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Introduction to the Calculus of Variations

Consider the problem of determining a function y(x) given at two points,
v@a)=y, and y(b)=y,, (kinematic boundary conditions) for which the
integral b

J=[F(x,y,y")dx 2.2.1)

assumes a minimum or a maximum value.
Assuming y*(x) to be the function that minimizes our integral, consider
another function y(x) obtained by a small variation oy from y*(x),

Y)Y Dy ) v =y D) (22.2)

where ¢is a small amplitude (perturbation)
parameter and 7(x)a shape function.
From (2.2.2) we can evaluate n(a):

y(X)=y" (x)+en(x
B

na)=y*(a)+en(a), en(a)=y(a)-y(a)=o,

Therefore:
n(a)=0, and similarly n(b)=0, (2.2.3)
so that yfa)and y(b)will remain unchanged. -
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We substitute Eq. (2.2.2) into the integral (2.2.1), so
that J becomes a function of only the perturbation
parameter ¢: .
J(g)sz(x,y*+577,y*'+877’)dx (2.2.4)

Knowing that the value of the integral J attains an
extremum for &0, one can use ordinary calculus to
write the necessary condition

dJ (s) J- 8F a’y OF dy'
o Yoy de 6y de’ (2.2.5)
Using Eq. (2.2. 2) and deflnlng ( ) to be the first
variation of the functional Jden@téﬂl’bﬂgzéJwe obtain
S=dlde sj= j( 2 5y = (2.2.6)
6 ridla] redazme 1o a 5 (55005 3/58

The property of interchangeability of the two operators

d?] d d '
=gt =—gen=-—-90y =8 oy
en' = gdx o &n 0 ( ) (2.2.7)

has been used in order to arrive at Eq. (2.2.6).
The variational operator ¢ is analogous to the
differential operator in ordinary calculus, and the same

rules that apply to the differential operator apply to the
variational operator.

S il redasme 10 da 5 (5505 4/58
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In the more general case F depends on more than one function
and on higher order derivatives of these functions with respect to
the independent variable x. For example, if

b

J=[F@,p,p50h050y (2.2.8)
then the condition that variation of the functional is zero may be
written as

oF oF oF » OF "
5T = j(—éyl ﬁyl 8y, +——8y, +——38y, )dx =0.(2.2.9)
. 0y W, v, v,

The necessary condition for extremum expressed in the form of
Eq. (2.2.6) or (2.2.9) is usually not very useful. The terms that
involve variation of derivatives can be integrated by parts in
order to obtain more useful conditions. Fbor example integrating
the second term of Eq. (2.2.6) 5J_I(—5 +—av Ydx =0 and
rearranging we write (see the next slide) +

sy OF 5 +J‘{6F d aF)}5ydx=0' (2.2.10)

oy’ Loy dx oy’

5/58

oF
oJ = (—5 oy’ 0. 2.2.6
I > *lay iz (2.2.6)
b 5 b
jvdu =vu |a —Iudv
oF d oOF
=— —odv =———dx
toF )l ’ 6y’_>v dx oy’ .
2 du:5ykix—>Lt:I§y'ch:I§Zydx=5y
X
b
8 d oF
—| —(—)ovdx
a :!.d (a ') '
b
a_F_i(a_F) Sydx =0. (2.2.10)
ool oy dx oy
Sl e desme soalais 5 (55910 ,5 6/58
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For our problem the first term on the right hand side of Eq.
(2.2.10) <i>\> vanishes due to the fact that the arbitrary
function 7(x) satisfies the boundary conditions, 7(a)=;(b)=0. By
the definition of the variation it follows that

Sy (a)= j—gy (@)= j—g[y *(a) + en(a)] = 7(a) = 0

dy(a)=dy(b)=0. (2.2.11)
Thus, the necessary condition for the extremum of Jreduces to
o =|| ——(— =0. L.
! oy dx (ay') Y

Finally, since yis arbitrary(i.e. it is not constrained), we conclude
that the coefficient of yin Eq. (2.2.12) must vanish identically
over the interval of integration. Therefore, if y(x)is to minimize
(or maximize) J, it must satisfy the following condition, known as

the Euler-Lagrange equation,

oF d OF
o g (2.2.13)

S iyl am sz i0dais 5 g gl 5 7/58

If the value of the unknown function is not
specified at either or both ends, then the variation
of y(x) need not vanish at those points.

However, the first term on the right hand side of
Eqg. (2.2.10) must still vanish independently, in
order for the relation to hold.

That is if y(x)is not prescribed at the end points
the following conditions, often called the natural
boundary conditions, must be satisfied.

oF oF
{ } -0, and { } ~0 (2.2.14)
ay X =a ay x=b
e walss Bl gz plimen LI g aloles (5550 Ll ol b ol
y X oy 8/58




Example 2.2.1
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Figure 2.2.1 Supported cable under its own weight.

D\

Consider the problem of determining the equilibrium configuration
¥(x) of a flexible, constant cross-section cable hanging under its
own weight between two points, a distance /apart. This is a rather
well-known fixed point problem of the calculus of variations.

The cable assumes a position that is consistent with its potential
energy being a minimum. Hence, to determine the equilibrium
shape y(x) we need to minimize the potential energy functional
which can be expressed in terms of the unknown shape function
as

Sl Crmndazma i 5 69l 5 J - jpgj}ds (2'2'15)9/58

where pg is the weight per unit length and ds is an
element of arc length of the cable. Relating the arc
length to the horizontal coordinate x, with the origin at

the center, we rewrite Eq. (2.2.15) as
1/2
J =pg j.y 1+y dx . (2.2.16)
-1/2
At this point one can either take the variation of Eq.
(2.2.16) or, since this is a fixed-end-point problem, apply
the Euler-Lagrange equation of Eq. (2.2.13)(%—%(2;#0.)
derived previously. The resulting necessary condition for
the potential energy to be minimum reduces to the
following ordinary differential equation

2 -0 (2.2.17)

d
1+y ——{—] .
d / 12
5 ridla] redazme 1o a 5 (55005 o I+ Y 10/58
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2 dl
Jlayp? | 1oy
+y dx[ '—1+y’2]
G 4y ,,)W_X(yy (")

I+y" - S Aty =0
l+y

W_(y’2+yy”)(1+y’2)—y'2y$ 0o
(I+y " Wl+y "

(1+y'2)2—[(y’2+yy”+y’4+M)—M]:O
(I+y " Wl+y "

(1+><+2y’2)—(y’2+yy”+><):O

(I+y " W1+y "

1+y12_yyrr

=0 " =y -1=0 (2.2.18)
(1+y!2) [1+y!2

11/58

Introducing dy/dx=t we can determine d?y/dx? as

d d d dt d dt
S ED =)= () =t
dx dx  dx dy dx dy
We rewrite Eq. (2.2.18) as
yy"—y'z—lzy(td—t)—tz—l=0 or idt _& (2.2.19)
dy t"+1 oy

Integrating Eq. (2.2.19) once we obtain
xdx 1. a+bx’ ¢ tdt dy
I P [ [

=—In =
a+bx*® 2b b t?+1 y
1. 1+¢° s R R
Eln +C =Iny > In(l1+t°)=2Iny -2C =Iny "~ —Inc,
2 2 2
WYCINE ALY S Ry PR J P (2.2.20)
¢, ¢, dx \ ¢

S il am sz i0dai 5 6 5l S
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Finally, one more integration yields
2

by 9d+

dx c '

2
C

cdu —dv. We k

1
du
> now: J—:ln(u ++u’—a*) , Therefore:
u-—1 lu? — a2
X c

e, In(u +vu’ —1)=x +c, > In(w +u’ -1)==—+-=

X, N ¢ <

L2 —+c
VU —l=e" 5\ —1=e% —y

2+e) (Eter) 25 4ey) Fte)

X—lze T4 K - 2ue - —l=e * —2ue“

, —*e2 X
u=—@Ee" +e “ )=cosh(—+c,)

=dx, if L=y then dy =c,du and we have:
€

2 ¢
y =cu =c, cosh(£+cz), t :dl:sinh(x—+c2) (2.2.21)
(o} dx o 13/58
X dy . . .x
y(x)=c, cosh(—+c,), | t =——=sinh(—+c,) | (2.2.21)
c, dx c,
The condition 4
2l =0 (2.2.22)
dx |, -
: _ .dy .
yields ¢~0, because: == | = sinh(c,)=0
dx |,

while ¢, can be determined from the condition

y(=1/2)=y(/2)=c,cosh(l/(2,))=0 (2.2.23)
Equation (2.2.21) is the equation of a catenary.

S il redasme 10 da 5 (5505 14/58




2.3.2 Function Subjected to an Integral Constraint
For problems in which the unknown design variables are functions
constrained by functionals, variational calculus also employs Lagrange
multipliers.

Recall that for the supported cable problem the Euler-Lagrange
equation was obtained by allowing the variation of the cable shape
function Jdy to be arbitrary, or in other words by allowing y(x) to be
completely unconstrained except for the kinematic boundary conditions.
However, if the function y(x) is required to satisfy a subsidiary integral
equality constraint of the form

ig [y (x) kx =c (2.3.22)

a
then the extremum of the functional J/y(x)] can be determined by the
use of the Lagrange multiplier technique.
In this case the necessary condition for an extremum is the vanishing of
the first variation of an auxiliary functional

L =J+1Bg[y (x ) i —c} (2.3.23)

S il aeasme 10 la 5 (505 15/58

In the following example we illustrate the use of this technique for
determination of the cross-sectional area distribution of minimum
weight beams for a specified displacement at a point along the
span.

Example 2.3.2

Figure 2.3.2 Design of beams for a specified displacement [1].

Consider a statically determinate beam of variable cross section A(x)
loaded by a concentrated and/or distributed loads and moments which
produce a moment distribution A//(x) along the beam.

We want to minimize the volume I/ of the beam subject to the
requirement that the displacement at a point x=¢£is equal to a specified

value A.
[1] Burnett, R.L., Minimum Weight Design of Beams for Deflection, J. EM
Division ASCE, Vol EM1, 1961, pp. 75-95. 16/58




This problem, studied by Barnett [1], is formulated as
/
Minimize ~ V = J’A (x )dx

0
subjectto W (§)—A=0 (2.3.24)
A convenient expression for the displacement of a beam at a point
x=& is obtained again by using the method of virtual load
discussed in the previous example problem. That is
—

moment distribution
oment dis o W(sg):IMgC])(I:)(X)dX \  (2.3.25)
|

0
moment distribution
generated by a unit
load applied at x=¢

elastic modulus of cross-sectional
the beam material moment of inertia

Since the cross-sectional area distribution function of the beam is
the design variable, the moment of inertia term has to be

expressed in terms of the area.
S iyl am sz i0dais 5 g gl 5 17/58

Commonly, the beam moment of inertia function is related to the
cross-sectional area function as

[(x)=aldA(x)] (2.3.26)
where « is a constant related to some physical dimension of the
cross-section, and 7 is a constant that depends on the physical
relation between the two functions.

Here we limit the constant n to the integer values of 1,2, or 3.
n=1is for a rectangular cross-section ‘ ‘ I
beam of constant depth whose

width varies along the length. I(x)= 05[14 (x )]
A plane-tapered beam.

n =2 is obtained when both the width ( [

and the depth of the cross-section 2
vary without changing its aspect ratio. [(x)=ald(x)]
n=3 is for a cross-section with a

variable depth and a constant width. I[(x)= a[A (x )]3
A depth-tapered beam. 18/58
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The auxiliary functional for the minimization problem, Eq.

(2.3.24) takes the following form.
/

L =[A4(x)dx w{j%dx —A} (2.3.27)

The necessary condition for the constrained minimum is the
vanishing of the first variation of this auxiliary functional. At this

point we set /7=1 in order to simplify the following derivation.
First variation of the second term is

5IM(x)m(x) e :5IM(x)m(x) " :_IM(x)m(x)de
EI (x) EaA(x) EaAd’(x)

Thus the first variation of Eq. (2.3.27) becomes

aFEA*(x)

S il aeasme 10 la 5 (505 19/58

[
SL =j {I—ZM}&M& —0  (2.3.28)
0

The corresponding Euler-Lagrange equation is

1
1 2
I_EMZO or A(X)Iﬂ,z (M_mjz (2329)
aEA"(x) aE

The unknown Lagrange multiplier in Eq. (2.3.29) must be
determined from the displacement constraint in Eq. (2.3.24). That
is, using Egs. (2.3.25), (2.3.26), and (2.3.29) in Eq. (2.3.24) we

can extract \

“M ;
W@:! gcl)(’:)(x)dx [X)=aldx)] w(E)-A=0
A:W((g)%A:IM(x)m(x)dx:jde

1 5 El(x)l/2 y Ead(x)
:j M(x)m(x)ldx :(aE)l j[M(x)m(x)]l/zdx N
" Ea/ﬁ (MZJZ aE 2’ 1
(04 Lo Mm Y
A2 T!(Ej dx (2.3.30)

20/58

S il am sz i0dai 5 6 5l S
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Then, the optimal area distribution and the corresponding volume
are given by

S Mm : - 1 M (m)m(n) % M (x)m(x) %
T e T (e T

0 oF akE
. 1| ! 5
A “”ZMU (M (n)m(n))zdn}[M () (x)] (2.3.31)
and l l 1 Constant1 1
V=[x :j{ﬁ[j(M (m)m (n))zdn}[M (x)m (x )]Z}Jx
{j M(n)m(n)]zdn} [ e ym ()P dx
a; A{j (M (7)m ()]2d } J M (mym () d 7y
D(M (mm (1)) zdn} (2.3.32)

2.3.3 Finite Subsidiary Conditions s LS5 slaos

The problems discussed in the previous section involve a
rather simple integral constraint that require a constant
Lagrange multiplier in the auxiliary functional.

In a more general case, as mentioned earlier, we are
interested in extremizing functionals of several functions and
their derivatives bwith respect to more than one independent

variable [e.g. J = [F(x,y,,y 5,5,y 5.y Ddx].

In addition, there may be m finite subsidiary constraints of
the form
v, Py

h(x e x y oo y —_
19 s sV 1o ) ) s 2
’ " »ox, ox,

)209 i :19"'7m (2333)

imposed on the problem.
These constraints may range from simple algebraic equations to
highly complicated differential equations that must be satisfied at

every point over the entire domain of the problem. 22158

12/6/2025

11



The Lagrange multiplier method, in this case, still
reduces to extremizing an auxiliary functional of

the form "
L =I[f L jdv (2.3.34)

The Lagrange multipliers, however, are no longer
constants but functions of the coordinates

Xgyerir X,

S il aeasme 10 la 5 (505 23/58

Example 2.3.3

Design a cantilever beams of prescribed volume and prescribed
loads for minimum deflection. Except for a slight change of
notation, this example is based upon Makky and Ghalib’s solution

[2].

]
fwix)

Figure 2.3.3 Optimum Design of a Beam for Minimum Deflection.

beam fixed at the end x=0, free at the end x=/,

acted upon by: transverse loading g(x) per unit of length.

The objective is to minimize some norm of the transverse displacement
of the beam for a given total volume, V.

The norm we choose is the integral of the transverse displacement w
over the length of the beam. The loading g(x) is restricted to be

unidirectional in order to render(make) the norm appropriate.
[2] Makky, S.M. and Ghalib, M.A., Design for Minimum Deflection, Eng. Opt., pp 9-13,
1979. 24/58

12
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1
The functional to be minimized: Iw (x)dx , w(x) is the displacement

0
field which must satisfy the equation of equilibrium of the beam
as well as the constraint on the total volume of material. The
equation of equilibrium is expressed as

[sGew "] —q(x) =0, (2.3.35)
with boundary conditions
at x=0: w=0 and w'=0 (2.3.36)
Moment: sw " =0, and
at x=I: (2.3.37)

Shear force: (sw ") =sw"+sw " =0

S(x) being the bending stiffness of the beam that can be related,
through Eq. (2.3.26), to the cross-sectional area of the beam by

S(x)=El(x)=aEA"(x), =1,2, or 3. (2.3.38)
In addition to the subsidiary condition of Eq. (2.3.35), we must
specify an integral cons’l[raint on the total volume, namely

_[A(x)dx =V, (2.3.39

S iyl am sz i0dais 5 g gl 5

4
[S(.X)W !!] :[S'VV !I+SW HI]I :[S”\/V "+S,\/V ,”+S,1/V W+SW rm]
=[s"W"+2sw " +sw""]
When the coordinate system and the direction of the load are downward:

[s(x)w "]" +g(x)=0

The auxiliary functional is

Lw ()5 (0),A4 (), A, Ay (x)) = Jw(x)dx m{JA(x)dx }

_J‘)Lz(x)[sw "2s'w"+s"w " —qdx (2.3.40)
0
which must be stationary with respect to the functions w(x), s(x), A(x), A,(x), and
the parameter 4,. (1,is variable but not a function of x like 1,(x), and it comes

out of integral. If it is in the integral, JL/A1,=0Orequires that ¥,=0 , which is not
acceptable.)

We note, however, that A(x) depends on s(x) through Eqg. (2.3.38):
[s(x)=Elx)=aEA"(x), n=1,2, or 3]. Hence, dAd
04 =(—)ds (2.3.41

S rlls] Cmdazme 1SS 5 (5 51,5 ds 26/5
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The first variation of L

oL =jé‘w (x )dx +/11ﬁ5/1(x )dx}réﬂl [j/ldx —VO}

/
—J.&,z(x Ysw " +2sw " +5"Ww " —q |dx
0

can bge simplified by several integrations by parts.

! /
[ Aysow "dx =—Asow | + | 4 (Ls)ow "dx
0 o dx

d n
()

d2
X

I
i
d

/
[ @) [Ssw " 58w "+ 285w "+ 25 'w "+ 55w " +5"Sw "]dx =0

(2.3.42)

"dx

L (As)ow
2
e (As)ow

|

] FE )
+J‘ﬁ(/12s)§w dx

0 /)

! 1

1
_ "
=-A,5ow

rod "
0 +E (2425' )6W

d* ,
—d?(ﬂzs )ow

0

d3
+E(12s )ow

0 0

L 4

d
- J.dx—4 (A,8)ow dx

0 27/58 )

The first variation of L

1 1 1
SL =J’5w(x)dx +21{J'5A(x)dx}+5z1{j/1dx —VO}
0 0 0
!
—J.é‘ﬂ,z(x)[sw "2sw " +s"Ww "—q]dx
0

!
—J./iz(x )[5sw "rsow " +20sw" +2s'ow " +5s"'w " +
0

can be simplified by several integrations by parts.

/ /
- j 20w "Ss'dx = 2=Aw "], + j di(ﬂ,zw ™Ssdx )
X
0 0

S il am sz i0dai 5 6 5l S

(2.3.42)

s"ow "]dx =0

28/58

12/6/2025
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The first variation of L

oL =j5w (x )dx +/11U5A(x )dx}réﬂl UAdx —VO}

!
A, (x)[sw"+2sWw " +s"W"—q |dx
-([ () ] (2.3.42)

/
—J./iz(x )[§sw "rsow " +20sw " +2s'ow " +Os"w " +5"ow "]dx =0
0
can be simplified by several integrations by parts.
! !
- j 22,8"w "dx =2(~A,s'Sw || + j i(ﬂzs "Nw "dx )
0
/

j (/1s)5w'dx)

0

2(—(1

i

2 (@s Now| + j (/12s Nowdx )

0
1 1

=2(~Aps'Sw "], ' —dx—z(/lzs "ow
1] Q

d . ..
(s Yo

+ "Now d;
!dx3 Jowds) 20/58

The first variation of L

oL =j5w (x )dx +/11U5A(x )dx}réﬂl UAdx —VO}

!
—I§ﬂ,2(x)[sw "r2sw"+s"'w" q]dx (2.3.42)

—J./iz(x )[5sw "tsow " +20sW " +2s'ow "+ s "W " +5"ow "]dx =0
can be simplified by several integrations by parts.
/ /
—[ Agw "S5 dx = 2w "S5 |, + j i(ﬂ,zw ")\Ss dx
0
_(ﬂ "Ss| — j 4 (/12w "Ssdx
!

j @ (Aw ")Ssdx

0

=—Aw" 55|

S il redasme 10 da 5 (5505 30/58

15



) sl Gamadens tarkaii 5 s ysla K

The first variation of L

SL =j5w(x)dx +A[I5A(x)dx}+5ﬂl[jz4dx —VO}
—j&z(x)[sw " 25w " 8w " —q ]dx (2.3.42)

/
—J-/lz(x )[5sw "rsow " +20sw " +2s'ow " +Os"w " +5"ow "]dx =0
0
can be simplified by several integrations by parts.

1 1
d
[ As"owdx ==As"ow | + [Z=(A.s")Sw 'dx
! z : k !dx( ")

d n
(s = [~

/ ! d 2
- j S (s ")Swdx
0 0 X

=—2,s"5w || + % (Ays")Sw

1 ! d 2
- j S (s ")Swdx
0o pdx

S il aeasme 10 la 5 (505 31/58

Collecting the terms multiplied by arbitrary
variations ow, 0s, o4, and J1, and equating them
to zero independently we obtain the following
Euler-Lagrange equations:

S il redasme 10 da 5 (5505 32/58

12/6/2025
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oL =j5w (x )dx +ﬂ1ﬁ(flijé‘sdx}+§ﬂ1 [j‘Adx —VO}

l !
_Ié‘/’],z(x)[SW "a2sw " +5"w ”_q]dx _I/lz(é*sw ”")dx
0

li

~Aysow "], + L asyow
dx

0

! d?

+2(=A,s'ow "

(/12s Now ' ——(/12s "ow

0

+2(=Aw " Ss |g + j di(ﬂ,zw "’)5de )
0 X

" !l
—Aw " 55|,

/ 2
j—(@w )Ssdx

/ ! (;, ,
—jdx—z(zzs )owdx =0

0

n ! d n
—A,8" 5w |Q+E(/125 Yow

2

4
ow =0: 1_L4
dx

7(4s")=0

1 d4
j 5 (as )

+j + (As)dwdx)

33/58

d4 2s)+2d—3(ﬂ,zs )—d—z(ﬂvzs") 0

ow =0:

1- (42””s+m"”+4/1 "s'+42)s" +64,"s") +

Z(ZS”"+3ZI m+3l" u " r) (l" "+22,, "'+2/2S"")=0
"" mr 42{ m r ! 5 "m 62, S +

><9//N ><\ +62~2S +2/I'" r_ S 2><\,m>2<m/=0

1-4"s =24"s"= A"s"=1-(4,"s)" =0 (2.3.43)

S il am sz i0dai 5 6 5l S

34/58
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oL =.l|‘§w (x )dx +ﬂqﬁ(flij5sdx}+é‘ﬂ1 [j‘Adx —VO}

' !
_Ié‘/lz(X)[SW "a2sw " +5"w ”_q]dx _J‘/'LZ(é*SW ”")dx
0 0

1 ! 1 4

d
—J‘Cbc—[‘(/lzs)ﬁwdx

0

m|! d " d2 ,l d3
—A,8 0w |O+E(ﬂzs)5w —d—z(/lzs)ﬁw +—3(/12s)5w

0

! d?

+j ~(Ays")Swdx )

0

+2(=A,s'ow "

(/12s Now '

——(/12s "ow

+2(=Aw " Ss |g + j i(ﬂ,zw "’)5sdx )

~2w "5

j —(@w "\Ssdx

0
l

j (/1s Yowdx =0

0

_/12S"§M}l|i) (/1 "

d2 "
2 (ﬂzW )=0

os=0: A4 ——@w " 2—(1 ") —
ds

35/58

é‘S — ﬂ,l o —ﬂ,z /NV
zq = —Azw "y 2(,12’w " A ")~ (lz'w " A ") =
21_2%!"4_2% ””)—(ﬂaﬂw ”+%’”+ﬂ%’”+ﬂz IIN):O
dA n "
A—==ALw"=0 (2.3.44)
ds
5 ridla] redazme 1o a 5 (55005 36/58
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oL =.l|‘§w (x )dx +ﬂqﬁ(flij5sdx}+é‘ﬂ1 [j‘Adx —VO}

' !
_Ié‘/lz(X)[SW "a2sw " +5"w ”_q]dx _J‘/'LZ(é*SW ”")dx
0 0

! !

Iy J°
—jd)?(,lzs)&vdx

0

"V[ d " d2 ’ d3
—A,8 0w |O+E(ﬂzs)5w —d—z(/lzs)ﬁw +—3(/12s)5w

0

! d?

+j ~(Ays")Swdx )

0

+2(=A,s'ow "

(/12s Now '

——(/12s "ow

+2(=Aw " Ss |g + j i(ﬂ,zw "’)5sdx )

~2w "5

j —(@w "\Ssdx

0
l

j (/1s Yowdx =0

0

5 =0: jAdx V=0 (2.3.45)

_/12S"§M}l|i) (/1 "

37/58

oL =j5w (x)dx +4 ﬁ(i{ijé‘sdx }Léﬂl ﬁAdx —VO}

l ]
_J‘é‘/’LZ(X)[SW "2ew " 5w N_q]dx _I/lz(é‘SW rm)dx
0 0

1 ! 1 4

d
—jd)?(,lzs)&vdx

0

m|! d " d2 ,l d3
—A,8 0w |O+E(ﬂzs)5w —d—z(/lzs)ﬁw +—3(/12s)5w

0

! d?

+2(=Ays'Sw |, ——(Azs Now +j (A8 )Swdx )

(/12s Now '

0

+2(=Agw " 55|, + j di(ﬂ,zw "’)5sdx )
0 X

I ©d?
~Aw" 55| | 5 (aw ")disds

0
l l

d2
—fcbc—z(ﬂzs”)&wdx =0

0

n 14 d "
—A,5" 5w |Q+E(/12s Yow

oA, =0: sw"+2sw"+s"Ww"—q =0 (2346)

S il am sz i0dai 5 6 5l S
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oL =j5w (x)dx +4 ﬁ(i{ijé‘sdx }Léﬂl ﬁAdx —VO}

l lj
_J‘é‘/’LZ(X)[SW "2ew " 5w N_q]dx _I/lz(é‘SW rm)dx
0 0

1 ! 1 4

d
—jd)?(,lzs)&vdx

0

m|! d " d2 ,l d3
—A,8 0w |O+E(ﬂzs)5w —d—z(/lzs)ﬁw +—3(/12s)5w

0

i ! d>
+2(~Ays'5w ) (Azs')(sw ——(/12.9 Now| + j ~(Ays)owdx)
0
+2(=Aw " Ss |g + j i(ﬂ,zw "’)5sdx )
~2w "5 j —(@w "\Ssdx

_— O

/

j (/1s Yowdx =0
0

s =0 or —2/12w ’"+—(22w ") ——2/12w (AW A ) =AW = A "
6 ridla] redazme 1o a 5 (55005 (2 3 47) 39/58

—A,8"ow '|f) + i (/12s !

oL =j5w (x)dx +4 ﬁ(i{ijé‘sdx }Léﬂl ﬁAdx —VO}

l ]
_J‘é‘/’LZ(X)[SW "2ew " 5w N_q]dx _I/lz(é‘SW rm)dx
0

!

- (/12S )§W

0

4

~Aysow "], +i(/lzs)5w "
dx

/ d4
—j—(/lzs)éiwdx
o dx

! d?

+j (A8 ")Swdx )

0

+2(=A,s'ow "

(/12s Now '

——(ﬁzs Now

+2(=Aw " Ss |g + j di(ﬂ,zw "’)5sdx )
0 X

n 4 !
—Aw" 55|

j —(@w "\Ssdx

0
l

j (/1s Yowdx =0

0

0s'=0 or Aw"=0 (2348)

S il redasme 10 da 5 (5505 40/58
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oL =j5w (x)dx +4 ﬁ(i{ijé‘sdx }Léﬂl ﬁAdx —VO}

!

~Asow "], +j(/lzs)5w ' ——(xlzs)ér‘w
X

0

! d?

——(Azs "Nw +j

—10

+2(=A,s'ow " (ﬁzs "Now '

+2(=Aw " Ss |g + j i(ﬂ,zw "’)5sdx )

j —(@w "\Ssdx

0
l

j (/1s Yowdx =0

0

~2w "5

—A,8"ow '|f) + o (As"

3
ow =0 or d (ﬂv) Zd (/Lv)+—(ﬂv”) 0

l ]
_J‘é‘/’LZ(X)[SW ”r’+2SIM} W+S”W N_q]dx _I/lz(é‘SW rm)dx
0

1d4
—|—5(4s)owdx
;[abc4 ?

(A )Swdx )

41/58

d’ d?

7 (s = 2 2(,125)+ (/125")

ow =0 or

(A"s + A" +34"s"+3006") - 2(4,"s "+
(ﬂ,' ”+ X m):lzms +/12”S’=0

A"s+A)"s'=0 (2.3.49)

S il am sz i0dai 5 6 5l S

(A s + A" +34,"s +34,'s") = 2(4s"+ As") +(A,'s"+ As") =

”+2/><”+2/ I”)+

0

42/58
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oL =j5w (x)dx +4 ﬁ(i{ijé‘sdx }Léﬂl ﬁAdx —VO}

l ]
_J‘é‘/’LZ(X)[SW ”r’+2SIM} W+S”W N_q]dx _I/lz(é‘SW rm)dx
0

1 i / 4
— 2,5 0w m|/+i(,1,zs)5w " _7(,12s)§w +—(/lzs)5w —.[—4(,12S)§de
dx 0 0 o dx
1 1 3
+2(~Ays'5w ) (/12_9 )5 ——(/12_9 "Now +j ~(Ays")Swdx )
0

+2(=Aw " 55 + j (A ”’)5sdx)

—Aw" 55’ | +—(12w )5;

- j —(ﬂzw "\Ssdx

j (As")owds =0

0

_/125,"5‘/Vl|i) (/1 "

2

!’ d !/ "
ow'=0 or —dx—z(ﬂzs)+25(/tzs)—ﬂzs =0

43/58

2

ow'=0 or —dd (12S)+2 (Azs) AZS”_

—~(A)s +,8") +2(A)'s + Ays") = Ays" =
(A5 + A+ A5+ A+ 245"+ A" - 2" =

A's =0 (2.3.50)

Sl oz tola 5 (5 50,5 44758
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oL =j5w (x)dx +4 ﬁ(i{ijé‘sdx }Léﬂl ﬁAdx —VO}

l ]
_J‘é‘/’LZ(X)[SW ””+2s’14/ W+S”W N_q]dx _I/lz(é‘SW rm)dx
0

!

~Asow "], +i(/lzs)5w "
dx

- (/12S )§W

0

4

/ d4
—j—(/lzs)éiwdx
o dx

! d?

+j ~(Ays")Swdx )

0

+2(=A,s '§w

(/12s Now ' ——(/12s "ow

+2(=Aw " S |0 + j i(ﬂ,zw ”’)5sdx)

~2w "5

j —(@w "\Ssdx

0
l

j (/1s Yowdx =0

Sw"=0 or —(/125) 20" = (Vs + As) = 24,s" = A's = A,s'=0 (2.3.51)

45/58

_/12S"§M}l|i) (/1 "

oL =j5w (x)dx +4 ﬁ(i{ijé‘sdx }Léﬂl ﬁAdx —VO}

l ]
_J‘é‘/’LZ(X)[SW "2ew " 5w N_q]dx _I/lz(é‘SW rm)dx
0

- (/12S )§W

0

~Aysow "], +i(/lzs)5w "
dx

/ d4
—j—(/lzs)éiwdx
o dx

4

! d?

+j (A8 ")Swdx )

0

+2(=A,s'ow "

(/12s Now ' ——(/12s "ow

+2(=Aw " S |j) + j di(ﬂ,zw ”’)5sdx)
0 X

~Aw" 55| j —(ﬂzw "\Ssdx
0
/
—A,5" 5w '|f) (/1 " j (/1s Yowdx =0
0
ow"=0 or As=0 (2.3.52)
Sl e desme soalais 5 (55910 ,5 46/58
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Collecting the terms multiplied by arbitrary variations ow, Js, o4,
and o4, and equating them to zero independently we obtain the
following Euler-Lagrange equations
ow:  1-(4"s)" =0 (2.3.43)
ss: A% _iner—g (2.3.44)
ds
/
SA, : jA(x Ydx =V, =0 (2.3.45)
0
oA,: sw"+2sw"+s"'w"—g(x)=0 (2.3.46)
6 ridla] redazme 1o a 5 (55005 47/58

together with the associated boundary conditions at x=0 and x=I
Either or
os =0, Aw ”’—lz'w "=0 (2.3.47)
s'=0, Aw"=0 (2.3.48)
Sw =0, A"s+4's'=0 (2.3.49)
ow'=0, A's=0 (2.3.50)
w"=0, —As'+4's=0 (2.3.51)
Sw"=0, As=0 (2.3.52)

Sl oz tola 5 (5 50,5 48/58
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Equations (2.3.43) through (2.3.46) together with the associated
boundary conditions are general enough that they apply to simply
supported as well as to clamped beams.

For the cantilever beam the boundary conditions are Eqgs. (2.3.36)
and (2.3.37). Since the bending moment and the shear force at
x=0 cannot vanish because of the unidirectional nature of the
applied loading, the above conditions reduce to

(2.3.47) L (O0)w"(0)— A, (0)w"(0)=0  — A(0)(#0)=0— A(0)=0
A 0)w'(0)=0—>2,(0)(#0)=0—4,(0)=0
4,(0)=0, 2, (0)=0 (2.3.53)

(2.3.49)  A7(D)s()+ A/(D)s'() =0
(2.3.50) 1 )sy=0

A Ds)=0, A" Ds)+24"(1)s'(1)=0 (2.3.54)

S il aeasme 10 la 5 (505 49/58

We can integrate Egs. (2.3.43) and (2.3.46) twice and make use
of both boundary conditions of Egs. (2.3.37) and (2.3.54) to get

ax)

w(x)
q(x)

5

ey
_fJH S F=0-v@ =] o)d¢ = [ a)d¢

x)

M (x)

v(x) = - S>M@=-[( a)rdax = ([ a)d

S il redasme 10 da 5 (5505 50/58
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We can integrate Egs. (2.3.43) and (2.3.46) twice and make use

of both boundary conditions of Egs. (2.3.37) and (2.3.54) to get
XETL TG X5 e 28,5 cpanals J1,500 il 28,5 LSl L o 40

(2.343) 1-(4"9)" =0 [ (4"9)"d¢ = d¢ — (4,s) = (x=1)

(A"s) =(x—-1)—> Lx(ﬂ,z"s)'dx = jlx (x=Dydx —> A)"s = %

" l 2
s =5 =0 (2.3.55)
(2.3.46) sw"" +25'W"+s"W" —g(x)=0— Lx (sw""d¢ = J‘lx q(¢)d<s
(") = [ a(&)d¢ — [ (swYdr=[ ([ a(¢)d )
sw'=[ (] a(¢)d)dx = p(x) (2.3.56)
1 1
2.3.55 "= (x =1) "= (x =1)?
( ) sh =@ =1 > A == =D) PO gy
" o " p()C) 2s
(2.3.56) sw"=[ (] a(€)d &)= p(x) > w' =

51/58

"o l(x —Z)Zp(X)
Hw =5 ., 2 .
2 o] (2.3.57)

Combining the last equation with the second Euler-Lagrange
equation (2.3.44), we obtain

A _1(x-1)Pp()
ds 2 [s ()T
dA _(x =1)’p(x)

ds 22

(2.3.44) ﬂf;i—/zz”w =04
S

s7(x) (2.3.58)

Specialization to Plane-Tapered Beams. The remainder of this
problem will be specialized to plane-tapered beams, /=1, under
a uniformly distributed load of intensity g(x)=qg, Evaluating the
distribution of p(x), we find that Eq. (2.3.56) becomes

' = p(x) = Iﬁq(é)d«sjdx - Iﬁ%dé}dx [ oD

S il redasme 10 da 5 (5505 52/58
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2

r x? ' X [?
= ~Ddx=q,(—-Ix)| =q,(—-Ix——+1*
p(x) Jl.%(x )dx = q, ( 5 x)l g, ( > X 5 )

9y , 2 2 9 2
=2 (x"2x+[)=""(-
5 (x"=2Ix+17) 2( x)

2
o :qo% (2.3.59)
Also, for a plane-tapered beam, n=1 and from (2.3.38):

S(X)=El(x)=aEA" (x)=aEA(X)
s() da_ 1
aE * ds aFE
Hence, Eq. (2.3.58) becomes
A _(x~1)p(x)

A(x)=

=c’ = constant (2.3.60)

(x —1)2%0(1—)@2

2 N 2 2 —
s (x)ds 2 s°(x)e o
4 2
2y =80 ooy - G207 o (2.3.61)
4  Jc 2c A
6 ridla] redazme 1o a 5 (55005 53/58

and, therefore, the optimum distribution of the cross-sectional
areais

A =50 (x—z> 4 _ (=D Jdy et =1 40 (3 367)
aE 4 20(1/0) 4 2 A

The unknown Lagrange multiplier can be evaluated from the
volume constraint of Eq. (2.3.45) to be

VIA()d c(xl)\/a c\/g(_) cl\/g

c qol6
h=""5

36V, (2.3.63)
The resulting optimal area and bending stiffness distributions are

. c(x % \/70 c(x 1)? _3(x=Dv,
A 6 3
c'ql / 36% ! (2.3.64)

. X — x =1y 3v, v,(x-I)
RPN TN ) S P )
2c c’q,l /36v0 c c’l s4/58
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Substituting Eq. (2.3.64) into Eq. (2.3.59) and integrating it twice,
we obtain the deflection function corresponding to the optimal

beam as
273 3.2

SW”:@(l—x)—)w"zﬂ(l—x) e > = al (I-x)"

23 2 3 22 3vy(x=1) 6v,
W,:qol c (1);:%1 -

6v, 6vy 243

cq,l”
w =—
(=" (2.3.65)

where the boundary conditions in EQ.(2.3.36) were used. The
constant ¢ for a rectangular plane-tapered beam with constant
thickness / and varying width b(x)is

oo L1112
aE 1 bh3/12E Eh* (2.3.66)
4 bh

The resulting deflection function is

W)=l o _(2ERa o ad” 2 (2367)
121, 12V, EhV, 55/58

For comparison, consider an equivalent uniform beam of the
same total volume U/, length / constant thickness A, but a
constant width

Y

b, =—2
° hl

(2.3.68)

Its deflection wj,(x) can be obtained by for times integrating of

(2.3.46)
SW””_qO:O—)W,"IZqO/S—)W””:qo/E]
2
wm="o +d, >w ”=q—°x—+d1x +d,
EI 1 2
3 2 4 3 2
’=q—°x—+x—ai1 +d,x +d, >w =q—°x—+x—ai1 +x—ai2 +dx +d,
EI 6 2 El24 6 2
The constants d, to d, can be evaluated from boundary
conditions. wl_ =05d,=0
(2.3.36) — -
w'  =0-d;=0
5 ridla] redazme 1o a 5 (55005 56/58
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_ qoﬁ _ q, I’
=0— +d!+d,=0 5d. =20 "
EI 2 )
(2.3.37) — q q
" =0>214+d, =0>d, =-=2]
= EI EI

sw”

x=l

sSwW

X

3 2 2
Hence: w, =q—°x——x—q—ol+x—q—°l—=q—°(x4—4lx3+612x2)
ElI 24 6 EI 2 EI 2 24EI
4

5 3
I/wodx =j’q—°(x4—41x3+612x2)dx T Xy X e
0 0 24ET1 24E1 = 5 4 3
__4 isz QOZS
24E1 5 20E1
It is interesting to calculate the following ratio:

/

0

! 31 3 73 373
Iw (x )dx 9! 2jx 2dx 9! ZL 4,/ 2L
0 Ev,h~ Ev,h” 3 Ev,h” 3 5
! 5 3 5 5
20E 12 / /
ooy f [20E (byh* /12)] 4ul” 9l 9
o 20E (byh” /12)  20E(vyh~ /121
57158 2.3.69)

That is, the optimal beam is 1.8 times stiffer than the uniform
beam of the same volume.

Several other cases of loading with different types of beams,
m=1,2, and 3 may be found in Ref. 7. Some of these cases form
a part of the exercises at the end of the chapter.

S il redasme 10 da 5 (5505 58/58
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A.1.1 Integral Involving One Independent Variable

A special case of an integral which involves one independent
variable (x) three dependent variables (b, s and wand derivatives
of the first order and second order of s and derivatives of the
second third and fourth order of wis considered. A typical integral
of this form can be expressed by

59/58

S rllpl Cpndaa t0adais 5 5 5l0 5

minimize J{b s w) = [

-~

w4+ LW et

60/58
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e J I
/ O dr o ! — / t—l OF ) d | (A4)
1 s’ s’ } dr s
A o 1 aF 1™ ) a
/ ‘\,,,r)l do — .\»f‘” — ,‘\"—lﬁ OF |- / ‘“"—[i} dur (AD)
Sy )s" s dr s 1 . 1 dr= os"
ua ua i oF 1" 1= OF
/ A P L L] / w2 (A6)
Jz, ' " do dw"” | b e das Ju”
v OF W dOF CdtaF ]
/ w2y O 4 O
o e Ju da e die dw' | .
2 db QF
W ) dar (A7)
/J da l' e J da
e OF [, OF Ld OF L d aF
/\ " hetfh i {” duwlv " T[ !t )+ 0 F[‘(‘hr” )
-‘l'.i (” ‘ . L2 f/“ r')]"
e (—) | We—(————) dur . (AN
i dar? L et ‘_‘ . N / det ll etV ) &2 (A-8)
Sl oo 0l 5 (55185 61/58
7la 7a d oF d- OF
ke B— S — — )+ —|( )
/ [ o { Ds dz'ds’ T da? '().u"} N
wlor N ¢ oF OF - d" (OF ; Lot
_—t —{—) - — dar
(‘)H‘ “’.1’": ’ (‘)”'”‘ (/.l'-: ) f‘)“‘”’ ! ‘f.l“l‘ l ()“‘I\ ’ _i
7Ja dF d  OF a d  OF L, OF
UF + S S - S— 1+ W’ - W— ) V' ———
{ T s’ + s dr ds" I+ T dr he"’ duw™
d oF d-  JF dF
W —(—)4+W ( )+ W -
dr  duw'’ N dao® "’ - et
wd  OF ., d* OF LA aF .
WS (=) + W (o—) = W (= l + K; (A9)
dz " dw’ dae? dw' dz% dwh 1o
o an )s de s M dr="as"
ar 4t aF & o dvoar )
() —(— )+ ——[(— ¥ dr=0: (ALLD)
" {r'hf' da? “ r‘)u‘"" ll.r‘.'Lf}!f""" ¥ dx' "r'h['“ ‘}_l (A.10) 62/58
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aF dr OF

S OF At aF

)
s
. d OF
W —-——)
{ & o T

o 4
e dr

—_ i
P 1 N J
dw  drt Ow”

aF d JF aF 1*
W m— = () + W =0
{f‘hr"’ e Ol ']} e

- [ ) + l ] = 0.
de® ™ deV eV

Cd OF | OF
Rl R

d* ( aF \ & ( aF L
de? e’ da® dwiV

‘_ ia W d? |‘ ar A
,(-}“Jf,- (I.l"' '(‘}H'“ )

(A1)

o - 0 (A.11)
) ! (AL
JaF  d OF, N ds aF 0
s B I[ i)s’ ) FI s ) !

63/58

12/6/2025

32



