

J=Ar
[i %] b)P(S)zs+1[12 —12] 22
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Lecture 8

Select the control configuration (Step 6)

1- The choice of pairings (control configuration selection)
loop-assignment problem or input-output pairing

c) Decentralized integral controllability(DIC)

The plant G(s) (corresponding to a given pairing with the paired elements along its

diagonal) is DIC if there exist a stabilizing controller with integral action in each loop
such that each individual loop may be detuned by a factor €; € [0,1] without

introducing instability.
“A— BE 1IE

-y
— 1 O——[ky(5) Y e
: Uz G(s) Y3
ki(s) 0 0 0 1[e; 0 0 07 - '
K(s) = 0 k,(s) 0 0 0 e 0 0] - Y, X‘*
| o 0 ki(s) O 0 0 € O : .
0 0 0 ks)lo 0 0 e e, € {0,1} integrity

OSElngIC 21



Lecture 8

Select the control configuration (Step 6)

1- The choice of pairings (control configuration selection)
loop-assignment problem or input-output pairing

c) Decentralized integral controllability(DIC)

The plant G(s) (corresponding to a given pairing with the paired elements along its
diagonal) is DIC if there exist a stabilizing controller with integral action in each loop
such that each individual loop may be detuned by a factor €; € [0,1] without
introducing instability.

Theorem: Steady-state RGA and DIC

Consider a stable square plant G and a diagonal controller K with integral action in all
elements, and assume that the loop transfer function GK is strictly proper. If a pairings
of outputs and manipulated inputs corresponds to a negative steady-state relative gain,
then the closed-loop system has at least one of the following properties.

a) The overall closed-loop system is unstable.

b) The loop with the negative relative gain is unstable by itself.

c) The closed-loop system is unstable if the loop with the negative relative gain is

open. 4
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Lecture 8

Select the control configuration (Step 6)

1- The choice of pairings (control configuration selection)
loop-assignment problem or input-output pairing

Summary of pairing rules

Pairing rule 1: Prefer pairing such that the rearranged system, with the selected
pairings along the diagonal, has an RGA matrix close to identity at frequency around

the closed-loop bandwidth.

Pairing rule 2: For a stable plant avoid pairings that correspond to negative steady-
state RGA elements, 4;; < 0.

Pairing rule 3: Prefer pairing ij where g;; puts minimal restrictions on the
achievable bandwidth. Specifically, the effective delay 8;; in g;;(s) should be small.

25
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Lecture 8

Select the control configuration (Step 6)

Example 2: Select suitable pairing for the @
following blending system. (o Is output wy —>
flow and X Is the composition and defined as

S
percent of of w, to total flow) wg —> @
Solution:
W =W, +W, e 197
W W
= W, L(}: E20 Eh 0.6 {WA}
W, W, A7 s | g
: Xe Sy
RGA of the system is A=
TR e
0.1 09
If x,=0.1 = W W, & X W,
09 0.1
(0.9 0.1
If x,=0.9 Ni= W <> W, & X<
_01 09_ Dr. Ali Karimpour May 2021




Lecture 8

Select the control configuration (Step 6)

Example 3: Select suitable pairing for the following plant

G(0) =

Solution: RGA of the system is

A(0) =

10.2
15.5
18.1

10.96
0.94

-0.9

5.6
—-8.4
0.4

1.45
-0.37
-0.07

147
0.7
18

~1.41]
0.43

1.98

For a 3x3 plant there are & alternative pairings, but from the steady-state RG34 we see that there

iz only one positive element in column 2 and only one positive element inrow 3 and therefore

there iz only one possible pairing with all RGA-elements positive ({13 2, 251, 3¢ 3}
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Lecture 8

Select the control configuration (Step 6)

Example 1(Continue) : A jet turbine

P
GG Candidate output
7 V'Z;E OPR1
& y = |LPEMN
IGV K I‘f NH
1.076 —0.027 0.004
y=1-0.064 —-0.412 0 =Fu
1474 —0.093 0.983
1.002 0.004 -—-0.006
RGA(G(0)) =| 0.004 0.996 0 u
—0.006 0 1.006

So, {WFE, OPR1}, {AJ, LPEMN}, and {IGV, NH} is a suitable pairing.
28
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Lecture 8

Select the control configuration (Step 6)

2- How many control loops is necessary?

Combination of SVD, C.N. and RGA can help in this matter.

29
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Lecture 8

Select the control configuration (Step 6)

Example 4 Determine the preferred multiloop control strategy for a process with
the following steady-state gain matrix, which has been scaled by dividing the process
variables by their maximum values.

Y1
Yo |=
Y3

Solution;

e

G(0) =

0.65 0.37

048 09 —0.006]u, u,
052 095 0.008 |u, |=G(0)u,
0.90 -095 0.020 |u, u, |

[ 071 -0.16 0.45
~0.36 0.79

0.56

~0.01

(-0.57 0.38 -0.73][1.62
-0.60 041 068 | O
| 056 083 -001) O

0
1.14
0

U & Y, ol & Y, oU,

U & Y, oUu & Yo

0 T-0.05 099 -0.02] G
0 |-099 -005 001| CN.=Z=162
0.01] 001 002 0.99 |

A9
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Lecture 8

Select the control configuration (Step 6)

U & Y, U & Y, oU

[-0.57 0.38

-0.73][162 0

G(0)=|-060 041 068 | 0 1.14

| 056 0.83

-001] 0 O

0
0

T-o0.05 0.99] ~0.02]

U & Y, U & Yo

—0.99 -0.05 001 | CN.=—=162

Q[ q

0.01]

001 0.02 0.99

Determine three control loop is not suitable so:

Juy =38
A,=055

A, =0.55

r

U, u,
Yi. Y, and < Uy, Us

U, U,
Y. ¥ and < U,U,

Yo Y3 and < U, U;

C.N.=184
C.N.=72
C.N.=133

C.N.=151
C.N.=69
C.N.=139

C.N.=1.45
C.N.=338
C.N.=68

4, =0.36 Y1 < U, & Ys < U
A, =0.64
A, =1.46

A, =0.37 Y, U, & Y, U

Ay =3.25

31
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Lecture 8

Multivariable Control System Design

Topics to be covered include:

» Control structure design

 Sequential loop closing

32
Dr. Ali Karimpour May 2021



Lecture 8

Sequential loop closing

The simplest approach to multivariable design is to ignore its multivariable nature.
 Choose suitable pairing.
A SISO controller is designed for one pair of input and output variables.
» When this design has been successfully completed another SISO controller is
designed for a second pair of variables and so on.

* In each part we consider the previous loop in system and we check the previous one.

+_JL > kl(S) ul: —L—ybl

\J
+ f!\ uZ YZ
:V > kz (S) > —— —
Us G(s) Va
k1 (5) 0 0 0 : — —
0 kz(S) 0 0 Uy Y4
Kis) =] , 0 ki(s) O ! |
0 0 0 ky(s).

33
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Lecture 8

Sequential loop closing

Example 5: Consider following system and derive a sequential loop closing control.

[11

Solution: First we must choose suitable pairing.

=4 2]

RGA(G(0)) = | i

So, we must rearrange system as u; < y, and u, < y;

L7 paass
new 22
: (5) s+1[1 1

34
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Lecture 8

Sequential loop closing

GTlBW (S) —

2 1
s+1 [1 1] o T - vy

So, we try the first loop with an integrator 5 S ﬁ
Y1 Zkl > 1

— = + 1
1 SZ+s+ 2k fey = 0.5 :
Now, we try the second loop I5+1
with first loop in system: ) K, 1 Y2

+_f B :s+1
Y2 ky(s?+ s+ 1)

r, s*+2s34+Q2+ky)s2+ (1+ky)s+ 0.5k,

k2=2



Lecture 8

Sequential loop closing

1 +'l 0.5 2 ~| 7

s s+ 1 ++
1 ‘
—

s+1
1
s+1
2 2 1 4+ Y2
s s+1 ~

See reference no. 4
fork, =k, =1

r=[1 O]T

0 5

10

Time(sec)
1 L
087
~ 067}
>
0.4r
0.2 /\
0
0 5 10
Time(sec)

r=[0 1]"

0 5 10
Time(sec)

0 5 10
Time(sec)



Lecture 8

Sequential loop closing

__+(£_ Jey (5) L )1 k(s) 0 0 0

_ u yz . 0 kz(.‘;) 0 0

=0 0P K=l 0 "0 ki(s) 0
uy | G6) V3 0 0 0 |
—_— I C4(.§)
Uy Va

Sequential loop closing specification
% Pairing is an important issues.

% Itis working well for low interaction systems.
% It is a decentralized controller.

s+ Each time one loop is designed.

s It is working well for loop with different bandwidths, start with fast loops.

: = f RHP element zero in minimum phase systems.
¢ Not suitable for control difficulty issue. 37
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Lecture 8

Sequential loop closing

A more sophisticated version of sequential loop closing is called
seqguential return-difference method

+>$_v k.(s) 2 l

y

>

£ . u Y
aé——» k.(s) > > )
‘,

Co(s) u, G(s)

Y. Vs
IR

N

A cross-coupling stage of compensations should be introduced

This stage should consist of either a constant-gain matrix

: 1
or a sequence of elementary operations. C,(s)=—=U(s) o

d (S) Dr. Ali Karimpour May 2021



Lecture 8

Sequential loop closing

Example 6:

1
1 |1-s =-s
G(s) = : 3
(5+1)° 12 g 15
If we try to design a SISO controller for either the first or second loop here, we have

difficulties, if the required bandwidth is close to unity, or greater, because the transfer
function ‘seen’ for the design, namely the (1,1) or (2,2) element of G(s), has a zero at 1.

However, G(s) itself has a transmission zero at - 1 only, so there should be no inherent
difficulty of this kind.

If we choose C, { 12 ﬂ

1 1 1
§+s §_S
(s+1)* o

We see that no right half-plane zero ‘appears’ when a SISO compensator is being
designed for the first loop. 39
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Lecture 8

Sequential loop closing

Example 6:
1 1 r 4+, Las ¥,
1 —+S —-5 ’é > k(s) - —
5)=G(s)K, = (5+) e
Q(s) =G(s)K, (S+1)2[35 ?_S] T
Once the first loop has been i ko)
closed by
kl(s) il (-s‘i\)’
The transfer function ‘seen’ in o 2=s +* Y,
the second loop is ey
1_s S :lg—s where h(s) = T )
2(S) =T+ h(s 1+][ 2+ (s +1) [k (s
)= T T ean? " (s a1 g+ e+ e
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Lecture 8

Sequential loop closing

Example 6:
1 1-5s S :]3-_5 where h(s) = 1 —ky(s)
Oy, (S) = (1+ 5)2 T (S+1)2 h(s) (S—|—1)2 1+K3 j (S+l) }k (s)

Now, If we assume high gain in the first loop

(s+1)° h(s) ~ — :
k()] >> | I L

~+5
3

and hence 1 1
G2z () = (s+1)(3s+1)

so that no right half-plane zero is seen when the compensator for the second loop
IS designed. 41
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Lecture 8

Sequential loop closing

» The main idea that of using a first stage of compensation to make subsequent

loop compensation easier

» The main weakness of the method is that little help is available for choosing that
first stage of compensation.
The available analysis relies on the assumption that there are high gains in the loops
which have already been closed, and such an assumption can rarely be justified,

except at low frequencies.

J

One rather special case, in which the assumption of high gains is justified, arises when
different bandwidth is required for each loop, and all the bandwidths are well separated
from each other. 1
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Lecture 8

Sequential loop closing

Mayne (1979) suggests that, if the plant has a state-space realization (A, B, C), the
product CB being non-singular (and the matrix D being zero), then the first stage of

compensation can be chosen to be
C. =(CBJ>

Since G(s)—>CTB as |s| > SO G(s)Cp—>£ as |s|—> o

so that each loop looks like a first-order SISO system at high frequencies.

However, an alternative choice, such as

C, ~G ' (jm,) or C,= jo,G ' (jw,)

DNA Is another approach

43
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