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Chapter 6 (or 4 in the 1st edition)  

Linear Programming Methods for 

Optimum Design 

 

© M.H. Abolbashari, Ferdowsi University of Mashhad 

• Minimization of a function 
• Equality constraints 
• Nonnegativity of design variables 
• Nonnegativity of right hand of constraints 

Definition of a Standard Linear Programming 

Problem 
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Linear Constraints 

Unrestricted Variables 

We require all design variables to be nonnegative in the 
standard LP problem. 

If a design variable yj is unrestricted in sign, it can always be 
written as the difference of two nonnegative variables, as 
yj=yj

+-yj
- with  yj

+≥0  and yj
-≥0 
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Standard LP Definition 
Find an n-vector x  to minimize a linear cost function 
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Conversion to Standard LP Form 

EXAMPLE 6.1 
Convert the following problem into the standard LP form:  
     maximize  z =2y1+5y2 
                         subject to  3y1+2y2 ≤12,  
                    2y1+3y2 ≥6, and  
                    y1≥0, y2 is unrestricted in sign 
Solution. To transform the problem into the standard LP form, we 
take the following steps: 
1. Since y2 is unrestricted in sign, we split it into its positive and 
negative parts as y2=y2

+-y2
- with y2

+≥0, y2
-≥0. 

2. Substituting this definition of y2 into the problem, we get: 
  maximize  z =2y1+5(y2

+-y2
-)  

  subject to  3y1+2(y2
+-y2

-) ≤12,  
    2y1+3(y2

+-y2
-) ≥6, and  

    y1,y2
+,y2

- ≥0. 
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3. The right sides of both the constraints are nonnegative 
 
4. Converting to a minimization problem subject to equality 
constraints, we get the problem in the standard form as  
   minimize  f =-2y1-5(y2

+-y2
-)  

   subject to  3y1+2(y2
+-y2

-)+s1 =12,  
                    2y1+3(y2

+-y2
-)-s2 =6,  

                    y1, y2
+, y2

-, s1, s2 ≥0,  
where s1=slack variable for the first constraint and s2 =surplus 
variable for the second constraint. 
 
5. We can redefine the solution variables as x1=y1, x2=y2

+, x3=y2
-, 

x4=s1, x5=s2 and rewrite the problem in the standard form as 
                              minimize  f  =-2x1-5x2+5x3   (a) 
   subject to  3x1+2x2-2x3+x4 =12  (b) 
                                  2x1+3x2-3x3-x5 =6   (c) 
           xi≥0, i = 1 to 5  (d) 
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Comparing the preceding equations with Eqs. 
(6.9) to (6.11), we can define the following 
quantities: 
 
   m=2 (the number of equations)      
   n=5 (the number of variables) 
 
                                                                         (e) 
                                                      
                                                                          (f) 
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Basic Concepts 
� Since all functions are linear in an LP problem, the feasible set defined 

by linear equalities or inequalities is convex. Also, the cost function is 
linear, so it is convex. Therefore, the LP problem is convex, and if an 
optimum solution exists, it is global. 

� Note also that even when there are inequality constraints in an LP 
design problem, the solution, if it exists, always lies on the boundary 
of the feasible set; i.e., some constraints are always active at the 
optimum.  

Proof: Necessary conditions for an unconstrained optimum:  

 

∂f/∂xi =0,                            ci =0 for i=1 to n.  

 

This is not possible, as all ci  are not zero. If all ci were zero, there would 
be no cost function.  

Therefore, by contradiction, the optimum solution for any LP problem 
must lie on the boundary of the feasible set. 
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Profit Maximization Problem— Characterization of 
Solution for LP Problems 

Slack variables 
Standard form 
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For a problem having n 
variables and m constraints, 
the maximum number of 
basic solutions (will be 
defined next) are: 

m =3, n =5, No. of Combination=10 
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FIGURE 6-1 
Graphical 
solution for 
profit 
maximization 
LP problem. 
Optimum 
point(D)=(4, 
12). Optimum 
cost = -8800. 

11/43 

⋅

LP Terminology 
Vertex (Extreme) Point. This is a point of the feasible set that does 
not lie on a line segment joining two other points of the set. For 
example, every point on the circumference of a circle and each 
vertex of the polygon satisfy the requirements for an extreme 
point. 
 
Feasible Solution. Any solution of the constraint Eq. satisfying the 
nonnegativity conditions is a feasible solution. In the profit 
maximization example of Fig. 6-1, every point bounded by the 
polygon ABCDE (convex set) is a feasible solution. 
Basic Solution. A basic solution is a solution of the constraint Eq. 
(6.5) obtained by setting the “redundant number” (n-m) of the 
variables to zero and solving the equations simultaneously for the 
remaining variables. The variables set to zero are called nonbasic, 
and the remaining ones are called basic. In the profit maximization 
example, each of the 10 solutions in Table 6-1 is basic, but only A, 
B, C, D, and E are basic and feasible. 12/43 
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Basic Feasible Solution. A basic solution satisfying the 
nonnegativity conditions on the variables is called a basic feasible 
solution. Note that solutions 1, 2, 6, 8, and 9 in Table 6-1 are the 
basic feasible solutions. 
 
Degenerate Basic Solution. If a basic variable has zero value in a 
basic solution, the solution is called a degenerate basic solution. 
 
Degenerate Basic Feasible Solution. If a basic variable has zero 
value in a basic feasible solution, the solution is called degenerate 
basic feasible solution. 
 
Optimum Solution. A feasible solution minimizing the cost function 
is called an optimum solution. The point D in Fig. 6-1  corresponds 
to the optimum solution. 
 

Optimum Basic Solution. It is a basic feasible solution that has 
optimum cost function value. From Table 6-1 and Fig. 6-1 it is clear that 
only solution number 8 is the optimum basic solution. 

‚öÎ‰w{É 
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Determination of Basic Solutions 
maximize Z =4x1+5x2 subject to -x1+x2 ≤4, x1+x2 ≤6, x1,x2≥0,  

minimize  f =-4x1-5x2  
subject to  -x1+x2+x3 =4  

  x1+x2+x4 =6  
  xi, i=1 to 4  

14/43 

m =2, n =4, No. of Combination=6 
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Theorem 6.1 Extreme Points and Basic Feasible 
Solutions  
The collection of feasible solutions for an LP problem 
constitutes a convex set whose extreme points 
correspond to basic feasible solutions. 

Theorem 6.2 Basic Theorem of Linear Programming  
Let the m×n coefficient matrix A of the constraint 
equations have full row rank, i.e., rank (A)=m.  Then 
1. If there is a feasible solution, there is a basic feasible 
solution. 
2. If there is an optimum feasible solution, there is an 
optimum basic feasible solution. 
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• �����#� .�( ./�/ /��� �� F�
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�, ��#��#�+��. 
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LE�M��- :�* 1	�
�: 

1(  /*��+#%-� 1E( �� �* �����LP �����+ ��. 

 
1 2

1 2

1 2

1 2

1 2

max 2

4 3 12

2 4

2 4

, 0

z x x

x x

x x

x x

x x

= +
 + ≤

+ ≤
 + ≤
 ≥

3

4

1 2

1 2

1 2

1 52

min 2

4 3 12

2 4

2 4

0; 1 to 5i

f x x

x x

x x

x

x

x

xx

i

x

= − −
 + =

⇒ + =

+

+
 + =
 ≥ =

+
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2( 1�#� 4��O )� 3D�
( "�
� 7-� ,#�+ /*�� ��=� 5�>�. 
•��=� "#

�$%� 
•��=�
�; "#

�$%� 
•����
 ��#� 

 
H+#�#�+ 4��O ��� Q&8+A 7-� 1E( */. 

 

3 4 512, 4, 4x x x= = =
1 20, 0x x= =

0f =

• 
31/43 

��%- V�� 

��=� x1 x2 x3 x4 x5 b  b/a, 

a>0 

x3 4 3 1 0 0 12 3 

x4 2 1 0 1 0 4 2 

x5 1 2 0 0 1 4 4 

����
 -2 -1 0 0 0 f-0 


d�\ V��  -
& V�� 
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K#�� !��
] ����
 F��
� ��  
��%- "#
 ��=�
�; �I��#+�+�  � ��  
4��O ���� ��� .��-*. 

  ��� 4��O */ 1E( Q&8+ D 7-�. 

��=� x1 x2 x3 x4 x5 b 
 b/a 

a>0 

x3 0 1 1 -2 0 4 

x1 1 0.5 0 0.5 0 2 

x5 0 1.5 0 -0.5 1 2 

����
 0 0 0 1 0 f+4 

3 1 5

2 4

4, 2, 2

0, 0

4 0 4

x x x

x x

f f

= = =

= =

+ = ⇒ = −
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• 
@� 
&- �*���E+ 4#e%+� 7-*/ ) */ 5#g� ����\ �� 5�� 5��O 
&- "#O ��2 
 
&-3 /�( 4#e%+�( 31�#� 4��O �� 7-� �E�� ���#�+ 7-/ 5�>�. 

��*�/ 5��O ��� */                         :) Q&8+G 1�#� �� 7��+ 5�>�( 

��=� x1 x2 x3 x4 x5 b 

x3 0 -5 1 0 -4 -4 x3= -4 

x4 0 -3 0 1 -2 -4 x4= -4 

x1 1 2 0 0 1 4 x1=4 

����
 0 3 0 0 2 f+8 x2=x5=0 

�
@� ��%- V�� �* 7-*/ 4#e%+� ���E+ ,� 
��� 
H�/ �� 4��O  
���� ��
��' �-* � ��� 
��� �+V��
�  /�( ��. 
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•Q�X� 4.3 : /�>�� 4��O 1�#� 5�>� ��=� 

    
@� )� 4��O 1�#� 5�>� ��=� ��I� #� ��#� Q���
 ����
� f0 

�%(�/ ��(#� � p
6 ���� �� "�
� �XW� ,� j #
            q7-�  
�  .#@ 4��O 1�#� ���>� #�          /�O� �
��' 7(�/. 
@� ��%-  

j K� �+��%+ #� 3����H�#O )� 4��O 1�#� 5�>� ��=� 3�
�� �  .#@  
��	#+ 1�#� 5�>� ��
E�� ./�� � ��#� ����
 �+��� �� #� 7�#����  

)G�� /�(. 

•  ��X� 4.4 : 4��O ���� 12#�� LP 

   
@� )� 4��O 1�#� 5�>� ��=� "�
� Q�
 j #
 !��
] ����
  
R
#� �%6#�           �%(�/ 3�(#� �  .#@ �  4��O ���� 7-�.  

 

0' <jc

0ff <

0' ≥jc
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Solution by the Simplex Method 
maximize Z =4x1+5x2 subject to -x1+x2 ≤4, x1+x2 ≤6, x1,x2 ≥0,  
minimize  f =-4x1-5x2  
subject to  -x1+x2+x3      =4  

  x1+x2        +x4 =6  
  xi, i=1 to 4  
From the initial tableau, the basic 
feasible solution is: 
basic variables: x3 =4, x4 =6 
nonbasic variables: x1 =x2 =0 (Point A) 
cost function: f=0 from the last row of 
the tableau • 

- 0 36/43 
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- 0 

Point 
 A 

Point 
 B 

Point 
 C 
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Profit Maximization Problem 
optimum soln. 

f(4,12)= -8800 1 2400 600f x x= − −

1 2 16x x+ ≤

1 2 1
28 14

x x
+ ≤

1 2 1
14 24

x x
+ ≤

1 2, 0x x− − ≤

(shipping and 
handling 
constraint) 

(manufacturing 
constraint) 

(limitation on 
sales department) 

FIGURE 6-1 Graphical solution for profit maximization LP 
problem. Optimum point=(4, 12). Optimum cost=-8800. 38/43 
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1 2

1 2

1 2

3
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16

1 1
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28 14

1 1
1

14 28
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x x
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x x

x

+

+ =

+

+

+

=

=

+

1 2400 600f x x= − −

×x1 
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LP Problem with Multiple Solutions 

1 2

1 2

1 2

1 2

min 0.5

2 3 12

2 8

0, 0

f x x

x x

x x

x x

= − −

+ ≤

+ ≤

− ≤ − ≤

3

4

1 2

1 2

2 3 12

2 8

0; 1to 4i

x x

x x

x i

x

x

+ =

+ =

≥ =

+

+
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In general, if a 
reduced cost 
coefficient 
corresponding 
to a nonbasic 
variable is 
zero in 
the final 
tableau, there 
is a possibility 
of multiple 
optimum 
solutions. 
 

Note that all 
optimum 
design points 
are global 
solutions as 
opposed to 
local 
solutions. 

41/43 

Point  B 

Point C 

/2 

Example of an Unbounded Solution 

For unbounded problems, 
there will be negative 
reduced cost coefficients for 
nonbasic variables but no 
possibility of pivot steps. 

maximize Z =x1-2x2 subject to 2x1-x2 ≥0, -2x1+3x2 ≤6, x1,x2 ≥0  

42/43 
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