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Sample Problem 7.3 

Draw the shear and bending moment 

diagrams for the beam AB.  The 

distributed load of 7200 N/m. extends 

over 0.3 m of the beam, from A to C, 

and the 1800 N load is applied at E. 

SOLUTION: 

• Taking entire beam as free-body, 

calculate reactions at A and B. 

• Determine equivalent internal force-

couple systems at sections cut within 

segments AC, CD, and DB. 

• Plot results. 
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Sample Problem 7.3 

SOLUTION: 

• Taking entire beam as a free-body, calculate 

reactions at A and B. 

:0=∑ AM

( ) ( )( ) ( )( ) 0m55.0N1800m15.0N2160m8.0 =−−yB

N1642=yB

:0=∑ BM

( )( ) ( )( ) ( ) 0m8.0m25.0N1800m65.0N2160 =−+ A

N2318=A

:0=∑ xF 0=xB

• Note:  The 1800 N load at E may be replaced by 

a 1800 N force and 180 N.m couple at D. 
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Sample Problem 7.3 

:01 =∑ M ( ) 072002318
2
1 =++− Mxxx

236002318 xxM −=

:02 =∑ M ( ) 015.021602318 =+−+− Mxx

( ) mN 158324 ⋅+= xM

From C to D: 

∑ = :0yF 021602318 =−− V

N 158=V

• Evaluate equivalent internal force-couple systems 

at sections cut within segments AC, CD, and DB. 

From A to C:   

∑ = :0yF 072002318 =−− Vx

xV 72002318 −=
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Sample Problem 7.3 

:02 =∑ M

( ) ( ) 045.0180018015.021602318 =+−+−−+− Mxxx

( ) mN 16421314 ⋅−= xM

• Evaluate equivalent internal force-couple 

systems at sections cut within segments AC, 

CD, and DB. 

From D to B: 

∑ = :0yF 0180021602318 =−−− V

N 1642−=V
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Sample Problem 7.3 

• Plot results. 

From A to C:   

xV 72003218 −=
2203218 xxM −=

From C to D: 

N 158=V

( ) mN 158324 ⋅+= xM

From D to B: 

N 1642−=V

( ) mN 16421314 ⋅−= xM
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Sample Problem 7.4 

Draw the shear and bending-

moment diagrams for the beam 

and loading shown. 

SOLUTION: 

• Taking entire beam as a free-body, determine 

reactions at supports. 

• With uniform loading between D and E, the 

shear variation  is linear. 

• Between concentrated load application 

points,                              and shear is 

constant. 
0=−= wdxdV

• Between concentrated load application 

points,                                        The change 

in moment between load application points is 

equal to area under shear curve between 

points. 

.constant== VdxdM

• With a linear shear variation between D 

and E, the bending moment diagram is a 

parabola. 
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Sample Problem 7.4 

• Between concentrated load application points,                              

 and shear is constant. 0=−= wdxdV

• With uniform loading between D and E, the shear 

variation  is linear. 

SOLUTION: 

• Taking entire beam as a free-body, 

determine reactions at supports. 

∑ = :0AM

( ) ( )( ) ( )( )
( )( ) 0m .48kN 45

m .24kN 45m .81kN 90m .27

=−

−−D

kN 117=D

:0∑ =yF

0kN 54kN 117kN 54kN 90 =−+−−yA

kN 81=yA
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Sample Problem 7.4 

• Between concentrated load application 

points,                                        The change 

in moment between load application points is 

equal to area under the shear curve between 

points. 

.constant== VdxdM

• With a linear shear variation between D 

and E, the bending moment diagram is a 

parabola. 

08.64

mkN 8.64189

mkN 2.1246.21

mkN 8.1458.145

=−=−

⋅−=−=−

⋅+=−=−

⋅+=+=−

EDE

DCD

CBC

BAB

MMM
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MMM

MMM
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Sample Problem 7.6 

Sketch the shear and bending-

moment diagrams for the 

cantilever beam and loading 

shown. 

SOLUTION: 

• The change in shear between A and B is 

equal to the negative of area under load curve 

between points.  The linear load curve results 

in a parabolic shear curve. 

• With zero load, change in shear between B 

and C is zero. 

• The change in moment between A and B is 

equal to area under shear curve between 

points.  The parabolic shear curve results in 

a cubic moment curve. 

• The change in moment between B and C is 

equal to area under shear curve between 

points.  The constant shear curve results in a 

linear moment curve. 
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Sample Problem 7.6 

• With zero load, change in shear between B and C is 

zero. 

SOLUTION: 

• The change in shear between A and B is equal to 

negative of area under load curve between points.  

The linear load curve results in a parabolic shear 

curve. 

awVV AB 02
1−=− awVB 02

1−=

0,at =−= w
dx

dV
B

0,0,at ww
dx

dV
VA A −=−==
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Sample Problem 7.6 

• The change in moment between A and B is equal 

to area under shear curve between the points.  

The parabolic shear curve results in a cubic 

moment curve. 

• The change in moment between B and C is equal 

to area under shear curve between points.  The 

constant shear curve results in a linear moment 

curve. 

( ) ( )aLawMaLawMM

awMawMM

CBC

BAB

−−=−−=−

−=−=−

306
1

02
1

2
03

12
03

1

0,0,at === V
dx

dM
MA A
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=
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( )

HFttanconsθcosT

dx

θcosT d

==

= 0

point anyat  Force Tensile Horizontal

( ) ( )

( )

( )∫

∫
==

=

=−

dxxw
Fdx

dy

θcosT

θsinT

dxxwθsinT

xw
dx

θsinT d

H

1

0

( )( )∫ ∫= dxdxxw
F

y
H

1

.C and C onintergrati of constants more two are there :Note 21
7 – ٤٧/90 

MF10

x 

y 

A 

B 

C 

D(x,y) 

In a suspension  

bridge, the load 

is uniformly 
distributed along 
the horizontal. 
The load supported 

by portion CD  of  

the cable is 

W = wx. 
w 

The curve formed by the cable is a parabola of equation 

y = 
wx2 

2To 
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Given: 

Find: 

Solution: 

Determine the maximum uniform loading w0 that the cable can support if 

it is capable of sustaining a maximum tension of 60 kN before it will 

break, 

y,  geometrTmax

max
w0

7 – ٤٩/90 ����
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( )( )∫ ∫= dxdxxw
F

y
H

1
HFθcosT =

( )∫== dxxw
F

tan
dx

dy

H

1
θ
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x 

y 

A 

B 

C 

D(x,y) 

For a cable hanging  

under its own weight,  

the load is uniformly 
distributed along 
the cable itself. 
The load supported 

by portion CD  of  

the cable is 

W = ws. 

Choosing the origin O at a distance c = To /w  below C , the 

relations between the geometry of the cantenary and 

cable tension are 

s 

O 

c 

s = c sinh                y = c cosh             y 2 - s 2 = c 2   
x 
c 

x 
c 

TO = wc                   W = ws                   T = wy 
7 – ٥٣/90 ����
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Given: 

Find: 

Solution: 

The chain has a weight of 3 lb/ft. Determine the tension at points A, B, and 

C necessary for equilibrium. 

y,  geometrw0

CBA   T,,  TT
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 § 7.1-7.5  Internal forces; shear force & 

bending moment diagrams 

Recall: 
 

Internal forces are forces in structural members that are 

generated by straining of material (deformable bodies). 
 

Procedure for finding internal forces: 

1) If appropriate, draw FBD for the whole structure and find 

any unknown reactions. 

2)  Identify the cross section where internal forces are 

desired. 

3)  Take a cut through this cross section, draw FBD, and 

introduce the appropriate internal force unknowns. 

4)  Apply equations of equilibrium and solve for unknowns. 
7 – ٥٦/90
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2-D:  Imagine we are interested in the internal forces on 

cross section aa: 

Internal forces: N = normal force 

   M = moment 

   V = shear force 

Observe that the particular values we get for N, M and V 

depend on the orientation of cross section aa. 

x 
y 

V 

M N 

a 

a 

7 – ٥٧/90

3-D:  F and M are internal force 

vectors.  In component form, these 

are: 

     Fa , Fb shear forces 

        Fc normal force 

     Ma , Mb moments (bending) 

        Mc torque (twisting) 

x

y

z

a
b

cFM

a

b

c

FcFa Fb
Ma Mb

Mc
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x

y

3 unknowns / cut

x

y

z

6 unknowns / cut

Internal 

forces in 

bars & 

beams 

7 – ٥٩/90

Example 1:  Determine the internal forces on cross sections 

aa and bb. 

45°

8 ft

w  = 600 lb/fto

4 ft
a

a

b

b

x

y

A

B

C

A: 
on section aa: 
M = 9600 ft-lb 
N = -3600 lb 

V = -1200 lb 
on section bb: 
M = 9600 ft-lb 
N = -1697 lb 

V = -3394 lb 
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example:  For the straight bar, point C is located at position 

y from point A, and for the curved bar, point C is located at 

position q from point A.  Determine the internal forces at 

point C for each case. 

x

y

A

C

B

2r

A

C

B

P P

θ
r

absolute values 

of answers: 

straight bar 

V = 0 
N = P 
M = 0 

 

curved bar 

V = P cos θ 
N = P sin θ 

M = Pr sin θ 

7 – ٦١/90

x

y

z
r

θ a
θ

P

z

Example 2:  Write expressions for the internal forces on the 

cross section located at position (r,) in the curved quarter-

circular beam under tip loading P.  Use a cut consistent with 

a cylindrical r,,z coordinate system. 

A: 
Fr = 0 
Fθ = 0 
Fz = -P 

Mr = -Pa sinθ 
Mθ = -Pa (1-cosθ) 

Mz = 0 

7 – ٦٢/90����
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x

y

w(x)

V
N

V

M

M
N

 In the analysis and design of beams, knowledge of 

the shear and moment as functions of position is useful. 

 

Sign convention: 

  § 7.3-7.5  Shear & moment in beams 

7 – ٦٣/90

To draw shear and moment diagrams (as well as for finding 

V & M by integration as in §7.6), it is important to have a 

consistent sign convention:  

 

•  Distributed load w(x) is positive downward (-y direction). 

 

•  Positive moment M gives positive curvature. 

 

•  Shear V is positive as shown: 

x

y

x

y

+ M + V
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Example 3:  Draw shear and moment diagrams for: 

x

y

L

w 

x

y

L

P  = w L

L/2

x

V

-wL /2

LwL /2

x

M

L

wL  /8
2

x

V

-wL /2

LwL /2

x

M

L

wL  /4
2

7 – ٦٥/90

Example 4:  Draw shear and moment diagrams for: 

P

L

x

P

x

P

L 
 2

L 
 2

x

y

10 ft

w  = 1 kip/fto

20 ft

A

B C M   = 200 kip-ft
C

(a) (b)

(c)

x 

V 

x 

M 

-P -PL 

L L 
(a) 

x 

V 

x 

M 

-P 
-3 PL /2 -2 P 

-PL /2 
(b) 

L L 
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Example 4:  Draw shear and moment diagrams for: 

x 

y 

10 ft 

w   = 1 kip/ft o 

2 0 ft 

A 

B C M    = 200 kip-ft 
C 

(c) 

x 

V M 

-2.5 kip 

-22.5 kip 

10 kip 

-250 kip-ft 

x 

-200 kip-ft 

(c) 

30 ft 

30 ft 

7 – ٦٧/90����
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  § 7.6  Relations between w(x), V(x) & M(x) 

Equilibrium 

of a small 

piece of 

beam: 

x 

y 
w (x) 

V 

M 

V+ ∆V 

M+ ∆M 

w (x) ∆x 

∆x 
7 – ٦٨/90����
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  Fy∑ = 0 = V − V − ∆V − w∆x

                  
∆V

∆x
= −w

  take lim
∆x→0

  for  
dV

dx
= −w

  

   Mo∑ = 0 = −M + M + ∆M − V∆x + w∆x
∆x

2
   

                  
∆M

∆x
= V − w

∆x

2

   take lim
∆x→0

  for  
dM

dx
= V     So ...  

d2M

dx
2

= −w

V 

M 

V+ Δ V 

M+ Δ M 

w (x) Δ x 

Δ x 

o 

7 – ٦٩/90

  

  
dV

dx
= −w

   
dM

dx
= V

The slope of the shear V(x) is equal to 

the negative of the distributed load 

w(x). 
 

The slope of the moment M(x) is equal 

to the shear V(x). 
If w(x) is known, then the shear V and moment M can be 

easily found by integration: 

  

 dV = −w dx  ⇒   V = −w dx∫    or  V2 − V1 = −w dx

x1

x2

∫

  dM = V dx    ⇒   M = V dx∫    or  M2 − M1 = V dx

x1

x2

∫

7 – ٧٠/90
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V 

M 

V’ 

M’ 

Constructing these diagrams is generally facilitated by using 

the relationships 

dV 

dx 
= -w 

dM 

dx 
= V 

Integrating these, we find 

VD-VC = -(area under the load curve between C and D ) 

MD-MC = area under the shear curve between C and D  

7 – ٧١/90����
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y

L

A
B

x

w o

Example 1:  Using integration, determine V(x) and M(x)  
for the uniformly loaded simply supported beam shown. 
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Example 2:  Using integration, determine V(x) and M(x)  
for the cantilever beam and loading shown. 

x

y w o

L 
 2

L 
 2

7 – ٧٣/90����
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How do we use these procedures when there are discrete 

forces and moments (external forces or reactions) that 

appear on the beam?  Discrete forces and moments result 

in “jump conditions.” 

0=−

=−

−+

−+

MM

FVV

CMM

VV

−=−

=−

−+

−+ 0

Discrete 

Force F: 

Discrete 

Couple C: 

7 – ٧٤/90����
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Example 3:  Determine V(x) and M(x)  for the beam AB. 

0.8 ft

0.8 ft

1.2 ft 1.2 ft 1.2 ft 1.2 ft

1.5 kip 1.5 kip6 kip

A D

C

E

F

G

B

7 – ٧٥/90����
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A+

D-

D+

E-

A
D

E F

B

V1 = -1.5 kip   M1 = 0 

 
 
V2 = -1.5 kip   M2 = -1.8 kip-ft 

 
 
V3 = 7.5 kip   M3 = -7.2 kip-ft 

 
 
V4 = 7.5 kip   M4 = 1.8 kip-ft 
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E+

F-

F+

B-

A
D

E F

B

V5 = 1.5 kip   M5 = 1.8 kip-ft 

 
 
V6 = 1.5 kip   M6 = 3.6 kip-ft 

 
 
V7 = 1.5 kip   M7 = -1.8 kip-ft 

 
 
V8 = 1.5 kip   M8 = 0 

7 – ٧٧/90

V (kip)

M (kip-lb)

x

x

-1.5

1.5

7.5

0

-7.2

-1.8

3.6

0
1.8
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V (kip)

M (kip-lb)

x

x

-1.5

1.5

7.5

0

-7.2

-1.8

3.6

0
1.8

slope = -1.5

slope = 7.5

slope = 1.5

7 – ٧٩/90����
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example:  Draw V and M  diagrams for beam ABC. 

x 

y 

10 ft 

w   = 1 kip/ft o 

20 ft 

A 
B C M    = 200 kip-ft 

C 
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step 1:  Compute V and M  at key points along the beam. 

x

V M

-2.5 kip

-22.5 kip

10 kip

-250 kip-ft

x

-200 kip-ft30 ft

30 ft

7 – ٨١/90����
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step 2:  Use knowledge of dV/dx = −w and dM/dx = V to 

sketch curves between key points. 

x 

V M 

-2.5 kip 

-22.5 kip 

10 kip 

-250 kip-ft 

x 

-200 kip-ft 

slope =  − 1 kip/ft 

slope =  − 1 kip/ft 

slope =  0 

slope =  − 22.5 kip 

slope =  10  kip 

slope =  − 2.5 kip 
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7 - ٨٣ 

 

The greatest events,  
aren't the loudest,  
but the most quiet 

hours 


