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���� ��� 	
��
(Velocity fields)  

(Ch. 6 of the Fung’s 2nd book) 

6.1 ��� ����	 
��
 
 

�	 ���� �����	 ����� ���
 ���� �� ����	 
��
 ���� 
��
 �� ��� �� ���
 
���� �� �! "� ��.  


��$%	 �� ��� ���
 �� �!�&�
� �� '�(�)	O-xyz  ���� *!%  �	 ��+,- ����	 
����� �� ����	 ��!�� 
��
            .��/0 !%  �	 �1 
��
 �! �� ��2,   

(x,y,z) 

�.  
 

����	 
��
 �� 345 6��� �&�7	 '��8� 

� ��:      
 
 
�� �� �!�&�
� �� !�:, �4��,� �� ;<  vi(x1,x2,x3) 6��:, �!�! !%  �	. 

( , , )V x y z
�

( , , ), ( , , ), ( , , )u x y z v x y z w x y z
� � �
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���� =� ����� >��
%�? @��%0 vi(x1,x2,x3) �� ��
%�? A ��B? C�/	 �! �D, "���E �	.   
�! �F�� @$�%	 ���� ����� G�� �� 
��
 �! H�2, ���4:� �� "�,���.   
�E� '��� P A P' �� �%� �� �DI� �� 3�0�0 �! H�2,xi  A xi+dxi >�� �� 'A�&0 G�� �� 
��
  
�! G�� A! ��2, '��8� 

� ��: 

 

                                                                                                         (6.1-1) 

�! ���5 �1 '�2�/	 �JK�                �! ;I	 ���  P������� �,%  �	. �%�1� 
 

                                                                                                        (6.1-2) 
 

 

�E� �%4,�0 L�, ���M0 ;<  (rate-of-deformation) �� �%4,�0 L�, 6,�1 (strain 
rate)  �� �� ;<  

 

                                                                                                        (6.1-3) 
 

A �%4,�0 6N�O (spin) �� �� ;<  ��� P���0 "��1:   Omega (uppercase Ω, lowercase ω) 

 
  (6.1-4) 
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��+,-                                                                                          
(6.1-5) 

 

.Q�A 

� �1 Vij ���2�	 AΩij  ���2�	!�? (antisymmetric) *

� ����: 
 

       (6.1-6) 

>G������� �%4,�0Ωij  �R�0 �
 � �&�7	 ;2�4	 !��! A =� ��!��   !%�A !��! �1 
��EA! (dual) Ωij 

�. 

                                                                                         

  (6.1-7) 
 
 

      G/�0%	�? ;8:�
 (permutation symbol ) 

i .e . ,
1 1

2
u r l

2
ck k ij i je VΩ ≡ Ω Ω ≡

� �

1

2
k kij ijeω ω=  ��,�	(4.4-3)  

∗

∗∗

,ij ji ij jiV V= Ω = −Ω

i
ij ij

j

v
V

x

∂
= −Ω

∂
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Ω
�

*  ����:, .�I(0 S��1 �! T�&��. 

��!��  ���!�E(vorticity) 
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vi ui=vidt 

;< ���M0 L�, �%4,�0 / L�,
6,�1 

(Rate of 
deformation/strain rate 

tensor) 

=O%1 6,�1 �%4,�0 
(Infinitesimal 
strain tensor) 

�%4,�0 6N�O 
(Spin tensor) 

  6N�O �%4,�0
(Rotation tensor) 

���!�E ��!�� 
 (Vorticity vector) 

  6N�O ��!��
(Rotation vector) 
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G������� �� ���K+��� �:V1 
��
 �� ��� >��<	���M0 �� �O @��� �� ����	 6,�1 =O%1 
W��	 �  �,�%0 �	 �� 3
��0 �� L�, ���M0 ;< / 6,�1 "� "�:�0 �!�! !% . 
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"�,�! �	 ��+�
! 'X!��	 ;�4,��&�! �� '�2�/	 �JK� 
I0 �����  ;��$ �,� ;5. G�� Y���  ��  
Y���  ���B? ���+�,� �� ���E��
 ���%E �	. 

��
�� ������� 

Z�[ ���1 A! ��!��	 ;�4,��&�! �� '�2�/	 �JK� "���! A =� @��0 �%R\	 u(x,y) ��,�	: 
 

                                                                                                          (6.2-1) 
 

"�,�! �	 �1 G�� 'X!��	 ;��$ ;5 ���4�,. 'X!��	 6�� �� ����,� A �! 
��R, �,� ]���:��,. G��  
�+���:��, �,�%0 �	 �� �8
�I	 '�2�/	 ^A! A! ��!��	 ��< - !% . 

 

�� �- ����� ���4�,!           
 

>G������� �	�+�� �1 'X!��	 ;�4,��&�! �� '�2�/	 �JK� �!�! >�,%  �	 ��7
 ���B? ���+�,� 
W��	 !%  �	. 'X!��	 ;�4,��&�! 

         

                                                                                                          (6.2-2) 

4.6 - ���� ��� ����
 ������� 
Compatibility of Strain Components  

(Ch. 6 of the Fung’s 2nd book) 

23 ,
u u

x y x
x y

∂ ∂
= + =

∂ ∂

2 3,u x y∂ ∂ ∂ =

( , ), ( , )
u u

f x y g x y
x y

∂ ∂
= =

∂ ∂

2 2u x y x∂ ∂ ∂ =
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��,�%0 �:, ���+�,� ��[�E �,%  �+	 �<���:  
 

(6.2-3) 
 

�!�A-�� !% .  

G�� >H�  H�  >���B? ���+�,� �� ��!��	 ���E��
 K�, ��	�, �	.   

�%�1� =� 
��5 6,�1 �� �I&` �! �D, "���E �	. Z�[ ���1 =� a��R	 =� ��	  

���+/��	�- ��N�
 A �� ;��
A �&V�)	 ��,�	 6,�1 �� b�
 (strain gauges)> '�K�R\0 

>=��
X�%�[ �[��E%�%� ��K�� (laser holography) �1 �� ;�VI0 �<8  ��%	 (Moire) 

3�1�0 ��  A >���c �� ��%:\	 �� ��� �!�! 6,�1 �� 

! �!�A- 

� ��,�	: 

 

 (6.2-4) 

�%�1� G�� ��7
 W��	 !%  �	 �1 ��- G�� �� �!�! d�,� ]���:� 

��- �+���:� �� ��%0 �	 �
��� d!�1   

A �E� >�,� ]���:� -�� ���M0 ��� ��<	 u(x,y) A v(x,y) �� �� G�� ��%0 �	 �� �!�! �� 

!  

d!�A- 

f g

y x

∂ ∂
=

∂ ∂

( , ), ( , ), ( , ), 0xx yy xy zz zx zye f x y e g x y e h x y e e e= = = = = =
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�E� 6,�1 =O%1 >� �� ��7
 �N- �,�%0 �	 �� ;<  =� ��7
 �Q��� ���B? ���+�,� 'X!��	  
;�4,��&�! ��� ����� ���
 !% . 

 
                                                   (6.2-5) 
 

 
 

>�%�1� �E� �� ��!��	 �A� A! ��� 
84, ��y  A �� ��!��	 ^A! A! ��� 
84, �� x C�/	 >"���+�  
"���!:   

 
                                                                                                       (6.2-6) 
 

�E� �� ��!��	 ^%
 K�, =� ��� 
84, �� x A =� ��� 
84, ��  yC�/	 >"���+� "���!: 
 

                                                                                                       (6.2-7) 
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2 ( , ), ( 2 )

xx

yy

xy

u
f x y e

x

v
g x y e

y

u v
h x y e

y x

∂
= =

∂
∂

= =
∂

∂ ∂
+ = =

∂ ∂

3 2

2 2
,

u f

x y y

∂ ∂
=

∂ ∂ ∂

3 3 2

2 2
2

u v h

x y x y x y

∂ ∂ ∂
+ =

∂ ∂ ∂ ∂ ∂ ∂
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3 2

2 2

v g

x y x

∂ ∂
=
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'X!��	 ���B+��� ��(6.2-6)  ��!��	 �!(6.2-7)  "���!: 
 

        (6.2-8) 
 

��� �!�! ���\0 ���� G�� ��!��	 �� �!�A-�� �,��
. �E� �!�A-�� >�,��4, �� �!�! ]���:� ���4�, A  

���� �! 
 �!�� �� �!�! ����N !%�A �� �! � ��.   

�� G� %, b���, �V8$ �� 345 ��� �&�7	 >6,�1 "���!: 
 
 

        (6.2-9) 

 
�1 ��!��	 ���E��
 ���� 
��5 6,�1 �� �I&` A �� Z�[ ��� 6,�1 =O%1 

�. 

2 22

2 2
2

yy xyxx
e ee

y x x y

∂ ∂∂
+ =

∂ ∂ ∂ ∂

2 2 2

2 2
2

f g h

y x x y

∂ ∂ ∂
+ =

∂ ∂ ∂ ∂
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4.6 - ���� ��� ����
 ������� 
 (Compatibility of Strain Components) 

�� �%� ���8� G�� ��7
 W��	 

� �1: “�,%+O ��%0 �	 ��<	���M0 ui  �� �� ��� �&�7	 �%4,�0  
6,�1 �� 

! d!�A-” 

�� '��8� >�+�! �,%+O ��%0 �	 �� 'X!��	 ;�4,��&�! ��� )�! "�4�
 '�(�)	 G�K0��1 �	���	( 
 
 

(1) 
 

 
���+�,� 
[�E �0 �
 �%R\	 u1,u2,u3 �� 

! ���-. 

 
�� �\,- �1 6  ��!��	 A �
 @��0 �%R\	 ui *"���! �E� @��%0eij  �����N� >�� �� ��+�
!  

'X!��	(1)  �! 
��5 �V1 =� S�%� =0 ����2	 �,���,.   
�! �0�%` =� S�%� !%�A ���%N 
 �! �1 @��%0 eij Y���  �`�N �� �!�A-�� ����:,.   

1
, ( , 1, 2,3)

2

j i
ji ij

i j i j

u u uu
e e i j

x x x x

α α
 ∂ ∂ ∂∂

= = + − = 
∂ ∂ ∂ ∂  
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���E��
 ��!��	 ^�K�� ����O �
��� ��4&0 
 

�� �\,- �1 ��� �&�7	 6,�1 �R�0 ��� 
��$%	 �84, H�2, "4� �� �� 

! 
>���! �	 A �%O �! 
1�5 "4� 3V` 6,�1 �&` >

� ��D�,� "���! �1 

S�%�ui  �,�%�� �0 
1�5 ��%)�! "4� 3V` �� ����. �	� �E�eij  �� g�� ���  
�� ��, >�� �� G<:	 

� �! ���M0 ;<  �K�O ��8  �� ;<  4.6:1 �� ��/, 

��! �1 ��c G<:	 

�. 

Fig. 4.6:l. Illustrations for the requirement of compatibility. 
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Y���  ���B? ���+�,� 'X!��	 )1( Y���  ���E��
 ���	�, �,%  �	. �� �- �����  ���4� �1 ����  
Y
%0 ��� �&�7	 6,�1eij  �!�A-�� �,%  A ��,�%0 �	 �� hB5 ui �� 'X!��	 (1) �� 

! ���-.  

'X!��	 ;�4,��&�! ��N��c (1) ���� �!�&�
� ���4� ;</	 >���4� G������� ����� 
��5  
��� 6,�1 ��N =O%1 �� �! �D, "���E �	. 

 
 

(2) 
 

�� C�/	 ���E �� ��!��	 (2) "���!: 
 
 

�� ���M0 �� i��,� "���!: 
 

 
 
 
 
 

�� G�� 'X!��	 "���!: 

, ,,

1
( )

2
k ijlii kjlk jle uu +=

, ,,

1
( )

2
j iklii jklj kle uu +=

, ,

1 1
, i.e., ( )

2 2

j i
ij ij i j j i

i j

u u
e e u u

x x

 ∂ ∂
= + = +  ∂ ∂ 

,, ,

1
( )

2
kl ij l kijk lije uu= +

,, ,

1
( )

2
jl ik l jikj like uu= +

+ 

_ 

_ 

=0 
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(3) 
 

G�� 'X!��	 �! ��
 1860 Y
%0 
�
 ��,A (St. Venant) �� 

! �	- A �� �- �� 'X!��	  
���E��
 
�
 ��,A ��	�, �	. 

�� 81 �� ��!��	 �1 �! ����� (3) !%�A !��! �R�0 6  ��!��	 �,� ��A�Q. ��2� �� ��%0 �� ���20 eij 
A ekl �� �� �+��<� �,����� �� ����<0 . �- 6  ��!��	 �� ;<  l��4E ��[�� ��0��8� ��: 

 
 
 
 
 
(4) 
 
 
 
 

G�� Y���  �� ��� 6,�1 =O%1 �� 

! �,� ��	- A H%��	 �� "�4�
 '�(�)	 G�K0��1 �,�	���	.   

, , , , 0ij kl kl ij ik jl jl ike e e e+ − − =

2

2

2

,

,

,

yz xyxx zx

yy xy yzzx

xy yzzz zx

e ee e

y z x x y z

e e ee

z x y y z x

e ee e

x y z z x y

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂ ∂ ∂∂
= − + + ∂ ∂ ∂ ∂ ∂ ∂ 

2 22

2 2

2 2 2

2 2

2 2 2

2 2

2

2

2

xy yyxx

yz yy zz

zx zz xx

e ee

x y y x

e e e

y z z y

e e e

z x x z

∂ ∂∂
= +

∂ ∂ ∂ ∂

∂ ∂ ∂
= +

∂ ∂ ∂ ∂

∂ ∂ ∂
= +

∂ ∂ ∂ ∂
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�E� '�(�)	 Y)�� ��I�	 �	%:� �!�&�
� >!%  6,�1 =O%1 �� ;<  ��� P���0 !%  �	.   
 

(5) 
 

��+,- Y���  ���E��
 �� ;<  ��� ���%N !%�:  
 

(6) 
 

�	� �E� 6,�1 !A�I	 (finite) >� �� �1 ije �! "�4�
 '�(�)	 G�K0��1 �	���	 �� �����  )1( 
A �! "�4�
 '�(�)	 �	%:� �� 
 

(7) 
 

�� 

! >��- �	 ���� �� 

! �!�A- Y���  ���E��
 ^�X 

� �1  �� lA� ��+�! �!�&�
�  

!%  ) ;J�4	 2.31 A  4.9�� ����8�(. 

G�� lA� �� �%� WA�/	 �! S��1 ��� ��	- 

�:  
Green and Zerna, Theoretical Elasticity, 1968, Oxford University 
Press, p. 62. 

1
( )

2
ij i jj i
e u u= +

0ij kl ik jlij jlkl ik
e e e e+ − − =

1

2
ij i jj ii j
e u u u u α

α
 = + −  
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, , , ,( 0)ij kl kl ij ik jl jl ike e e e+ − − =
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4.9 – ���� ������ �
�  
�%4,�0 ���2�	 6,�1 eij m�%N n��/	 �!��� �� �%4,�0 6�0 !��!. >G�������  
!%�A ��� 6,�1 �V`� �2�25 A '�I&` >�V`� ����! �%	 >6,�1 6,�1 
/� 

>�R�A 6,�1 �[��I,� A �����M�	�, 6,�1 ���, �� oI� ���/�� �,���,.  
G��A� ��M�	�, 6,�1 

(1)                                 e=e11+e22+e33= �%:\	 ��� 6,�1 �V`�  
���� 
��5 ��� 6,�1 =O%1 =� ���	 �
��� �!�
 !��!. 

 
=� ��:�� "\5 3�<	 ;���4	 �! �D, ����+� �1 �%�A �- ���%	 '�I&` �V`� 

6,�1 

�. �%� ��Q� �! 
��5 �A�� 6,�1 '��8� 

� ��l1,l2,l3 .  
��� 6,�1 �V`� ��0��8� ��e11,e22,e33 .  

�! 
��5 6,�1 >��[�� ��Q� �� "� !%:� ��,�	 �	 A �%� �� �- ����� 

� ��  
l1(1+e11), l2(1+e22), l3(1+e33).   

>G������� ���� ��� 6,�1 =O%1 ���M0 "\5 '��8� 

� ��: 

14/27 "�D�0 A ��A-!�E :��/8��%�� G�45�:I	  



�������� ا��ا�����: 
�د
ور� و �����  12/5/2025 

8 

)�� �\,- �1 Z�[ "�!�1 �� 6,�1 >�,� =O%1 �� S�Q ;`�5 �� 6,�1 �D�[�` "��1 �	(.  
>G�������   

(2) 
 

G�� ����� ��/, ��! �	 �1: ���� 
��5 ��� 6,�1 >=O%1 ��M�	�, �A� 6,�1 �� ���	  
6��K[� "\5 �� �5�A "\5 

�. �� G�� >;��!e  �� ��40�(dilation)  ��	�, �	. 

 (Dilate: to expand or cause to expand;  
Dilation verses Dilatation: Dilation describes the passive enlargements 
whereas dilatation describes active enlargements. Dilation is the act of 
dilating or stretching out. Dilatation refers to a region of dilation, 
surgical enlargement of a region or an area of abnormal enlargement.) 

�E� 
��5 6,�1 A! ���� )6,�1 �� �I&`( �! �D, >"���+� u3=0 )A �� w=0( 

�.  
��M�	�, �A� 6,�1 ����� �� e11+e22 

� �1 ��/, ����! ���M0 
5�4	 �� �5�A .�
  
�I&` 
I0 6,�1 

�.    

���� 6,�1 >!A�I	 �%:\	 ��� 6,�1 �V`� G��O ��4&0 �� �!�
 �,���,.   

iie e V V= = ∆

1 2 3 11 22 33 1 2 3

1 2 3 11 22 33

(1 )(1 )(1 )

( )

V l l l e e e l l l

l l l e e e

∆ = + + + −

≅ + +
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 ;J�4	����	�[ ;�%I0 �+�! ��&� A! �0 A �!�1 ;5 �� ���:  

6) 2,3,4,6 

2) 1,2,5,6,10, and  A1-A12, 2) 12-23, 25-32 
3)8,11,13,14, 3)1,2,3, 4) 2,16,17,19   3)6,7,8  3) 
9  5) 3,12,13,14,15,17 

 

G��:0   ����V8$: 

 ^A! S��1 �� ;J�4	Fung  �
��
! ;��$ ���\	 l�%	- 
��
 �� �1


�. 
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��:�� ;�4,��&�!           =� ��!�� 

� �1 ��� �&�7	 �<�K�[ �- '��8� 

� ��: 
(i not summed)            .   

��!��	(4)  �� ��%0 �	 �� ;<  ��� 
 %,. 

i

iig dθ
( )idθ

4.10 –  !"�#�$ ��� ����
 
�%4,�0 6,�1eij  �1 �! G��0 ���8� 
��5  6&���0 
����%1 

� �! �D, ����+�. 

�E� ds �%� ��:�� A                         �%� ��:�� ;8$ �� ���M0 ;<  �! ��:� 
��2,                  >� �� ��+,-: 

 

(4) 

1 2 3( , , )θ θ θ

1 2 3

0 ( , , )ds d d dθ θ θ


����%1 �!%�eij  �� �	 ��%0 �� ����$ 
� %1 A ����� p%[ K�, H�8��
� !�1. ��A 
��,�	 6�0 ��%0 �	 ��� �&�7	 
���A����1 eij A  H%V)	     �� K�, ���� 6,�1 

P���0 A �� eij H%��	 !�1 �1 �! �Vq4	4.7  ��
�%N ��  

�. 

i

je

2 2

0 2 i j

ijds ds e d dθ θ− =

3 3
2 2

0

1 1

2
1

(5) ( )( )i j

ij ii jj

i j ii jj

ds ds e g d g d
g g

θ θ
= =

− = ∑∑
∗

17/27 * ����	�[ .�I(0 S��1 �!. "�D�0 A ��A-!�E :��/8��%�� G�45�:I	  

�� �\,- �1 �:� ��� �&�7	                           �%�4,�:�! �%� >�,��! ��� �&�7	 
��� �� ��%0 �	 ��� �&�7	 �<�K�[ 6,�1 P���0 !�1 �1 �� ��� 

�.   

 

(6) 
�! ��� "�4�
 �	���	: 
�E� �� �����(2.14:9)  �!�&�
� >"��1 ���� : 

(7) 
�� !��! 
�X! �1 

(8) 
"���! 6�0 ����: 

(9) 
 

 
(10) 
 

 ��!��	 A(6) 
 %, ��� ;<  �� ��%0 �	 �� : 
(11) 

 

, , not summedii jj

ij ijg g e i jε =

1( ) , not summedii

iig g i−=

i i i

j j jg g g δ⋅ = =
� �

1
, , not summedij ij

ii jj

e i j
g g

ε =

,i j

ii jj
g d g dθ θ

18/27 

, , not summedij ij

ii jjg g i jσ τ=

, , not summedi jj i

j ii jg g i jσ τ=
jj

i i

j jii

g

g
σ τ=

jjij ij

ii

g

g
σ τ=

�V1 
��5 �! 
)�	���	 T�	AK� �, A( 

 �! �Vq4	2.12   �I&`61  
��r"�!�1. 
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4.11 –  %�&
 : ()�� ���� !"�#�$ ��� ����

 �*+�,-.
 �/�� 

��+,-                                          �E�: 1 2 3, ,x r x xϕ θ= = =
2 2 2

11 22 331, , sin , 0 ifijg g r g r g i jφ= = = = ≠

111 =g
2

22 1

r
g = 33

2 2

1

sin
g

r φ
=

0 ifijg i j= ≠

2 2 2 2 2 2 2
sin

i j

ijds g d d dr r d r dθ θ φ φ θ= = + +

G������� "�4�
 '�(�)	 �	���	 

�. 
�� P���0gαβ  "���!: 

19/27 

y3 

y2 

y1 

r 
φ 

θ 

Spherical polar coordinates 

"�D�0 A ��A-!�E :��/8��%�� G�45�:I	  

�� ��0��8� �
��V$� ��� ;8:�
 ;[%�4��1: 
 

 
 
 

��2� 
���1 Z�[ui  � �� ��<	���M0 ��!�� 
����%1 ��� �&�7	  . 

�� ��0��8� =O%1 6,�1 ��%4,�0 ��� �&�7	: 
 
 
 

G�������: 

1 1
( ) ( )

2 2

ji
ij i j ij jij ij i

uu
e u u u u

x x

σ σ
σ σ

∂∂
= + = −Γ + −Γ

∂ ∂

ij jiu uσ σ
σ σΓ = Γ

1
( )

2

ji
ijj i

uu
u

x x

σ
σ

∂∂
= + −Γ

∂ ∂

r

13

31

3

13 =Γ=Γ
3 3

23 32 cotϕΓ = Γ =

0=Γijk

1
11

2
22 1

23
33 1 2

,

,

sin sin cos ,

u
e

r

u
e ru

u
e r u u

φ

φ φ φ
θ

∂
=
∂
∂

= +
∂

∂
= + +
∂

1 2
12 2

32
23 3

3 1
31 3

1 1
,

2

1
cot ,

2

1 1

2

u u
e u

r r

uu
e u

u u
e u

r r

φ

φ
θ φ

θ

 ∂ ∂
= + − ∂ ∂ 

 ∂∂
= + − ∂ ∂ 

∂ ∂ = + − ∂ ∂  20/27 

1 1 2 2 2 2

22 33 12 21 33

1
, sin , , sin cosr r

r
φ φ φΓ = − Γ = − Γ = Γ = Γ = −
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Z�[ ���1 ui A eij ��� �&�7	 ��%4,�0 �� ��. �E� ��� �&�7	 �<�K�[ �����!�� 
��<	���M0 �� ;<  ζr ,ζφ ,ζθ  A ��� �&�7	 �<�K�[ �%4,�0 6,�1 �� ;< εij  �� %,  

�,% > ��+,- �� �\,- �1 '�(�)	 �A�1 �	���	 

�> "���!: 
 

11 22 2
1 1 2

33 3
3

, ,

,
sin

r

ii jj

ij ij

u
g u u g u

r

u
g u g g e

r

φ

θ

ζ ζ

ζ ε
φ

= = = =

= = =

�&�7	 =O%1 6,�1 �<�K�[ ��� 
�&�7	 345 �� ��<	 ���M0 �<�K�[ ��� 

11

22

33

,

,

1 cot
,

sin

r

r

r

r

r r

r r r

φ

θ
φ

ζ
ε

ζ ζ
ε

φ
ζ ζ φ

ε ζ
φ θ

∂
=

∂
∂

= +
∂

∂
= + +

∂

12

23

31

( )1 1 1 1 1
,

2 2

1 1 1 cot
,

2 sin

1 1

2 sin

r r

r

r

r r r r r r r

r r r

r r r

φ φ φ φ

φ θ
θ

θ θ

ζ ζ ζ ζζ ζ
ε

φ φ

ζ ζ φ
ε ζ

φ θ φ

ζ ζ ζ
ε

φ θ

∂ ∂   ∂ ∂
= + − = + −   ∂ ∂ ∂ ∂   

∂ ∂
= + − ∂ ∂ 

 ∂ ∂
= + − ∂ ∂ 

21/27 

Skip to 25 
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%*�0� +1*�0
 

�! G�� 'X!��	 6�0 �� A >��A��, ��� �&�7	 �,� �<�K�[. 

$! !%  �1 �! G�� ����� i��,� �� �	�! ���4�, A �� ��� 1> r A �� ��� 2> φA �� ��� 3> θ 

�� �BE ��  

�. 
�! S��1 G�� Y��A� �� i��,� ���  
����%1 �� %, ��  �1 ���� .�I(0 �,% . �! ;<  .�I`  

i��,� �� �,� 
���A����1. ��A �� �\,- �1 �! ��� "�4�
 �	���	 ��� �&�7	 �<�K�[ 6�0 ��4<�  
���4�                > �- Y��A� �� ��%0 �	 .�I` ������� !�1. 

  

2

2

3

3

3 2

3 2

1 1 1 1
( ) (sin ) ( )

sin sin

1 1 1 cot
( ) (sin )

sin sin

1 1 1
( ) (sin )

sin sin

r rr r r

r

r

F r
r r r r r

F r
r r r r r

F r
r r r r

φ θ θθ φφ

φ φ φφ θφ θθ

θ θ θφ θθ

σ φσ σ σ σ
φ φ φ θ

φ
σ φσ σ σ

φ φ φ θ

σ φσ σ
φ φ φ θ

∂ ∂ ∂
− = + + − +

∂ ∂ ∂

∂ ∂ ∂
− = + + −

∂ ∂ ∂

∂ ∂ ∂
− = + +

∂ ∂ ∂

22/27 

( )ij i

jσ σ=
11 11 1

11 11 11 1

11 1 1 11 1

111 11g g g gg gg α
ατ ττσ τ τ= = = ==

1 11 1 1

1 11 1 1g gσ τ τ= =

"�D�0 A ��A-!�E :��/8��%�� G�45�:I	  



�������� ا��ا�����: 
�د
ور� و �����  12/5/2025 

12 

Z�[ ���1 ζr ,ζθ ,ζz   ��� �&�7	 �<�K�[ ��<	���M0 
  A 

εrr, εrθ,…, σrr, σrθ, …,etc. ��� �&�7	 �<�K�[ 6,�1 A 6�0 �� ��. 
"���!: 

4.12–  %�&
-  2-��� �* ()�� ���� !"�#�$ ��� ����

�
 ��
�-�
 +�,-.
 

∗

D o  th e  c o r r e c t io n  i n  th e  b o o k∗

1 2 3, ,x r x x zθ= = =

2

11 22 331, , 1, allother 0ijg g r g g= = = =

2 2 2 2 2ds dr r d dzθ= + +

11 22 33

2

1
1, , 1, all other 0ijg g g g

r
= = = =

1 2 2

2 2 122 1

1
, , all other 0i

jkr
r

Γ = − Γ = Γ = Γ =

23/27 "�D�0 A ��A-!�E :��/8��%�� G�45�:I	  

  

! �� T�8$ �� �!��0 ��!��	 G��A�
"�!�A-. 


$! !%  �1 �! G�� ����� A Y��A� ���� 
i��,� �� �	�! ���4�, A �� ��� 1> r A ��  

��� 2> θ A �� ��� 3> z �� �BE ��   


�. 

�! Y��A� �!��0 >S��1 �� i��,� �,� 
����%1 �1 ���� .�I(0 �,% . ��A �� �\,- �1 �! ��� "�4�
 �	���	 
��� �&�7	 �<�K�[ 6�0 ��4<� ���4�                > �- Y��A� �� ��%0 �	 .�I` ������� !�1. 

( )1 1 r rz
r rrF r
r r r z r

θ θθσ σ σ
σ

θ
∂ ∂ ∂

− = + + −
∂ ∂ ∂

�

( )2

2

1 1 z
rF r

r r r z

θθ θ
θ θ σ σ

σ
θ

∂ ∂ ∂
− = + +

∂ ∂ ∂

�

( )1 1 z zz
z zrF r

r r r z

θσ σ
σ

θ
∂ ∂ ∂

− = + +
∂ ∂ ∂

�

�!��0 'X!��	: 

=O%1 6,�1 �<�K�[ ��� �&�7	 �&�7	 345 �� ��<	 ���M0 �<�K�[ ��� 

1
, , ,r r z

rr zz
r r r z

θ
θθ

ζζ ζ ζ
ε ε ε

θ
∂∂ ∂

= = + =
∂ ∂ ∂
1 1 1

, ,
2 2

1 1
,

2

z z r
z zr

r
r

z r r z

r r r

θ
θ

θ θ
θ

ζ ζ ζ ζ
ε ε

θ

ζ ζζ
ε

θ

∂ ∂ ∂ ∂   = + = +  ∂ ∂ ∂ ∂  
∂∂ = + − ∂ ∂ 

24/27 

( )ij i

jσ σ=
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"�� �! =O%1 6,�1 
��5 ����: 
(6) 

11
1,g = 2

22 ,g r= 133 =g 0=ijg

11 1,g = 22

2

1
,g

r
= 133 =g 0=ijg

1

22 ,rΓ = −
r

12

21

2

12 =Γ=Γ 0=Γijk

, all other  

, all other  

, all other  

0
ij kl ik jlij jlkl ik
e e e e+ − − =

 (� 	*�/3 ��* �4 ()�� ��� ���� �
�4 ���5�  ������� ��*�0
 +�,-.
 �*
!
�5�- %�&
 :�
 ��
�-�
 +�,-.
 

ij k

lij kil l ijkl j jl i kk

A
A A A

x
Aα

α
α

αα
α−Γ −Γ−

∂

∂
= Γ

) )( (
j

il k j

ij

ik j jk il kk jk

A
A A

x
A

xx

A
A

ααα α
α α

β β
α β αβ

∂
−Γ −Γ −Γ

∂∂
−Γ −Γ

∂ ∂∂
=

( ) ( )
ij

kl i j j i
i

jl ik k ik

A
A

x

A

x
AA Aα β βα

βα α β
α β β

α β α βα

∂
−

∂
−Γ −Γ −Γ Γ Γ −Γ

∂
−

∂
2

ij j jk iik
j ik i jkl k l l l l

A A A
A A

x x x x x x

αα
α α αα

α α

∂ ∂ ∂Γ ∂∂Γ
− − Γ − − Γ

∂ ∂ ∂ ∂ ∂ ∂
=

i
jl jl ik j

ij

kl kl i jl k ii kl jk

A
A

A
A A A

xx

α α β α βα
βα α

α α β α β
α β α βαβ

∂
−

∂
−Γ +Γ Γ +Γ ΓΓ Γ +Γ Γ

∂∂
+Γ

j

il il k j il jkk

A
A A

x

αα α β α β
α β αβ

∂
−Γ +Γ Γ +Γ Γ

∂

rx =1 θ=2x zx =3
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"���!                                               m�N 
��5 =� ����: 
 

 


$! !%  �1 �! G�� ����� i��,� �� �	�! ���4�, A �� ��� 1> r A �� ��� 2> θ A �� ��� 3> z 
�� �BE ��  

�. G�������: 

 
 
 
 

��� ;[%�4��1 ��c �&`: 
 
 

�� �\,- �1    �� ����0 �� z >���4�, "���!: 
 

0rr z r rzz rr rz r
e e e eθ θθ θ

+ − − =
1 , 2 , 3i j r k l zθ= = = = = = =

2

0 0 0 0 0 00 0 0r r r rrr
r rrr r rz

e ee
e e

z z z z z
e

α α
α αθ α θ
θ θθ

α
α αθ

∂Γ ∂ ∂Γ ∂∂
− − − +Γ − − +Γ

∂ ∂
= −− + +

∂ ∂
+

∂
+

∂

0 0 
Γ

2
2 212 12
12 12

rr r r
r r

e e e
e e

z z z z z

α α
θ θ

α αθ
∂ ∂Γ ∂ ∂Γ ∂

− − Γ − − Γ
∂ ∂ ∂ ∂ ∂ ∂

=

2 2

2

2

21
212 1 21 210 0 00 0 0 0 00z z

z rr zz
ze e

e
e

e
r

e
r r r

α
αθ α α α

θαθ

∂ ∂∂Γ
− − Γ − −

∂
− − + +

∂ ∂ ∂
Γ +Γ Γ +

∂
= − + +

2 2 21 1 rrrr r r re e e e

z r z

e

r z z r z

θ θθ

θ θ
∂ ∂

−
∂ ∂

∂ ∂ ∂
−

∂
= −

∂
=

∂ ∂∂

26/27 

2

2 2

2 2z z
z

e e
e

r r r r

θ θ
θ

∂ ∂
= + −

∂ ∂

2 22
221
212 2

2

21 2 2

1 1 11
[ )]

1
(z z

z
z z

z z z
z ze e e e

e e
r r r r

e e
e e

r r r rr rr r r

θ θ θ θθ θ
θθθ θ

∂ ∂ ∂ ∂∂Γ ∂
= − − Γ = − −

∂ ∂ ∂ ∂ ∂
∂ ∂

−Γ +
∂

− +
∂ ∂

i
jl jl ik j

ij

kl kl i jl k ii kl jk

A
A

A
A A A

xx

α α β α βα
βα α

α α β α β
α β α βαβ

∂
−

∂
−Γ +Γ Γ +Γ ΓΓ Γ +Γ Γ

∂∂
+ Γ

2

ij j jkik i
j ik i jkl k l l l lij kl

A A A
A A

x x
A

x x x x

αα
α α αα

α α

∂ ∂ ∂Γ∂Γ ∂
− − Γ − − Γ

∂ ∂ ∂ ∂ ∂
=

∂
j

il il k j il jkk

A
A A

x

αα α β α β
α β αβ

∂
−Γ +Γ Γ +Γ Γ

∂

1

22 ,rΓ = −
r

12

21

2

12 =Γ=Γ
11 23
e

13Γ 13Γ 23Γ

31Γ 31Γ
11Γ23 11

e
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�� 

� '��8� ���E��
 ��!��	 G�������: 
 
 
 
 
 

(r not summed)         

2

2 222

2 2

2 2 22 11 1
0z zrr zrz rzrr

z
r

z

e e
e

r r r r

ee e
e

r r r

e e

r z r

ee

z r z z r r

θ θ
θ

θθ θ
θ

θ

θ θθ
∂ ∂

− +
∂

∂ ∂
+ + −

∂∂ ∂
− + + − =
∂ ∂ ∂ ∂

∂
∂

∂
∂∂ ∂

−
∂ ∂∂

22

2

2 2
1

0
1

( )r z zr zrr rz re

r z

e e

r r

e e

r r

e

z z r

e θθ θ θ

θθ θ
∂ ∂

−
∂ ∂

+ −
∂

+
∂

−
∂∂

−
∂ ∂ ∂∂ ∂ ∂

=
∂ ∂∂

2

2 2

2

22

2

2 1 1 21
( )

2
( )

2
0zrz rzr rzr z

z z
rr

e e

r

ee

z r z

ee e
e

r r r r

e e
e

r z rr zr r r

θ
θ

θθ
θ

θθ θ

θ θθ
∂ ∂

−
∂∂ ∂

− − − + =
∂ ∂

−
∂ ∂ ∂

∂∂
−

∂ ∂
∂ ∂

+ +
∂∂∂ ∂

−
∂
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2

21
210 0 0 0 00 0 0 0 000r rz
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