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Definition of a Standard Linear Programming

Problem

* Minimization of a function

» Equality constraints

* Nonnegativity of design variables

* Nonnegativity of right hand of constraints

n
minf (X )=cx,+c,x,+---+c,x, =Zcix,. =C"X
i=1
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ol ) Cpmndane 1kl 555l K 12/6/2025

Linear Constraints

s> sbad glyl B> Sy aely oo laitinl S
i . -
@y +ta,y, <b _){nonnegatlve slack variables, 20 ogeS

a.y, +a,y,++a,y, +s, =b,
il 1 122 ik k i i
a, y,++a,y, =b,

i 2> 500
@y, +ta, v, >b, _){ surplus variables, >0 R
4y, +a;,y, ++ayy, —s; =b,

Unrestricted Variables

We require all design variables to be nonnegative in the
standard LP problem.

If a design variable y;is unrestricted in sign, it can always be
written as the difference of two nonnegative variables, as
Y=y -y; with y20 and ;20

3/43

Standard LP Definition

Find an rnvector x to minimize a linear cost function
[ =cx, +ex,+ e, x
a,x,+a,x,+--+a,x, =b

Ay X, +ayx,++a, x, =b,

(6.5)
a,x,+a, x,+--+a, x =b,
b, 20, i=1tom
x; >0, j=1ton Slastenl i byd e
minimize f =Zcix,. =C"X
=]
or i b b, 20,i=1tom of 1[4ax =4 p>0]
a;x ; =b,; -
=ik x,; >0, j=lton
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Conversion to Standard LP Form

EXAMPLE 6.1
Convert the following problem into the standard LP form:
maximize z=2y,+5y,
subjectto 3y,*+2y,<172,
2y,+3y,26, and
Y20, y,is unrestricted in sign
Solution. To transform the problem into the standard LP form, we
take the following steps:
1. Since y, is unrestricted in sign, we split it into its positive and
negative parts as y=y,"-y, with y,20, y,20.
2. Substituting this definition of y, into the problem, we get:
maximize  z=2y,+5(y,"-y,)
subjectto 3y, +2(),"-y,) <12,
2y,+3(ys"-y5) 26, and
VYo' yz 20.

(8 il oo waldS 5 55919, 5/43

3. The right sides of both the constraints are nonnegative

4. Converting to a minimization problem subject to equality
constraints, we get the problem in the standard form as
minimize =-2y,-5(y,"-y5)
subjectto 3y, 20,y )+s,=12,
2yt3(vs"-y5)-5,=6,
Y Yo', V7, 81, 8220,
where s =slack variable for the first constraint and s, =surplus
variable for the second constraint.

5. We can redefine the solution variables as x~y, X~),", X7V,
XFS, X~=S,and rewrite the problem in the standard form as

minimize f =-2x,-5x,+5x; (a)
subject to X+ 2X - 2X 51X, =12 (b)
22X, +3X-3X3-X5=6 (c)
x20,/= 1t b5 (d)
Sl (rmdazme 1ol 5 (5515 6/43
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Comparing the preceding equations with Egs.
(6.9) to (6.11), we can define the following
quantities:

m=2 (the number of equations)
=5 (the number of variables)

X:[x1 X, X; X, xS]T, C:[—2 -5 50 O]T (e)

32 21 0F
b=li2 ] AZ[GUJZXS{Z 3 -3 0 —1} ¥

(8 il oo waldS 5 55919, 7/43

4) 1,2,3,9, 16

(5 il oo a5 5 55919, 8/43
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Basic Concepts

® Since all functions are linear in an LP problem, the feasible set defined
by linear equalities or inequalities is convex. Also, the cost function is
linear, so it is convex. Therefore, the LP problem is convex, and if an
optimum solution exists, it is global.

® Note also that even when there are inequality constraints in an LP
design problem, the solution, if it exists, always lies on the boundary
of the feasible set; i.e., some constraints are always active at the
optimum.

Proof: Necessary conditions for an unconstrained optimum:
0f/0x;=0, f =Y c,x, > ¢;=0fori=1ton.
i=1

This is not possible, as all ¢; are not zero. If all ¢; were zero, there would
be no cost function.

Therefore, by contradiction, the optimum solution for any LP problem
must lie on the boundary of the feasible set.

9/43

Profit Maximization Problem— Characterization of
Solution for LP Problems
minimize f = —-400x, —600x ,
Standard form
<
X +x,<16 _ Slack variables
X, +x, =16
IR 1 1
28 14 —X,+t—X, =1
28 14
Ty X o 1 1
14 24 —X,+—X, =1
14 24
_ _ < .
¥, <0 x,20,1=1to5
S il oz 0S5 (55105 10/43
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x,=16-x,-x, For a problem having n Y
) 1 variables and m constraints,
yx =1—-—x. ——x. the maximum number of =,
4 X1 X ) , X
28 14~ basic solutions (will be |\
1 1 defined next) are:
Xs=1=— X =X,
14 24 . n n!
No. of Combination = =
m m!l(n—m)!

m =3, n=5, No. of Combination=10

TABLE 6-1 Ten Basic Solutions for the Profit Maximization Problem H o
No. X X, X X Xs f Location in Fig. 6-1 FIGURE 6-1
1 0 0 16 1 10 A Graphical
5 0 14 > 0 s a0 E solu_tlon for
3 o 16 v =& & = F (infeasible) profit
4 0 24 -8 3 0 — G (infeasible) maximization
T 0 R S S ] (infeasible) LP problem.
6 14 0 2 1 0 -s60 B Optimum
7 2 0 12 R - H (infeasible) point(D)=(4,
8 4 12 0 o % -s80 D 12). Optimum
9 12 48 0 1 0 -760 C cost = -8800.
10 & e = 0 — I (infeasible)

11/43

LP Terminology

Vertex (Extreme) Point. This is a point of the feasible set that does
not lie on a line segment joining two other points of the set. For
example, every point on the circumference of a circle and each
vertex of the polygon satisfy the requirements for an extreme
point.

Feasible Solution. Any solution of the constraint Eq. satisfying the
nonnegativity conditions is a feasible solution. In the profit
maximization example of Fig. 6-1, every point bounded by the
polygon ABCDE (convex set) is a feasible solution.

Basic Solution. A basic solution is a solution of the constraint Eq.
(6.5) obtained by setting the “redundant number” (n-m) of the
variables to zero and solving the equations simultaneously for the
remaining variables. The variables set to zero are called nonbasic,
and the remaining ones are called basic. In the profit maximization
example, each of the 10 solutions in Table 6-1 is basic, but only A,
B, C, D, and E are basic and feasible. 12143
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Basic Feasible Solution. A basic solution satisfying the
nonnegativity conditions on the variables is called a basic feasible
solution. Note that solutions 1, 2, 6, 8, and 9 in Table 6-1 are the
basic feasible solutions.

1%

Degenerate Basic Solution. If a basic variable has zero value in a
basic solution, the solution is called a degenerate basic solution.

Degenerate Basic Feasible Solution. If a basic variable has zero
value in a basic feasible solution, the solution is called degenerate
basic feasible solution.

Optimum Solution. A feasible solution minimizing the cost function
is called an optimum solution. The point Din Fig. 6-1 corresponds
to the optimum solution.

Optimum Basic Solution. It is a basic feasible solution that has
optimum cost function value. From Table 6-1 and Fig. 6-1 it is clear that
only solution number 8 is the optimum basic solution. 13/43

Determination of Basic Solutions

maximize Z=4x,+5x, subject to -x,+x, <4, x,#x,<6, x,x=20,

minimize =-4x,-5x,
subjectto  -x,tx,7x;=4
X;#X;1X, =6
X, i=1to4
n n!
m ] T m (n—m)!

m=2, n=4, No. of Combination=6

No. of Combination = (

TABLE 6-2 Basic Solutions for Example 6-3

No. X X, Xs X f Location in Fig. 6-2
1 0 0 4 6 0 A

2 0 4 0 2 =20 B

3 0 6 =2 0 —_— infeasible

4 -4 0 0 10 — infeasible

5 6 0 10 0 -24 D

6 1 5 0 0 -29 C

14/43
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Theorem 6.1 Extreme Points and Basic Feasible
Solutions

The collection of feasible solutions for an LP problem
constitutes a convex set whose extreme points
correspond to basic feasible solutions.

Theorem 6.2 Basic Theorem of Linear Programming

Let the mxn coefficient matrix A of the constraint
equations have full row rank, i.e., rank (A)=m. Then

1. If there is a feasible solution, there is a basic feasible
solution.

2. If there is an optimum feasible solution, there is an
optimum basic feasible solution.

(8 il oo waldS 5 55919, 15/43
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Canonical Form: sgls s

SG o slddolas o 0 ol jo aS SYoles oSy igl 95 ®
sl OYoles 4y 0 a5 o) 8429 wxly coo b s
(A2 39005 5o psio lor Lol aF) el ouiis

m+2

X+ X g T aX in Tt a, X, =b,

m—+1

Xo+ay , X mez Tty X, =b,

mel Ty X

xm +am,m+1xm+l +am,m+2xm+2 +”’+am,n'xn :bm

(8 il oo waldS 5 55919,
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A1 Gt g ile Dolas S L g5 s |y S5 S5 @
L)X () + Oncinom) X (nom) =D
L)

X = [x1 Xy e X, ]T Gd-m s
Xy =g Xy, | s 0 Jo

S ‘5”.‘> )o

= oM o>y o pile

Q: 0 ansxm+1 le.fb).hm w‘)»o )145mx(n-m)u..;);l.o
sl o0l LSS oo dorae SYolee

b=[b b,..b T’

Sl (rmdazme 1ol 5 (5515

20/43

12/6/2025

10



ol ) Cpmndane 1kl 555l K

PS5 IS Jga

TABLE 6-3 Representation of a Canonical Form in a Tableau

#  Basicd x; x; e B o X Kr Xop & 0 . X, RS
1 251 1 0 v 0 Ama Qw2 ° s & ay, b,
2 X, 1 . 0 Ayt Gz a,, b,
3 X3 0 0 . 0 A3y A3z ° s o as, b,
m X 0 0 af 1 Ay s Ay s Ay bm
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4x,+3x,<12

max z =2x,+x,

min f =-2x,—Xx,

4x,+3x,+x,

Jgaz o1y Jle G55 S ¥.7 Jls

e

2x,+x,<4 = 42x,+x, +x,
X, +2x,<4 X, +2x, +x,=4
X,X,20 x,20; i=1to 5
il o 0S5 (5510 ,5 23/43
Js! Jgo=
b/a,
Shell Xg | X | X3 | X4 | X5 | b |
e, +30,+x,=12| x, [[4]| 3 | 1|0 | 0 ||12]| 3
|
2, 4+x,+x, =4 x, |[2]] 1 [0 | 1] 0 ||4](2D
X 42, +x=4|x (1) 2| 0] 0|1 (4] 4
f=-2x,—-x, wp|-20| -1 10 0] 0|FO0

Sl (rmdazme 1l 5 (55105

Vo) Hgiw) (ol Glagygin (0 4 Cunl o) a3 Copo (p 5 A

(Vg i) B/0 1 S sS oo o0 gl
Yol yaie ©
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p9d Jgo=

Sell Xy | X | X3 | X4 | X5 | O | b/a

x| 0| 11204

x, | 1 1/2] 0 12|02

xs | 0 |3/2] 0 |-1/2| 1] 2

w» 0| 0|0 1 ]0|MA4

(2Yy slapls

s Vol paie |y dbge o sled Vo) pate QLRS! Gl o @
plo S0 lajlaw a4y oz Vol Slaw 5l o0 po (o538l L g 0o S
@S o0 o |y Vol yaie s Vol (g ol
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b/a,

P9 Jgi= SLol | X X X X X b
1 2 3 4 5 a>0

x| 0| 1] 1]-2/0]|4

xy | 1 (1/2] 0 |1/2]0 | 2

xs | 0 |3/2] 0 |-1/2| 1] 2

= 0 (3 0 } 0 | A4

|
il holie sloggin @ by anie culps sl 31 coly 5o

x,=4x,=2x,=2x,=0,x,=0
g yho dolpe Glayste 4 by duge coye S Jle o8 e

26/43
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(max z=2x +x,
4x,+3x, <12

2x, +x, <4

/.

X, +2x,<4

1X,X, 20

(8 il oo waldS 5 55919, 29/43
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(max z =2x, +X, (min /' =-2x, —x,
4x, +3x, <12 4x , +3x, +x, =12
12x,+x,<4 =<2x,+x, +x, =4
X, +2x,<4 X, +2x, +x,=4
(XX, 20 x; 20; i=1to 5

s i i ot 30143
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Solution by the Simplex Method

maximize Z=4x,+5x, subject to -X,+X2s4 XX, <6, X;,X,20,

minimize f=-4x,-5x,
1
subjectto  -x,*x,7x; =4 &
+ X, = ks A
X7 _XZ X4 6 6 " ¥ Optimum point = (1, 5)
X, i=1to4 : 7'=29
. ugn . s C}
From the initial tableau, the basic NS N
. . . L
feasible solution is: S
. . e T + 6
basic variables: x;=4, x,=6 % i
nonbasic variables: x,=x,=0 (Point A) L N
cost function: /<0 from the last row of ) ‘?\ T e
the tableau e L ) .

Initial tableau: x; is identified to be replaced with x, in the basic set.

Basicl Xy X, X3 X2 b Ratio: bj/aj,
X3 -1 1 0 4 += 4 « smallest
X4 1 1 0 1 =6
Cost -4 -5 0 0 -
0s =5 f-0

12/6/2025
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TABLE 6-10 Solution of Example 6.7 by the Simplex Method

Initial tableau: x; is identified to be replaced with x; in the basic set.

Basicl X X, X Xy b Ratio: b,/a,

x5 -1 1] 1 0 4 i=4 < smallest Point
X3 1 1 0 1 6 $=6 A
Cost —4 = 0 0 f-0

Second tableau: x; is identified to be replaced with x; in the basic
set.

Basicl x X3 X3 Xa b Ratio: bi/ay
X, = 1 1 0 4 Negative Point
X 2] 0 -1 1 2 i=1 B
Cost o] 0 5 0 f+20
Third tableau: Reduced cost coefficients in nonbasic columns are
nonnegative; the tableau gives optimum point.
Basicl X X X3 Xa b Ratio: b/a
% 0 1 = 1 5 Not needed Point
xi 1 0 -1 + 1 Not needed C
Cost 0 0 1 2 29

o i 7 I+ 37/43

Profit Maximization Problem

optimum soln. 400 600
f(4,12)= -8800 S == Sr T OV
(shipping and

handling
constraint)
x,+x,<16
(manufacturing
constraint)
LIRS

28 14

(limitation on
sales department)

X2

30 4

25 4

~
o
1

o+

Ll |
1

2 _..
7y

LTI f A LY
s P ‘

(5]

5 20 25 30 14 24
FIGURE 6-1 Graphical solution for profit maximization LP —x. —x.<0
problem. Optimum point=(4, 12). Optimum cost=-8800. P2 38/43
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X, +
1
28
1
14

s ridls

X, +x, =16

1 —
X +—x,+x, =1

14

1
X +—x, + x5 =1
28

f =—400x, —600x

Gpmedais iali 5 559105

TABLE 6-11 Solution of Example 6.8 by the Simplex Method

Initial tableau: x, is identified to be replaced with x; in the basic set.

Basicl X X X3 % Xs b Ratio: b//a,,

% 1 1 1 0 0 16 b=16

% L 0 1 0o 1 = 14 « smallest
X = £ 0 ] 1 1 5 =24

Cost —400 [600] o© 0 0 f-0

Second tableau: x; is identified to be replaced with x; in the basic
set.

Basicl  x X X % xs b Ratio: bi/ag

X 0 1 -14 0 2 =4 « smallest
EA 1 1 0 14 0 14 o =28

X S 0 = 1 & s =

Cost 0 0 8400 0  f+8400

Third tableau: Reduced cost coefficients in the nonbasic columns are
nonnegative; the tableau gives optimum solution

Basick  x X X3 Xa xs b Ratio: bi/ag
XX 1 0 2 -28 0 Not needed
X2 1 0 1 -1 28 0 12 Not needed
X5 0 0 - £ 1 z Not needed
Cost 0 0 200 5600 0 S+ 8800
39/43

22+

3x;=12

Optimum solution line B-C]

PV ©

ZZZ //2[/ ////J‘

Xy

LP Problem with Multiple Solutions

min / =-x,—-0.5x,
2x,+3x,<12
2x ,+x,<8

-x,<0,-x,<0

2x,+3x,+x,=12

2x , +x,+x,=8

l

x. 20; i =1to4

40/43
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IABLE 6-12 Solution by the Simplex Method for kExample 6.9

Initial tableau: X, is identified to be replaced with x; in the basic set.

Basicl X X X3 X4 b Ratio: b/a,
X3 2 3 1 0 12 %: 6
X4 2] 1 0 1 8 2= 4 ¢ smallest

Cost [-1] -0.5 0 0 f-0

Second tableau: First optimum point; reduced cost coefficients in

nonbasic columns| are nonnegative; the tableau gives optimum

solution. c3,= 0 indicates the possibility of multiple solutions. x; is

identified to be replaced with x; in the basic set to obtain another
optimum point.
Basicl X (x| X3 [ x| b Ratio: bi/ag
X 0 2 1 -1 4 2= 2 « smallest
% 1 1 0 1 B =8
Cost 0 [o] 0 1 f+4 Point B
Third tableau: Second optimum point.
Basicl X X X5 X b Ratio: by/a,
X 0 + - 2 Not needed
x 1 0 —4 2 3 Not needed

1 .
Cost 0 0 0 = f+ 4 Point C

In general, if a
reduced cost
coefficient

corresponding
to a nonbasic

variable is
zero in
the final

tableau, there
is a possibility
of multiple
optimum
solutions.

Note that all
optimum
design points
are global
solutions as
opposed  to
local
solutions.

41/43

Example of an Unbounded Solution
maximize Z=x,-2x, subject to 2x,-x,>0, -2x,+3x,<6, x,x,20
TABLE 6-13 Initial Canonical form for Example 6.10 (Unbounded Problem)

Basicl i ¥ X3 X b
X3 =2 1 1 0
X4 -2 3 0 1 6
Cost =) 2 0 0 f-o

X

there will be

For unbounded problems,

negative

reduced cost coefficients for
nonbasic variables but no
possibility of pivot steps.

42/43
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