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�� :�	 �3JB �-0 �� �� �SYJ� ��	. :�	�.� .: Le=L 
 
 
 
 
 

�R�� ��ab      ��<�d. �� � 0 ��	�3. ���� ��	� 	� &�'��	 @- � ��                � � 2�  

����� 	
�.	 �� �3JB yz 8�J0	 
�9	 ��. 
�	�. ����� �� �3JB yz @��	�: 

316 30
8.66mm

12 30 16
x

x

I
r

A

×
= = =

× ×

0.1155
8.66

e

x

L L
L

r
= =

eL

r
(0.1155 )L

x 

y 

b =16mm 

d =30mm 

3 3
416 30

36000mm
12 12

x

b d
I

× ×
= = =

2 2 3 4
3

2 2

(70 10 MPa)(36000mm )
, 10 10x

cr

e

EI
P

L L

π π ×
= × =

1577.07 mm=1.577 mL =
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• �� ��	 ��
3� �0��B �� 45( �--60P = Pcr 

 

 

 

 

 

•                              �<	 :�	�.� . �                      �� @-�	� ��

               ���( .�. ��	 �.	�. ��	�3. ��. :�	�.� .: 

 

��	 �S��	 �".	� ���� ��. 

•�<	 �. ��I EI �	 �".	�                       :�dH��I @- � @��	�:    

���5� �".	� r��3� �	 s��A ��	;<��. 

•�� ��. ���3��� �-a �JB t*�. ��A ��( ��. �����  
� 2� ��7 �--60 �� 45( �	 
� ��/� u
���,-. 

2

2

max sec 1
2

d y Py Pe

dx EI

L P
y e

EI

− −
=

  
= −  

   

max sec 1
2 cr

P
y e

P

π  
= −  

   
2 2

cr eP EI Lπ=

10 – 17/34 

sec
2

π  = ∞ 
 2 2

L P

EI

π
=

maxy = ∞

2

22 2
cr

cr

PL EI
P

EI L

π π
= → =

1
sec

cos
=

•��	;<��. s��A �	 ��3� O��2� ��	 �. C� ��. ���3� � 
C� 4��� 

P 
MA=Pe 

P 

M+Pe+Py=0 

y 
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@��d��� � 0 

D�5�: 
.١ �� �L��2� 8�9 	� �	�0 �� �	�. �� ^�	�( ���� �. ��� ��. h��,� �. �5 �	 ��.  

��	�3. � O�� O��2� ���.�� 	� ���J��	 @- �. 
.٢ �I�0 
- � ��σmax  �. ��. P �. ��� �"A �--60 
 � ���. :�	�.� . 4B	 �=� @��.  

(Superposition) �	�. �R��3� � 0 :�
 % ��. �� �. ��� ���d�� �U	 
  � 	�  
�	�0 ��� �. ��� ��. � 
��. 	
�.	 ���-� 
 �7�. 	� �R��3� ��� � v]� � 0 	� �	 �5�  

�	 �� �L��2� 8�9 �. ��� ���7. 
.٣ �. ���� 4-L� �� �� 
 . 2 ��-. �
( [��F �� -��	 (Factor of safety) 	�  


��. �	�. ����. �. ��� ��. � �� �	�. �� � 0.   
10 – 18/34 

•@��d��� � 0 

 

c ��	 �-0 ^�� �� �F�* #"$� �� �N A ��0 �0 ��0 :��0��� �SB�9 . �	
$� ��	;H��I �.Mmax   � 0 �".	� ��
 �	 ���J��	 �I=Ar2 @��	�  : 

( )max

max 2 2 2

1
1 1 sec = 1 seor c

2 2
e

cr

y e c LP P ec P P ec P

A r A r EA r A r P

π
σ

     + 
= + = + +                     

max
max ,

P M c

A I
σ = + max max ( )

A max
M Py M P y e= + = +
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�
( ��	� D�Y',� �. ��b�9 ��� ���� �	�. ���5� �".	� r��3� �	 s��A ��	;<��. 

max
max 2

2

1
1 sec

2 1
1 sec

2

e
Y

e

P ec P L

A r EA r ec

P

L

r

A P

AE r

σ
σ σ

  
= = + → =  

     +  
 

10 – 19/34 

Yσ Yσ

 ���7 @��-�SI ��-SH�	 ���7 @��-� 

�-��� :��	 � �	
���  
� �� C-��b	 

�-��� :��	 � �	
���  
� �� C-��b	 
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���5� �".	� �. h�R0�	 �� �0�5� 

�".	� ���5�                                    �	�. ����$� ^����        [�� � ��	. 	���:  
 
 
 

  ����$�  �	�.C%��          )  �	
$�  ��r  ��	 w�d.  d-�  (�/-��   ��  �               �	
$�   : 
                             

                            ��% �r @��	� ��	 w�d. d-�               :e;�  �R��I  ���d-A  D	�U	  � 2� 
 
 ��	 �
(. 
 

�	�. ����$� w�d.        �	 45( �	���� �
��  ��( �� ��       �.  e��  � 3 �  �S��	  C��d�  
 

��( �� �� �. � 2� @� �
( �U	 s��A �	 �d��� ��	. 

 

max

2

1
1 sec

2
eec L

r E r

P

A P

A

σ
=

 
+  

 

eL

r

eL

r
(0) 1sec =

max

2
1

P

ecA

r

σ
=

+
max

P

A
σ≈

eL

r
2

ec

r
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 ����� �SZ��10.2 

���� �A	� 5� �. O�� 8 ft �	 C� ���X ��A�� 
�
( ��	 �� !"� #"$� �7 \.�"� 45( 
(�. ��. 

GL	( �. ���J��	 �	 �".	� �S��	 � [��F � ��	 ��� ��.  
�d��� ��/� ���� � � 0 @x�X h�.�� �. �7 	� �. 
��� 
���7. 

 

&( W�9 
- � ���. )��. ��/�( �� �� �'. )GL	( �.  
��� 
����7 �� �"$� 0.75 in �����3� ��
 �  
���� �U	 
 �. �--60 45( �$9	 �� �b�. ���� �  
� 0 @x�X @��d��� ���� 	� �. ��� 
���7. 

629 10 Psi.E = ×

)GL	( 

)&( 

�N A ��0 �0 �SB�9 :���,-.:  

10 – 21/34 
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 ����� �SZ��10.2)��	�	( 

4� :GL	( 

•��/� ���3� ��. @��d���: 
- � �	��-<��5� ���� �	�. �Ug� O��

�	�7 ��5�: 
( )2 2 8 ft 16 ft 192 in.eL L= = = =

( )( )
( )

2 6 42

22

29 10  Psi 8.0 in

192 in

62.1 kips

cr

e

EI
P

L

ππ ×
= =

=

-��	�3. ��.: 

2in 3.54

kips 1.31

2

kips 1.62

==

==

A

P

FS

P
P

all

cr
all

σ

kips 1.31=allP

ksi 79.8=σ

-��/� ��.: 
)GL	( 

10 – 22/34 
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 ����� �SZ��10.2)��	�	( 

•& (d��� �	 s��A ��. 

in. 939.0=my

( )

sec 1
2

1
0.75 in sec 1

2 2

m

cr

P
y e

P

π

π

  
= −      

  
= −      

•���� �� 45( �--60 

( )( )
( )















+=

















+=

22
sec

in 1.50

in 2in 75.0
1

in 3.54

kips 31.1

2
sec1

22

2

π

π
σ

cr
m

P

P

r

ec

A

P

ksi 0.22=mσ

•@��d��� @x�X � 0: 
)&( 
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 �SZ��11.34 Beer & Johnston, 1981- 

^A �U	 ���-� ���3� 75kips �. D	�	�� ��3� ���� AB ��	 �� ��3� x 	� �� x =0.6 in #"X 
 � ��.  
�. �� �Q� :�9�< E =30×106 Psi � GL	( d-A ^�� ���� &( � 0 @��d��� �� ���� 	� �. ��� 
���7. 

�	�. y	�A W8×35 �	 O�
I ���-�  C @��	�: 

GL	:  �	 �/�7 �� �-0 ���� 4YJ� &��3� ��( ��: 

 

y 

x z 

20 ft 

A 

B 

75 kips 

75 kips 

W8*35 

0.6 in 

C 

z 

210.3inA =

8.02
4.01

2 2
fbc = = =

4127 inxI =

442.6 inzI =

42.6
2.03in

10.3
z

z

I
r

A
= = =

20ft 240ineL L= = =

( )( )
( )

2 3 42

22

30 10  ksi 42.6 in
218.98kips

240 in

z
cr

e

EI
P

L

ππ ×
= = =

-��	�3. ��. : �3JB �� ����� �d��� �	 s��A ��. �. �I�0 �.xy 
�9	 �� 8�J0	. 

 �	�.P =75 kips  �e =0.6 in: 

( )

sec 1
2

75
0.6 sec 1 0.389in

2 218.98

m

cr

P
y e

P

π

π

  
= −  

   

  
= − =  

   
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 �SZ��11.34 Beer & Johnston, 1981- )��	�	( 

( ) ( )
( )

2

2

1 sec
2

0.6 4.0175 7
1 sec

10.3 2 2182.03

m

z cr

P ec P

A r P

π
σ

π

  
= +  

   

  
= +  

   

14.29 ksimσ =

& :@��d��� @x�X � 0: 

 

 

 

 

��: ( )max

max 2 2

0.75 (0.389 0.6)(4.01)
1 1 14.29 ksi

10.3 (2.03)z

y e cP

A r
σ

+   +
= + = + =   

  
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�d��� ��. �30 ��� ���� ��	�� 

•��� 4-S30 ��(;< �� � 0 	� ��� 
� 
[�� 0 W�9 ��� �� � �� ���� 	� d-� 
�`��� � @-$��� �� �Q� �9�< ��. 

•
�� �� ��,� �.�/0 ��� ��	�: 

-�	�. Le/r �w�d. σcr �	 �".	� 
�S��	 �-2R0 
 � �� � �. E �H��.  
��	� �L� �. σY  �H��. ��	
�. 

-�	�. Le/r ����-� σcr @� �. σY 
� @� �. E ���.	� ��	. 

-�	�. Le/r �C%�� σcr ���� 
� 0 @-S�0 σY ��	 � �. E 

���.	� ��-�. 
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:�/�	 �b�9 �	 ���� �5���7  �	�. �	
$� [��F �� -��	 � �R��3� ��� � 0 ��	�3. � ��/� �����= ,-� ��� 	�  
�x	�	 ��	� ��	. 

 �d��� ��. �30 ��� ���� ��	��)��	�	( 

�� ���� 	
�� 

�5���7 �	 ���� �b�9 :�/�	 

• For 

( )
92.1

/ 2

2

=

==

FS

FSrL

E cr
all

e

cr
σ

σ
π

σ

• For 

( )

3

2

2

/

8

1/

8

3

3

5

2

/
1









−+=

=











−=

c

e

c

e

cr
all

c

e
Ycr

C

rL

C

rL
FS

FSC

rL σ
σσσ

• At Le/r = Cc 
1
2cr Y

σ σ→ =

200e
c

L
C

r
< <

200e
c

L
C

r
≤ ≤

2
2 2
c

Y

E
C

π
σ

=

@��	�                    ��	�3. � 0 �".	� �	: 
( )

2

2
/

cr

e

E

L r

π
σ =

10 – 27/34 

 �"$� �L�	 � ���=� � 3 � �X?0 43�(B)  
  �7 �� �� ��	L/r=Cc  �σcr =σy/2 
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 �d��� ��. �30 ��� ���� ��	��)��	�	( 


������ 

@- ��L7 :�/�	 

• 6061-T6   `�-L7  

( )[ ]
( )[ ]MPa /868.0139

ksi /126.02.20

rL

rL

e

eall

−=

−=σ

 Le/r ≥ 66: 

( ) ( )2
3

2 /

MPa 10513

/

ksi 51000

rLrL ee

all
×

==σ

10 – 28/34 

Le/r ≤9.5:           σall=19 ksi=131MPa 

9.5< Le/r < 66: 

• 2014-T6  `�-L7  

( )[ ]
( )[ ]MPa /585.1212

ksi /23.07.30

rL

rL

e

eall

−=

−=σ

 Le/r ≥ 55: 

( ) ( )2
3

2 /

MPa 10273

/

ksi 54000

rLrL ee

all
×

==σ

Le/r ≤12:         σall=28 ksi=193MPa 

Le/r < 55: 
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 ����� �SZ��10.4 

�	�. ����� �� �	 `�-L7 @- ��L7 2014-T6  
��A�� ��
( :����� ��"X �� �	�0 �� 
&�'��	 ��� �� ��. �d��� P =60 kN 	�  
4�30 
 � �� ��� �L�� ��� �. ��� 
���7:  

GL	( L =750 mm � &( L =300 mm  

4�: 

•��X� �"X O�=/� ��	 �R�� ��ab 	�  
�	�0 ��� �. ��� ���7. 
��. C� ���
3�  

�	�. �R�� ��ab W�9 ���. 

•�"X ���� ��-� 	� �	�. ���
3� �R��  
��ab W�9 �
( �R��3� 
- �. 

•�R�� ��ab 	� �R��3� 
- � � W�9  
�-L�	 	� ��	;< �3B 
-����. �� D��B ��-�  


 �	�9 	� �	�50 
- �. 
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 ����� �SZ��10.4)��	�	( 

4

2

 

4

2

c

r

I c c

A c

π
π

=

=

= = =

• �	�.L = 750 mm  
- � W�9 �L/r > 55 

•
���7 ��� �. 	� ��	���	 P�2(: 

• �	�.2014-T6 @��	�: 
( )

3

2

3

2

3

2

372 10  MPa

L r

372 10  MPa

0.750 m

c

60 10
18. m

/2

44m

all

e

P

A

N
c

c

σ

π

= =

×
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