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Lecture 10

Uncertainty in Multivariable Systems and
Quantitative feedback theory

Topics to be covered include:

Introduction

Types of Uncertainty in Multivariable Systems

Robust Stability of Uncertain Systems.

Quantitative Feedback Theory

« QFT Design Procedure.
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Lecture 10

Introduction

Reason of uncertainty:

 Linearization or ignoring some non-linear parts of system.

» Ignoring sensors or actuators dynamics in modeling.

« Ignoring high frequency behavior or model order reduction.

« Changing operating point.

e System exhaustion.

 Fault in some part of system or fatigue.

Why do one need to examine uncertainty in control systems?
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Introduction

QG Control: Optimal state feedback
39 :_[:(ZTQZ +uTRu)dt
where z=Mx, Q=Q' >0 and R=R' >0

The optimal solution for any initial state is

u(t) = -K_ x(t)
where
K, = R'B' X

Where X=XT">0 is the unique positive-semidefinite solution of the algebraic

Riccati equation

A"X +XA-XBR'B'X+M'QM =0

Lecture 10
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Lecture 10

Introduction

Robustness Properties

For an LQR-controlled system if the weight R is chosen to be diagonal, then

S=(1+K, (sl —Ay'B)" satisfies 5(S(jo))<1, Ve

This means that in the LQR-controlled system u =-X,x,  Nyquist plot in MIMO case

a complex perturbation diag {ﬁcée-""' ]can be introduced at

A

the plant inputs without causing instability provided

6. =0and 0.5<k <o ,1=1,2,..,m
oy I
ki =1and |6,|<60° ,i=1,2,.., m

This was brought starkly to the attention of the control
community by Doyle (1978) (in a paper entitled
“Guaranteed Margins for LQR Regulators” 5

with a very compact abstract which simply states “There are none”).  or. Ali Karimpour Mar 2021




Lecture 10

Introduction

Example 10-1: LQR design of a second order process.

BE AV 1
25+3 2
©) 5% +35+2 — P e
The cost function to be minimized is y=[1 1]X
A o 17 2 Let R=0.0001
J, —jo (y +Ru )Jlt

—> K, =R'B"X =[86.7008 - 75.3816]
— AUA-BK,)=-7.1596+6.9828i

Stable for #=0and 0.5<k <
A(A—BK k) stable for all k>0.5

L 1
Let uncertaintyinbas b, = { 1. J For £ =0.19systemis unstable.

Exercise 10-1: Derive € for R=0.0001. Exercise 10-2: Derive curve of ¢ versus 1/R

Dr. Ali Karimpour Mar 2021



Lecture 10

Introduction
Example 10-1: LQR design of a second order process. :
G(S)— 25+3 X 3 2 }X+|:1}U
P e, > ; 0 -2 1
y=[L 1

Myojuist Diagram

Imaginary LAxis

Real Axis 7
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Lecture 10

Introduction

— — — R—

Example 10-2: Decoupling controller

G(s) = 1 {2—478 56s }

s®?+3s+2| —42s 50s+2

The pre compensator approach may be extended by introducing a post compensator

1
G.(s)=W_(S)G(sS)W.(s) —> {7 _8}6(5){7 8}= s+1 ; =G, (S)
S i ; 6 6 7 0 3%2 :

The overall controller is then

K(s)—7 8llk 0f 7 —8_k 0
K(s) =W, ($)K (W, (s) = | s DR
We have good stability margin in both channel.

Exercise 10-3: Derive stability margin for different value of & If K(s) = {k 95 }

0 k+o
For k=1 so find the smallest 6 that lead to instability. Repeat for k=2. 8
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Lecture 10

Uncertainty in Multivariable Systems and
Quantitative feedback theory

Introduction

Types of Uncertainty in Multivariable Systems

Robust Stability of Uncertain Systems.

Quantitative Feedback Theory

QFT Design Procedure.
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Lecture 10

Types of Uncertainty in Multivariable Systems

Type of uncertainty

« Parametric (real) uncertainty. “structured uncertainty”

« Dynamic (frequency-dependent) uncertainty or nonparametric
uncertainty. “unstructured uncertainty”

10
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Lecture 10

Types of Uncertainty in Multivariable Systems

 Parametric (real) uncertainty.
“structured uncertainty” Y |

T- K=& T . , E
Gls) = s(sljr a) R %

4 : > a
N B

“’\ W,
g \ff\'\*hﬁ)y
ol 0
3 TN

. Q)’;
D>y >-->Wy>W) 11

Dr. Ali Karimpour Mar 2021
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Lecture 10

Types of Uncertainty in Multivariable Systems

« Dynamic (frequency-dependent) uncertainty or nonparametric uncertainty.
“unstructured uncertainty”

— Wi A
Consider additive uncertainty as: ‘

o (5 »+—

additive uncertainty

G, (s) = G(5)+ W, (S)A(S); |A(jo)| <LV

‘ilﬂ'l
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Lecture 10

Types of Uncertainty in Multivariable Systems

Type of unstructured uncertainty

.}',.n‘fl. H-ﬁ

e QL_, G, () = G(8) + W, (S)A(S)w,(S)

additive uncertainty

A e G, (5) =G(S)(1 W, (S)A(S)W(5)G(5))

inverse additive uncertainty

13
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Lecture 10

Types of Uncertainty in Multivariable Systems

Ya

By

.
L

?Wg

|

-+ G

multiplicative outputuncertainty

Ya

Wy

b,

_& -

e

G, (8) = (1 + W, () A(S)W,(5))G (5)

>

—FGQL

W : G, (s) = (1 —w, (s)A(s)wi (s)) "G(s)

inverse multiplicative outputuncertainty

Ya

b,

» W >

&

=
L

L

|

e

G

. G, (s) =G(s)(1 +W, ()A(s)w ()

multiplicative input uncertainty

by,

ﬂ -

Ya

B

Wy

|

1

G

inverse multiplicative inputuncertainty

- G, (5) =G(S)(1 =W, ($)A(s)wi(s))
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Lecture 10

Types of Uncertainty in Multivariable Systems

Parametric uncertainty - Nonparametric uncertainty

Example 10-3: Consider a plant with parametric uncertainty

Gp(s) Yo GO (S) B (2 e
T,.S+

Now let p

g 2
z-IO =2—'(1— rTA) z_-:_;—(Tmin_|_z-max) L (Tmm ;maX)/ ’|A|<1

T

Go(s)  Gy(s) 1 (s = rzs
1+ —rSA 1475 1-W,(S)AW,(S)  ° 1+75

G,(s)= w,(s)=1

H, Ya

Gp(s) ¥ G(S)(l—W2 (S)AWl(S))_l 4 F‘ J Gl

inverse multiplicative inputuncertainty
Nonparametric uncertainty has more conservativeness.

15
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Lecture 10

Types of Uncertainty in Multivariable Systems

Parametric uncertainty - Nonparametric uncertainty

Example 10-4: Consider a plant with two parametric uncertainty

k -0s

e 2<k,7,0<3
7S+1

G,(s)=

[m

16
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Lecture 10

Types of Uncertainty in Multivariable Systems
Consider additive uncertainty as:
G, (s) =G(s)+W,(S)A(s); |A(jw)|<LVa

Additive uncertainty can be represent by multiplicative one:

G,(s) =G(s)L+wy, (S)A(S)), [A(jw)| <LVe
Wy (jo) =G(jo) W, (jo)

17
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Lecture 10

Types of Uncertainty in Multivariable Systems

System without uncertainty z S
{weighted) ( hted) |: :l |:P11 P12 i”: j| U= KV
EXOZETOUS ilnpuf‘.s w E\;"gg nte Mtputs |4 21 22 u
B P | f
L B i ( 11 + P].ZK(I P22 K) PZ].)\N NW
conirol signals sensed outpuls
) N =F (P,K)
=Y V=r—n-y
f T
. w=[r d n] u=u

r = il .
i = {7 »
W
e

i = —

Exercise 10-4: Derive P for following system. — g ", r Jd_L

+
}+
|
< N
AUy
[
TRRTTR B
ey |
|
=)
I
e
BRI
|l
RTINS\
T e
N
@ |
o
o
I
QCD
BESTL OGN
BT s e U
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Lecture 10

Types of Uncertainty in Multivariable Systems

System without uncertainty 5 Pn P, Tw
u=Kv
{weighted) (weighted) V P21 P22 U

CROgENOUs inputs w EL-‘KHEHI'IHUH IZHJLFUIS

P -1

u r 2= (P, +P,K(1 —P,K) Py, W= Nw
control signals ' sensed outputs
d) N = F (P, K)

System with uncertainty

-
E Oniputs
I — i A

. Pull out

Inputs

v System with
Actuators, Sensors ' > I _.f\'r I
and Controller L w - £
uncertal nty »

jhitz ble-fo Iro us

erformance analysi®v
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Lecture 10

Types of Uncertainty in Multivariable Systems

System without uncertainty 5 P11 P, Tw
u=Kv
{weighted) (e ghted} V P21 P22 U
CROgENOUs inpu‘[s w JEL-'.‘HII‘EHI‘I Lput
P =)
u r 2= (P, +P,K(1 —P,K) Py, W= Nw
control signals ' sensed outputs
K N=F (P, K)

System with uncertainty NA structure

yA =4 Nll N12 uA UA:AyA
A e 4 N,, N, | w

TN WA
Ly :., 2= (N, + N, A(L =N, A) N, = Fw

F=F (N,A)

20
Dr. Ali Karimpour Mar 2021



Lecture 10

Uncertainty in Multivariable Systems and
Quantitative feedback theory

Introduction

Types of Uncertainty in Multivariable Systems

Robust Stability of Uncertain Systems.

Quantitative Feedback Theory

QFT Design Procedure.
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Lecture 10

Robust Stability of Uncertain Systems

System without uncertainty System with uncertainty NA —structure
{weighted) (weighted)
exogenous inputs w Ecxugﬂnuu.u outputs A -
> P TN W
control signals ¢ ’ sensed outputs
K | w ] N z
— —

Suitable for nominal performance analysis  Suitable for robust performance analysis
we | 1
Z:(P11+P12K(| —P,K) le)‘N: Nw Z:(N22+N21A(I —NyA) le)‘N: Fw

A
General Cont>rol X ) :
Configuration t— P — Checkmg_ robust
u stability?
)
Suitable for controller design 22
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Lecture 10

Robust Stability of Uncertain Systems

System without uncertainty

{weighted)

EXOZEnous inputs w
—_—

| P

conirol signals

13

(weighted)
CAOZEnous outputs

&
—_——-- =

K |

1

sensed outpuls

System with uncertainty NA —structure

A -
TN WA
SRS Y ir
w N 2

Suitable for nominal performance analysis Suitable for robust performance analysis

General Control Configuration

2 = (N, + N, A(L =N, A) N, = Fw
MA —structure

FAN
Us Ya
o M
M =N,
Suitable for robust stability analysis 93
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Lecture 10

Robust Stability of Uncertain Systems

System without uncertainty System with uncertainty NA —structure

(weighted) (weighted) A e
CXOZENOns iHPUIS | j:xugﬂnuu.k; ou Lpum
. P — e y
TN &
. n i
conirol signals sensed outpuls e i _.f\'r
w Z
K = —_— =

Suitable for nominal performance analysis Suitable for robust performance analysis
2 = (N, + N, A(L =N, A) N, = Fw
MA —structure

General Control Configuration

ﬁ -
A s & -
w > P z LTI ¥a
] v " M
K | =
M =N,

: : Suitable for robust stability analysis
Suitable for controller design I
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Robust Stability of Uncertain Systems

A A

e

w ﬁi" -

NS: N is internally stable

A

MA —structure

A

-1
-

- M

Theorem 10-1: RS for unstructured(“full’’) perturbation.

Assume that the nominal system M(s) is stable (NS) and that the
perturbations A(s) are stable. Then

The MA-structure Is stable
for all A satisfying ||A||,, <7

Lecture 10

Ua

Suitable for robust stability analysis
RS: NS and F=F ,(N,A) is stable for any ||A]|,=1

o M| <1y & cM(jo))<lly Yo

The MA-structure is stable < [AM| <1 < E(A(ja)))<1/5(|v|(jg)2)) Vo

Dr. Ali Karimpour Mar 2021



MA —structure -ecture 10

Robust Stability of Uncertain Systems s}

A Ya

- M

System without uncertainty

—-*-T———K o G

Suitable for robust stability analysis

G, =G+w,Aw,
System with additive uncertainty

Yo = MUA
Gpr “““““““““““““““““““ -
i ¥ W yﬁ-‘— Fi\ uﬁ-" W,y i E M = _WlK(I +GK)_1W2
HT_“ — K G ____________ > O—+ Robust stability condition: In
the case of ||All, <1

M, =|wK (1 +GK)*wy| <1

Inthe case of free A &(AM )<1 2

Dr. Ali Karimpour Mar 2021



MA —structure -ecture 10

Robust Stability of Uncertain Systems s}

A Ya

- M

m with ncertain
Syste thout uncertainty Suitable for robust stability analysis

— K o G -
‘T—’ G, =G(l +w,Aw,)
System with multiplicative y, =Mu,
Input uncertainty
il
Gpif-"":-"-"‘];;'h """ I;ﬁ “““““““““““ i M :WlK(I +GK) GW2

—/[K Ny . Robust stability condition: In
e the case of |AflL <1

IM], =|wK(I+GK)*Gw,| <1

Inthe case of free A &(AM )<1 27
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MA —structure -ectre 10

Robust Stability of Uncertain Systems s )

A Ya

- M

System without uncertainty

—-*-T———K o G

Suitable for robust stability analysis

G, = (1 +W,Aw)G

System with multiplicative Y, = Mu,
tput uncertaint
g g M = w,GK (I + GK)*w,
GP.’ """""""""""""""""""""""" i 400 S

; Jwls s Paw,— | Robust stability condition: In

+ | the case of ||A]l, <1

”‘fﬂ- ol e S i
M, =[wGK (1 +GK)*wy| <1
Inthe case of free A &(AM )<1 28
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MA —structure -ecture 10

Robust Stability of Uncertain Systems s}

A Ya

- M

System without uncertaint
y y Suitable for robust stability analysis

—-*-T——— K G
41
G, =G(l -w,AwG)
System with inverse additive uncertainty y, =Mu,
___________________________________ o ]
Gp;’ o :'uﬁ n j}’ﬁ " i M —WlG(I + KG) W2
. Aé Robust stability condition: In

T KO8 T the case of ||All, <1

M| :leG(I + KG)‘1W2HOO <1

Inthe case of free A &(AM )<1 29
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MA —structure -ecture 10

Robust Stability of Uncertain Systems s}

A Ya

- M

System without uncertaint
y y Suitable for robust stability analysis

— K o G >
T’ G, =G(l —w,Aw;)™ lw,Aw,| <1

System with inverse multiplicative Yo =Mu,

Input uncertainty M ( G)*
:Wl I + K 7 W2

gw = WIW Robust stability condition: In

T_ K _G . the case of ||All <1

M, =|w (1 +KG)*w,| <1

Inthe case of free A &(AM )<1 30
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MA —structure -ecture 10

Robust Stability of Uncertain Systems s}

A Ya

- M

m with ncertain
Syste thout uncertainty Suitable for robust stability analysis

— K -+ G
T’ G, =(1-WwAW)"G  |w,Aw| <1
System with inverse m_ultiplicative M = w; (I +GK)‘1W2
output uncertainty
R — iy sy

w4 WIW Robust stability condition: In
g | the case of ||All <1

M, =|w (1 +GK)*w,| <1

Inthe case of free A &(AM )<1 a1
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MA —structure -ecture 10

Robust Stability of Uncertain Systems s}

A Ya

- M

Suitable for robust stability analysis

Uncertainty Perturbed Plant M in MA-structure
Additive uncertainty G, =G+wAw, M =w,K (I +GK)*w,
Multiplicative input uncertainty G, = G(l +w,Aw,) [ M =w, K(l JFGK)‘lGW2
Multiplicative output uncertainty G, = (I +wAW )G | M =wW,GK(| +GK)_1W2
Inverse additive uncertainty G, = G(I —WzAle)_l M =wG(l +KG)'w,
Inverse multiplicative input uncertainty Gp — G(l _WZAWI)_1 M = Wl(l + KG)‘lw2
Inverse multiplicative output uncertainty Gp = (| _WZAwl)_lG M =w(l +GK);;W2




MA —structure -ecture 10

Robust Stability of Uncertain Systems s}

System with coprime factor uncertainty Suitable for robust stability analysis
o Ay O Am |
Y j: M ] G == Ml_lNI
‘ *r Gp:(MI-I_AM)_l(NI-I_AN)
K
A:[AN AM] M :_{l }(l +GK) "M/

Since there is no weight for uncertainty so the theorem is

RS: V|A, Ayl <& o M| <lle

33
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Lecture 10

Robust Stability of Uncertain Systems

Remind Example 10-2: Decoupling controller

2—47s  56s 7 8|k O0f 7 -8| |k O
. . > K(s) = =
S°+3s+2| —42s 50s+2 6 7|0 ki|-6 7 0 Kk

Consider system with multiplicative input uncertainty

G(s) =

G, =G(l +A)
prywuﬂl ““““ 5(AK(| +GK)‘1G)<1
AT_—‘ K — O G i o(A)<1/ E(K(| +GK)_lG)

34
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MA —structure -ecture 10

Robust Stability of Uncertain Systems s}

A Ya

- M

5(A)<1/5(K(1+GK)*G)

Suitable for robust stability analysis

Singular Yalues

40

(K (1 +GK)*G)=24.2 db=15.85

5(A)<1/15.85=0.0631

Singular Yalues [dBE)

&0 L1l Lol Ll Lol I
- -1 0 1 2
10 10 10 10 10 10

Freguency (radizec)
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Lecture 10

Uncertainty in Multivariable Systems and
Quantitative feedback theory

Introduction

Types of Uncertainty in Multivariable Systems

Robust Stability of Uncertain Systems.

Quantitative Feedback Theory(QFT)
QFT Design Procedure.
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Lecture 10

Uncertainty Model and Plant Templates

The various origins of model uncertainty:

|) Parametric uncertainty I1) Non-parametric uncertainty
Parametric uncertainty implies The main source of non-parametric

specific knowledge of variations in uncertainty is error in the model.
parameters of the transfer function.

Nichols chart with M-circles.

ap, = a, (1 4+ cA), —-1<A<I 25,

o nominal model . }
o = == = - — -'.I |
i TS St AN =
L N 5r Y
E \ \\\‘ ~ IE e : .' ",‘ ‘___,-"
C N RN actual model U | I
o \ N ~ or .. 1
! 1l 1 e | PR | | : M A |\. TN L__‘ ’___,—-:’_.:::_,-' ’___.* .
IRV N —SEIII T e '
~ d \\\\ ~ S L o
Frequency [rad/s] NOL N 0
~ N I RS L L Loy T
-15 : : .
=200 - 180 -1600 —140 —120 —100  -80 —60 —40
Typical behavior of plant uncertainty . Phase (deg)
it



Lecture 10

Uncertainty Model and Plant Templates

ab
s(s+a)

|) Parametric uncertainty Nichols Chart for G(s) =
ae[l 4] be[l 5]

Nichols Chart Templates for ab/(s(s+a))
L

fe{0.01 002 01 02 05 1}
07.
) = 277(0.01) i 0dB
— ©=27(0.02) = e

—— w=27(0.10) = L8

o =27(0.20) - a [ \
— w=27(0.50) . ’\7

= 27(1.00) /\I/
acll 4] b= e/

ade [1 4] b =1 o— | r |
a= 1 b (= [1 5] 225 -180 -135 -90 -45

Open-Loop Phase{(deq)

Open-Loop Gain (dB)

\
g

20

a=4 b = [1 5] AP £ 2 e 48 Dr. Ali Karimpour Mar 2021




Lecture 10

Uncertainty Model and Plant Templates

) Parametric uncertainty = Sometimes edges are not ok!

Nichols Chart Templates (Edges) for 1/(as+1)(bs+1)

-5
Nichols Chart for acl 3] bl /
1
G(s) =
(as+1)(bs+1) g /
acll 3] bell 51 S wloer 51 a3l
E[ ] E[ ] § 15 L 1 pad / bE[l 5] a:l
-
w=1rad/sec -20 / |
/ ac[l 3] b=5
25" r ; : ' : : :
-160 -150 -140 -130 -120 -110 -100 -90

Open-Loop Phase(deg) 39
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Lecture 10

Uncertainty Model and Plant Templates

) Parametric uncertainty ~ Be careful to use the edges.

Nichols Chart Templates (Edges and Complete) for 1/(as+1)(bs+1)

Nichols Chart for 2
: ae[l 3 b=1 .~
G(s) = w”'ﬁ?
(as+1)(bs+1) 10-lael 3] be[l 5] &
% r‘“{ff
ac[l 3] bell 51 & |[bell 5] a=3| &7 —
g2 4 7 |bell 5] a=1
& ,
w=1rad/sec ot y
ac[l 3] b=5
-160 -150 -140 -130 -120 -110 -100 -90
Open-Loop Phase(deg) 40
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Amplitude (db)

Lecture 10

Uncertainty Model and Plant Templates

How a QFT controller works?

: Nichols Chart for G(s) = :

s(s—a) s(s—a)

ke[l0 20] ae[-1 +1] K(s)=3 S+1
s+10

Nichols Chart for G(s) =

Nichols Chart templates With Controller

40 - T T T T T T T - 40 T T T T T T
0dB 0dB
30— B f - 30 - 0
| i — — L - B
20 I : i Lad (0 05 20 ’\ )
=) | —p=1 |@s ,
6dB -5 w=1 <) -3.dB
8 g
o+ 6 dBH 0~ -6 dB
= —_— =2 £
=
-10 = 12 dB 104+ 112:dB
—_— =93 <
220 |- D -20dB| 20 |- -20dB|
— =10
-30 - - -30 -
40 r r r r r r r -40 dB 40 r r r r r r r -40 dB
-360 -315 -270 -225 -180 -135 -90 -45 0 -360 -315 -270 -225 -180 -135 -90 -45 0
Frequency (rad/sec) Frequency (rad/sec)
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Uncertainty Model and Plant Templates

How a QFT controller works?

System with and without Controller

Nichols Chart for G(s)=—— K(s)=35+L
s(s-a) s+10

we{05 1 2 5 10§

N
o

30
- =0.5
20 1dB
—~~ — =
. | w=1
N’ -3.dB
[<B) —
g 0~ -6-dBY m—— = 2
=
g -10 I:I ‘128 — =5
: 0
20 -20 dB| —) =10
-30
40 r d r r r r r -40 dB
-360 -315 -270 -225 -180 -135 -90 -45 0
Frequency (rad/sec)

Lecture 10
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Amplitude

Lecture 10

Uncertainty Model and Plant Templates

How a QFT controller works?

Step Response of System with and without Controller (K(s)=1)

k S+1
G(S):s,(s—a) K(S):gs+10

Step Responses of All Plants Without Controller Step Responses of All Plants With Controller
15 T T T T T T T T T T 18 I I ! ! T T T

1.6 - 7 / 777\

'
1.4~ [N

12| ) J‘,; % ﬁj\:;\\\ \

Amplitude

08~ | //
06 |-

04 Jif

0.2 -




Lecture 10

QFT Design Procedure

Choice of Frequency Array

An appropriate frequency band for a computing templates and bounds
has to be selected.

Choice of Nominal Plant

In order to compute bounds, it Is necessary to choose a plant from the
uncertainty set as the nominal plant. It is common practice to select a
nominal plant which we think is most convenient for design.

QFT Bounds Computations

Given the plant templates, QFT converts closed-loop magnitude
specifications into magnitude and phase constraints on a nominal open-
loop function.

QFT Loop-shaping

The final step in a QFT design involves the design (loop shaping) of a

nominal loop function that meets its bounds. The controller design then,
proceeds using the Nichols chart and classical loop-shaping 1de&s a; karimpour mar 2021



Lecture 10

Uncertainty in Multivariable Systems and
Quantitative feedback theory

Introduction

Types of Uncertainty in Multivariable Systems
Robust Stability of Uncertain Systems.
Quantitative Feedback Theory(QFT)

QFT Design Procedure.
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Lecture 10

QFT Design Procedure

The QFT approach assumes that the plant uncertainty is represented by a set of templates
on the complex plane at some frequency w,.

It also assumes that the design specification is in the form of bounds on the magnitudes
of the frequency-response transfer functions

|S(ja))|£MS a(a))S|T(ja))|£b(a))

The QFT technique leads to a design which satisfies these specifications for all
permissible plant variations.

Horowitz and Sidi (1972) have obtained sufficient conditions on frequency-domain
bounds which imply the satisfaction of time-domain bounds, the frequency-domain

bounds obtained in this way do not appear to be unduly conservative.

46
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Lecture 10

QFT Design Procedure
Bounds for S

et we need [s|<2.5 so:

Now consider the templates
at one frequency with
nominal plant as blue curve.

ab acl[l 4]
s(s+a) be[l 5]

G(s) =

ow=0.1
1 a=1

nommal( ) S(S +1) b 1 1

Bounds for template is red
curve( for ®=0.1 rad/sec).

Effect of nominal plant?

—>

L must be outside of black curve.

Nichols Chart

40 -

30

20 -

10

Open-Loop Gain (dB)

-10

40"

-270

0dB
i~ 0.25 dB ]
0.5dB
1dB -1dB |
L 3dB -
6 dB -3dB
+- -6 dB-
-12 dB-
f—
-20-dB/
r r r r r -40dB,
-225 -180 -135 -90 -45 0

Open-Loop Phase (deg)



Lecture 10

QFT Design Procedure
Bounds for S

Let we need [s|<2.5s0: T——> L must be outside of black curve.

Changing Nominal plant

Nichols Chart

50 ¢
ab
G(s) = acl[l 4] o ]
s(s+a) be[l 5] 0de
30 - 0.25dB 7
1 a=1 0.5dB
G . (s)= . 20 .
nomlnal( ) S(S +1) B % 1dB -1dB
® 10~ ; 3 dBf
®=0.1 % e 2
_él 0~ r -6 dB-
ﬂ § . ' 1248,
-20 - ~ -20 dB!
i 225 - a=15 Perwous bound
nominal S(S +15) b e -30 |- -
_40 [ r [ [ [ 4OdB
-270 -225 -180 -135 -90 -45 0

Open-Loop Phase (deg)



Lecture 10

QFT Design Procedure
Bounds for T

F— P Kis) - (ris)

——--P-O—l-—-
+

=1

A feedback configurations with two degree of freedom.

We need: Nichols chart with M-circles.
a(y) <[T (je,)| < b() ] |
Since: 5t |
T(5)=LE)A+LE)P(s) g " . Ml
If L would not intersectany  § | .. o "

pair of M-circles whose

values differed by more than
b(e@,)|/|a(e,)| =M, I M,

___________

Z

o

3,
S0

Lo

; o |
_. ) .

I L]

|
|
L
—

M, <) oy B
1+ L(S)

— 100 — 60 —40)

Phase (deg)

—12i) —all



QFT Design Procedure
Bounds for T

TE)=LEA+LE)PE) |/

If L would not intersect any
pair of M-circles whose

Nichols chart with M-circles.

Lecture 10

values differed by more than ’
20 |‘h _____________ - _!
|b(w1)|/|a(w1)| =M, /M, 15F ]
—_ m!----" . |\/| ,-'rrl
M, < 2 <M, s st 2 l ]
1+ L(s) 8 [ N I e v
S | N piaial M, |
L(s) or » o Blie)) L 4
= a(w)c(@) < <b(w,)c() L. I 1
+L(s) -<~;.____ —_ ]
- !Hr Nominal plgb 4i
Ay A s G R R e
W—i_ L(S) Phase (deg)
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QFT Design Procedure
Bounds for T

F— Pis) ——'_':‘O—"" Kis) - (ris) -]

A feedback configurations with two degree of freedom.
Suppose that we know the template Nichols chart with M_cir cles.
of all possible values of G at o;: B -

But we need:

a(@) <[T(j@) <bl@) \/

Since:
T(s) = L(s)(1+L(s)) " P(s)

If L would not intersect any pair of b |
M-circles whose values differed by~ W

more than

___________

- 20K — 1K) - 160 — 140 —12i) — 1) —all — 6l —)

lb(a)l)‘ /Ia(a)l)l Phase (deg)
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QFT Design Procedure
Bounds for T

F— Pis) ——'_':‘O—"" Kis) - (ris) -]

A feedback configurations with two degree of freedom.
ichols chart with M-circles.

Changing Nominal plant o o
L /‘/)‘}\ H :
Ppe /IQ" — | {LGew)]
_ 15} I{ (jo)}? 2 . ouna
Leads Different Bounds oy, e .
g2 Nominal plani<. o Blw)
5 5 ' y 7D ]
B '.|’ _____ ./ _-Pervious-bound 11

aw =

|
— —
Ly —
_I_f_h—u_
-
] LR
U
o
it
HEH-
i i
I
i
i i
I
HE
L] LI
s
TR
] L]
— L

___________

- 2000 — 180 - 160 — 140 — 120 — 100 —80 — 60 —40)
Phase (deg)



Lecture 10

QFT Design Procedure
Bounds for T

a(@)c(e,) <|L(jm)A+L(j@)) | <b(e)c(@)

In order to meet the
design specifications

a(w;) S‘T(ja)i)‘ <b(w;)

the pre-filter is chosen to
have the gain

‘P(ja)i )‘ #r (C(C‘)i ))_1

Similarly one can found
bounds for S
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Lecture 10

QFT Design Procedure
QFT Algorithm:

1. Formulating of the closed-loop control performance specifications,
l.e., stability margins, tracking and disturbance rejection.

2. Generating templates. For a given uncertain plant p(s) < {P} ,select a
series of frequency points @, i =1, 2, ...,.m according to the plant
characteristics and the specifications.

3. Computation of QFT bounds. Find the intersection of bounds. An
arbitrary member in the plant set is chosen as the nominal case.

4. Loop shaping for QFT controllers. The design of the QFT
controller, K(s) is accomplished on the Nichols Chart. The QFT
bounds at all frequencies must be satisfied and the closed-loop
nominal system is stable;

5. Design of prefilters P(s). The Final step in QFT Is to design the
prefilter, P(s), such that the performance specifications are satisfjed.
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Lecture 10

QFT Design Procedure Example

Example 10-5: Suppose that the set of our plants is:

ab
Sl s s(s+a)

ae[l 4] bell 5]

Performance specification are:

a) |S|<2.5. (for robust stability) Constrainon S \/

b) Zero steady state error to step input. _
Constrainon T

c) Less than 50% overshoot to step input.

d) Output must be above 90% after 1 second when step input applied.
25



Lecture 10

QFT Design Procedure Example

a) |S|<2.5. (for robust stability) Constrain on S \/

—D) Zero steady state error to step input. /
Constrainon T

c) Less than 50% overshoot to step input.

d) Output must be above 90% after 1 second when’step input applied/

2
a)n

s’ +2(w, 5+

O

Acceptable step response




Lecture 10

QFT Design Procedure Example

7
Wy

s?+2lw S+’ L6

1.4

Step Response Bounds

T(s)=

12

D

a)n € [a)m

in

[EEY
{

Amplitude
©
(o)
I

é/ € [gmin é/max]

o
o
]

o
~
]

o
N

o

0.5 1 15 2 2.5 3 3.5 4 4.5 5
Time(sec)

o
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Lecture 10

QFT Design Procedure Example

2
()
T (S) = 2 : 2
S*+20w. S+ o,
a)n < [a)min a)max]

Ce[é/min gmax]

a(@) <[T (jo)| <b(@) /2
f b/a E
0.01 1.0011
0.02 1.0044
0.1 1.1141
0.2 1.5083
0.5 3.0155
1.0 17.770

10-2 T

o
OI
w
] IR

10 =

Frequency Response Bounds
o o o LR \.E = 13 = )

10

rF r r r ¢
10° 10" 10°
Frequency(Hz)
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Lecture 10

QFT Design Procedure Example

ab
Templates are; G(s) =
p (S) S ac[l 4 be[l 5]

f €{0.01 002 01 02 05 1

Nichols Chart Templates for ab/(s(s+a))

50 ¢ L L T
40 - .
0dB
30 |- 0.25 dB T e 0 = 277(0.01)
0.5dB

- 1dB g — ) = 277(0.02)
% 10 |- 3dB . e () = 277(0.10
9 6dB | \ (0.10)
§ - o+ N w = 27(0.20)
é& o — C| i — ) = 277(0.50)

o0 | I/ | @ =27(1.00)

_30 - -

o e g = g 99

Open-Loop Phase (deg) Dr. Ali Karimpour Mar 2021



Lecture 10

QFT Design Procedure Example

ab—

Nominal Plant is: G(s) =

Open-Loop Gain (dB)

50

40

30

20

10

-10

=20

-30

-40

s(s+a)

Nichols Chart Templates for ab/(s(s+a))

a=1 and b=1

1

|

]

1

r i

=22

-180 -135 -90

Open-Loop Phase (deg)

-45

w=2r(0.01)
w=27(0.02)
w=27(0.10)
w = 27(0.20)
o = 27(0.50)
@ =27(1.00)
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Open-Loop Gain (dB)

Lecture 10

QFT Design Procedure Example

Bounds for |S|<2.5

Nichols Chart Constraint ( |s|<2.5)

50 ¢
40 i
0dB
30 - 0.25dB a
0.5dB

20 1dB -1dB |

10 = 3dB _
6dB -3dB

0~ + ‘ -6 dB1

-10 |- ‘ -12 dB|

= / 2048

_30 e -

4ot ; I ; ! . -40 dB.
-27 -225 -180 -135 -90 -45

Open-Loop Phase (deg)

— ) =27(0.01)
— ) =27(0.02)
e () = 277(0.10)

— o =27(0.50)

o =27(0.20)

o= 27(1.00)
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Lecture 10

QFT Design Procedure Example

b/a

0.01
0.02
0.1
0.2
0.5
1.0

1.0011
1.0044
1.1141
1.5083
3.0155
17.770

Open-Loop Gain (dB)

Bounds for a(w) < [T (w)| <b(w)

Nichols Chart for Constraint ( a(w)<|[T(w)|<b(w) )

Open-Loop Phase (deg)

50 r C T L r C r

40 / \/ -

30 0.25dB 7

0.5dB
) /vu
10 = 3dB -
6.dB -3dB

-6-dB-

-12dB]

-20 |- -20 dB|
-30 -

40! i r : : i -40 dB.

-27 -225 -180 -135 -90 -45

— ) =27(0.01)
— = 27(0.02)
e () = 277(0.10)

o =27(0.20)
— ) = 277(0.50)
@ =27(1.00)
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Lecture 10

QFT Design Procedure Example

Intersection of Bounds for a(w) <[T (w)| <b(w) and |S(w)| < 2.5

Nichols Chart for Constraints ( [s|<2.5 & a(w)<|[T(w)|<b(w) )

— ) =27(0.01)
— ) =27(0.02)
e () = 277(0.10)

5 w=27(0.20)
‘j — w=27(0.50)
S o= 27(1.00)
_ i r 40 dB
57 205 e T -90 45 0
63

Open-Loop Phase (deg)
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Lecture 10

QFT Design Procedure Example

Three different controllers applied

1K4(8) = |

Nichols Chart for Constraints ( [s|<2.5 & a(w)<|[T(w)|<b(w) ) and Some Different Controllers

50 ;
/ — ) =27(0.01)
— ) =27(0.02)
N e () = 277(0.10)
% o =27(0.20)
% — ) = 277(0.50)
: = 27(1.00)

o 225 -180 1135 %0 45 0 64

Open-Loop Phase (de . )
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Lecture 10

QFT Design Procedure Example

r— P ——-;O—r Kis) = Gls) =)

| -

Step Response Bounds + Some Different Controllers

ab 1.6¢
"0 Ssa)
ae[l 4] bell 5] S
‘ \\

Three Different Controllers
P(s) =1

Kl(s) = g

K, (s)

Amplitude

5(s + 2)°
S(s+D5)

15(s +1)(s” +3.6s +4) y T
0 0.5 1 15 2 2.5 3 3.5 4 4.5 5
S(S + 3) (S + 5) Time(sec)

Kz(s) -

K, (s)=
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QFT Design Procedure Example

r——  Pis) —-'+‘“O‘_"' Kis) = Gl T}
- “ ) Frequency Response Bounds + Some Different Controllers
ab
G(s)=—— 10°
s(s+a)
a = [1 4] b - [1 5] %\ 10'2ﬁ
Three Different Controllers =
£ 10
P(s)=1
4
Ki(s)=— 10°|-
S
5(s +2)*
KZ(S):— 10'8= P e e e rrreE . P ke rrecE .
s(s+5) 107 10" 10° 10" 10°
F H
15(s +1)(s? +3.65+ 4) reaueney(e)
66

K3 (S) =
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QFT Design Procedure Example

r—>1 P© __"*O_"' Kis) = Gis) >

]
ab L6 _ Ste? Respo_nse of ,_AII Poss_ible PIaTnts witr_1 Contro_ller
G(s) =
s(s+a) ]
ae[l 4 be[l 9] s
With Controller L I R
% 0.8
P(s) =1 £
0.6
15(s +1)(s2 +3.65 + 4 04
K, (s)= ( ) ) |
s(s+3)(s+5) o

1 1.5 2 2.5 3 3.5 4 4.5 5
Time(sec)
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QFT Design Procedure Example

X Frequency Response of All Possible Plants with Controller

10 & : S
r—|  Pis ——-+-_?—b— K5} Gis) -] %
i ] 0 -
ab 10" &
Gl 22 :
S(S+a -
(s+a)
ac[lL 4 be[l 5] g
E 10-2§
With Controller g
15(s +1)(s% +3.65 + 4) 10°
KS(S)= =
s(s+3)(s+5) -
-4
0.09s+1 ? 10 =
et P(s) = >~ :
0.45s+1 -
10-5:2 r r”””Fl r rrr””FO r r”””Fl r 2
0 10 10 10 10 10
- Frequency(Hz)
@
R
£
- K F 68
10 10

Frequency (rad/sec) Dr. Ali Karimpour Mar 2021
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QFT Design Procedure Example

P Pis) ——--:"-O'—l-- Kis) - (ris) T}

Step Response of All Possible Plants with Controller + Prefilter

G(s) = ;ab_ 1.6
s(s+a) 14

aE[l 4] bE[l 5] 1.2
With Controller

|
|
|

0.09s +1 E
P(s) = =S 0.8
(5) 0.45s +1 E
5 0.6
15(s+1)(s° +3.6s+4
K. (5) = 156+ )
s(s+3)(s+5) 0.4

0.2 i

1 1.5 2 2.5 3 3.5 4 4.5 5
Time(sec)
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QFT Design Procedure Example

r—> Pl ”'.TO_"' Kis) = Gl >
ab X Frequency Response of All Possible Plants with Controller + Prefilter
10 g T T T T T trIh T T T CUrity

G(s)=———
S(S+a -
(s+a)
ae[l 4] bell 5] .
10 =
With Controller -
) 10_23
0.09s +1 8 F
P(s) = —— = 2 7
0.455+1 £ 107
<
15(s+1)(s* +3.6s+4 B
Ky(5) = 2D 3
s(s+3)(s+5) :
10'5%

10_6t2 5 ; - - ......1 - - .......2

10 10 10 10 10

Frequency(Hz)
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Extension to MIMO systems

This design method is extended to multivariable problems as follows.
We are going to find t,,, (u output to vi" input)

(1 +GK)y=GKP r
5+ K y KP r

Yi =41, ~ J { If r,=0 for J=v

((G <5 K)Y)J Z(gm +K )0, - (KPr), =(KP),r, Zkul P, T,

Let k; =0

I Z gult i r guu + kuu )tuv i I(uu puvrv

1£u

Let h, =1/,
ik n 1 i :

t uu " "uu uv 5 uu uv e l

R dUV‘Z‘h T

ul Dr. Ali Karimpour Mar 2021
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Extension to MIMO systems

h

T4 uu " "uu pUV o0 uu — uv

K h,d

t —
o el = 1 T T A e

+
P, s —-—h—O—— Ko ls) —»O—‘)-
+

[ Pis)

L ;.O—i-—
b

/C;;;;====;;h

GKP

uu " "uu uu - “uu

Lecture 10

[ 18]

hy, (8]

Kis

G

= N+
1+GK|

d
1+ GK

o
h, K

2o bl uupuv 1

VLY Tk

uu,

h

uu

1+h k

uu - “uu

duv duv = Zhl

t

Dr. Ali Karimpour Mar 2021




Lecture 10

EXxercises

Exercise 10-1: Mentioned in the lecture.
Exercise 10-2: Mentioned in the lecture.
Exercise 10-3: Mentioned in the lecture.
Exercise 10-4: Mentioned in the lecture.

Exercise 10-5: Consider following block diagram. We have both input and output uncertainty.
a) Find the set of possible plants(G,)

b) Find M and derive robust stability condition. ( ||A,| <1, and [|A;| <1)

i H—l—l' LT
T*E

Wiy A Waa I:"'.""|_.'
* +
- <] '

Exercise 10-6: Assume we have derived the following detailed model:
3(—05s+1)
Gaetait(9) = G 1)(0.15 + 1)?

Suppose we chose G(s)=3/(2s+1) with multiplicative uncertainty. Derive suitable sealing
I\/IatI‘iX. Dr. Ali Karimpour Mar 2021
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