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Degrees of Freedom (DOF)

- Number of independent coordinates needed to specify completely the
configuration of system

mg

(a) Examples of one-degree-of-freedom systems (b) Examples of two-degree-of-freedom systems

Only one coardinate (displacement or rotation)  Two independent coordinates are needed 1o
| is needed to establish position of every part of  establish position of every part of the system
the system

Sl mmtazs a5 5 (5591055

10 - 27

SOLUTION:

* Create a free-body diagram for the platform
and linkage.

| L |

A hydraulic lift table consisting of two
o identical linkages and hydraulic cylinders ~ « Apply the principle of virtual work for a

= is used to raise a 1000-kg crate. Members virtual displacement 50 recognizing that only
EDBand CG are each of length 24 and the weight and hydraulic cylinder do work.
member AD is pinned to the midpoint of o

. EDB. &]_O_5QW +5QFDH

ﬂ Determine the force exerted by each * Based on the geometry, substitute expressions
cylinder in raising the crate for 8= 60°, a for the virtual displacements and solve for the
=0.70 m, and L=3.20 m. force in the hydraulic cylinder.

10 - 28
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SOLUTION:
* Create a free-body diagram for the platform.

* Apply the principle of virtual work for a virtual
displacement 66

5[]=0=5QW +5QFDH
0=—%W5_)/+FDH5S

» Based on the geometry, substitute expressions for the
virtual displacements and solve for the force in the

hydraulic cylinder.
y=2asing s =a*+I? -2alcosO
&y =2acos 650 2565 = —2aL(~sin0)56
S5 = aLsin@ 50
s
0= (—%W)Zacos@ﬁ@ +Fpy aLs1n9§9

N

N
Fpiy =W~ cotd Fpy =5.15kN

10 -29

Vector Mechanics for Engineers: Statics
Jelty 5551

* When the differential work is a force is given by an
exact differential,

dU =-dV
Uso=n-1

= negative of change in potential energy

 Forces for which the work can be calculated from a change
in potential energy are conservative forces.

Sl (i dazma 1l 5 (55105

10 - 30
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Jols g il (551

* When the potential energy of a system is known,
the principle of virtual work becomes

sU=0=-5v=- 50
do
0=
do

D

* For the structure shown,
V=V, +Vg =tkag +Wyc
= % k(21sin 9)2 +W(lcosO)

* At the position of equilibrium,

V0= isin O(4klcos@—W)
! do

S riadlypl e dazme oaaS g (5)500,5

indicating two positions of equilibrium.

10 - 31

Vector Mechanics for Engineers: Statics
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10 - 32
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SOLUTION:

+ Derive an expression for the total potential
energy of the system.

V=V,+V,

* Determine the positions of equilibrium by
setting the derivative of the potential
energy to zero.

a_

=0
do

 Evaluate the stability of the equilibrium
positions by determining the sign of the

Knowing that the spring BC'is unstretched 7 ;
second derivative of the potential energy.

3| when 6= 0, determine the position or
positions of equilibrium and state whether v ?
the equilibrium is stable, unstable, or 46>
neutral.

Sl (i dazma telilS 5 (55105

10 -33

SOLUTION:
+ Derive an expression for the total potential energy of the
system.

V=V,+V,
= %ks2 +mgy

—1 2
= Ek(aH) +mg(bcosd)

* Determine the positions of equilibrium by setting the
derivative of the potential energy to zero.

y dlz():kaza—mgbsinH
do
o (4KN/m)(0.08m)’
sin@= = 2
mgb  (10kg)(9.81m/s*)(0.3m)
=0.86996

Undeformed
position . _

0=0  9=0.902rad=51.7°|

10 -34

12/2/2025
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Vector Mechanics for Engineers: Statics
Sample Problem 10.4

« Evaluate the stability of the equilibrium positions by
determining the sign of the second derivative of the
potential energy.

_1 2
V= 51{((19) +mg(bcosh)
dv

%=O=ka29—mgbsin0 0=0
0 =0.902rad =51.7°
2
Z’OIZ/ = ka®> —mgbcos 6
= (4kN/m)(0.08m)? — (10kg)(9.81m/s* )(0.3m)cos &
=25.6—29.43cosd
2
at 0= 0: %=—3.83<0
T
Uikes X awo=5L7 473620
10-35

: Vector Mechanics for Engineers: Statics
Some Numericals

Determine the vertical force P that must be applied at
G to maintain the equilibrium of the linkage.

30 mm

'-— 90 mm —-—‘-—-—|

D

l%()\ C el —r
18 N-m 40 lmn
A L —
t
40 mm

S riadlypl e dazme eaaS g (55500,5

10 - 36
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- e 0,033
.09 33‘4;'- o, ,:1_!“
i
eoy i oofm
F‘l 2 n _‘* BML*_
& P——— g £
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S riadlypl e dazme oaaS g (5)500,5

10 - 37
Vector Mechanics for Engineers: Statics
Virtual Work:
oU=0: (BON)dy, +(I18 N-m)ég+ Pdy; =0
(e boaf e
805y, +1 Bl‘ 59 y + P{. 9 =0
80+100+%P=0
P=-270N
il mmtazs a5 5 (5591055
10-38
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Vector Mechanics for Engineers: Statics

Determine the force P required to maintain the equilibrium of the
linkage shown. All members are of the same length and the wheels

at A and B roll freely on the horizontal rod.

il G sazme 155 5 (55315
10 - 39

Vector Mechanics for Engineers: Statics

yr =3¥c

Yo =Yu =4yc

Oyg =0y, =40y,

8U = (400 N)&y, + (100 N)Sy,, — PSy; +(75 N)dy, + (150 N)Sy,, =0
4008y, +100(28y,.) — P38y )+ (T5+150)(48y,.) =0

3P =400+ 200+900 P=+500N

Sl (i dazma telilS 5 (55105

12/2/2025

10 - 40
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Vector Mechanics for Engineers: Statics

Sl (i dazma telilS 5 (55105

The mechanism shown is acted upon
by the force P; derive an expression
for the magnitude of the force Q
required to maintain equilibrium

Vector Mechanics for Engineers: Statics

10 -41

SOLUTION

We have

and

Virtual Work:

Sl (i dazma telilS 5 (55105

x, =2sind

Ox, =2lcos850
¥ =3lcos@
Oy =-3lsin 666

oU =0: Qbx,+Pdyr =0

Q(2lcosB58) + P(-3Isin859) =0 Q :%Pt;m 64

10 - 42

12/2/2025
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Vector Mechanics for Engineers: Statics

A 4-kN force P is applied as shown to the piston of the engine
system. Knowing that AB =50 mm and BC =200 mm, determine
the couple M required to maintain the equilibrium of the system

when (a) \ =30°, () \ =150°,

Sl (i dazma telilS 5 (55105

10 - 43
Vector Mechanics for Engineers: Statics
sing _ sinf
AB  BC
sinéz%sin(i (1)
X =ABcosf + BCcos¢
Ox. =—ABsin 866 — BCsin 969 (2)
Sl (i dazma telilS 5 (55105
10 - 44
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Vector Mechanics for Engineers: Statics

.. AB .
Now. from Equation (1) Cos @0 = ——cos 806
BC
ot - AB cosé 50
BC cos¢

From Equation (2)

S8x. =—ABsin H‘)‘H*BCSi|1¢(:7BCOSH -

(i
C cos¢
or Ox,=— AB (sin@cos g +sin@cos @)oo
cosg
o ABsin(@ ”
Then Ox. = —MAH
cos @

Sl (i dazma telilS 5 (55105

10 - 45
Vector Mechanics for Engineers: Statics
Virtual Work: oU =0: —Péx,-Md8=0
—P[—;AB"”(B_W’ o‘e]—Mo‘ezo
cos@
Thus, M=apSO+e) p @)
cos ¢
() P=4kN, 8=30°
5
Eq. (1): sing= 200 oy @=TI81S
200 mm
et '{ Q, § 0
Eq. (4): M =(0.05 m)mu kN) M=121.8 N-m)‘
cos7.818°
ol (b) P=4kN. #=150"
5
Eq. (1): sing = m‘;‘“’" Sinl60°  6=7.181°
2! mm
Eq. (4): M =(0.05 lll)wti kN) M=782N- m) 4
cos 7.181
Srlly) o ol 5 551555
10 - 46

23



Vector Mechanics for Engineers: Statics

A slender rod of length /is attached to a collar at Band rests on a
portion of a circular cylinder of radius 7. Neglecting the effect of friction,

determine the value of [} corresponding to the equilibrium position of
the mechanism when /=200 mm, r=60 mm, P=40 N, and Q=80 N.

lJ
Al

Sl (i dazma 1S 5 (55105

10 - 47

Vector Mechanics for Engineers: Statics

oC=r
oc r

cosf=——=—

0B x;

%
Xy =
B

cosd

siné
rsind o

Oxg=
B cos” &
vy =lcosé

Oy, =—Isin 6866

OU =0: P(=6y,)—Qdx; =0

Plsin639 0059 ~0

cos

Or

Pl

N
cos 8=

(1)

il mmtazs a5 5 (5591055

10 - 48

12/2/2025
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Vector Mechanics for Engineers: Statics

Then, with /=200 mm, r =60 mm, P=40 N, and Q=80 N

29 (80 N)(60 mm) _06
(40 N)(200 mm)

Cos

or 8=39.231°

Sl (i dazma telilS 5 (55105

10 - 49

Vector Mechanics for Engineers: Statics

Determine the value of & corresponding to the equilibrium position of
the mechanism of Problem 10.12 when P =80 N and Q=100 N.

R—

Sl (i dazma telilS 5 (55105

10 - 50
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Vector Mechanics for Engineers: Statics

vy, =2lcos8. Sy, =-21sin656 A

CD:llsing. (S{CDJ:I‘:Usgﬁﬂ ¥

SU=0: —P&y,—Q8(CD)=0

sin @ £

cus(%}

—P(-21sin860) ~Q[ fcosgdﬂ I:O o=2pP

P=80N, Q=I100N

5 siné
(100 N) = 2(80 Nlcm(%)
e, i
cos(£)
2sin(£)cos(§) e
cos(£)
@=736.42°
10 - 51
Vector Mechanics for Engineers: Statics
Using the method of virtual work, determine the reaction at E.
2kN 3kN 5 kN
0.5 m- 0.9m 1.2 m
' C D E r ( H
A xC
e B e
I I
1. 1.8 m—=
Bom T "
il mmtazs a5 5 (5591055
10 -52

12/2/2025
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From similar triangles:

Virtual Work:
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2.0 .
Syp —FO_\'E =1.758yg
. 2.7 .. -
Sy, T Vg =2.256y,
0.5 . - _—
()\B —H)‘ )},C =—‘(2 25()\]:):] ._N(‘)\F

SU =(2kN)Syz + 3kN)Syp — ESy, =0

2(1.258y;) +3(1.758y;) — ESy; =0

E=+775kN
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PROBLEM 10.30 A vertical load W is applied to the linkage
at B. The constant of the spring is k. and the spring is unstretched
when AB and BC are horizontal. Neglecting the weight of the
linkage, derive an equation in &, W, [, and k that must be satisfied
when the linkage is in equilibrium.

10 - 54

12/2/2025

27



1,5
V:?Lr +Wyp
Looms 5o
V:El\(_:—.\(.) + Wy,

Xo=2lcosé and y, =-Isind

1% =i’k(21 —2lcos#)* —Wisin 8
=2klI*(1-cos®)* —Wisin 8

%: 2k1*2(1 —cos @) sin@ —Wicos8 =0 (1 fcnse}lunﬁ:l

Sl (i dazma telilS 5 (55105

Vector Mechanics for Engineers: Statics

PROBLEM 10.33 Two 5-kg bars AB and BC are connected by a pin at B
and by a spring DE. Knowing that the spring is 150 mm long when
unstretched and that the constant of the spring is 1 kKN/m, determine the
value of x corresponding to equilibrium.

A/?Z\()() min

W/ D
O 400 mm

er- P
C 200 mm
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First note: W, =(5kg)(9.81 m/s*)=49.05 N

k.= 1000 N/m

c <

Since unstretched length of spring is 150 mm, or 0.15 m, we have

2
Ay ==x-0.15
9=g
2 x 3

v=L ka2 —(49.05 N)Z—49.05 ) X

2 1 1

1 (2 \
V' =2(1000 Nim)| $x-0.15 | ~12.2625x~36.7875x

dv (2 2
—:]()001 —x-0.15 I——12.2625—36.7875=0
dx L3 3

il Gemmoze 0alaS 5 55915 ¥ =0.335m
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A slender rod AB, of weight W, is attached to two blocks A and B that
can move freely in the guides shown. The constant of the spring is k,
and the spring is unstretched when AB is horizontal. Neglecting the
weight of the blocks, derive an equation in &, W, [, and k that must be
satisfied when the rod is in equilibrium.
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Kcase
l =
cl £t
P .!% sin &
51580
Ly =
<A

Elongation of spring: s=Isin@+Ilcos@ -1

s=I[(sin@+cos@—1)

1

Potential energy: Vv =;ks2 —W%sina W =mg

=%ki‘z(sin9 +cos@—1)° —mg%sing

L kI*(sin@ + cos @ —1)(cos@ —sin 8) — l.rngl cos@ (1)
de 2
Equilibrium: Z—; =0: (sin@+cos@—1)(cos@—sind) —%cos@ =0

or c059|:(sin0+cosn9—l)(l—lm&)—%]:() 2 |
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A spring AB of constant k is attached to two identical gears as shown.
Knowing that the spring is undeformed when #=0, and given that
a=60mm, b=45 mm, r =90 mm, and k =6 kN/m, determine (a) the
range of values of P for which a position of equilibrium exists, (b) two
values of @ corresponding to equilibrium if the value of P is equal to
half the upper limit of the range found in part a.
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SOLUTION

Elongation of spring

s=2(asind)=2asind

Potential energy
el
2

V =2ka’ sin” 8- Pb@

ks® — Pb8 =%k(?.asin 8)’ — Pho

Equilibrium
v v >
av =0: L. =4ka” sin@cos@— Pb
dé de (4)]
=2ka®sin28 - Pb=0
Pb P b
sin2d=——=: For P .:—"-=1
2ka~ 2ka*”
P (0.045
(a) %’")1 -1 P =960N 4
2(6000 N/m)(0.06 m)~
(b) ForP:%Pm. sin 26‘:%:23:30” and 150°
Srtillal oo el 5 (5 518,5 #=1500° and 75.0° 4
10 - 61

Virtual Work
-

Determine the force F acting on the cord which is required to maintain
equilibrium on the horizontal 10 kg bar AB. (Hint: express the total constant
vertical length of the cord in terms of position coordinates s, and s,. The derivative
of this equation yields a relationship between s, and s,.)

Given:

Find:

Solution:
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A thin rod of weight W rest against the smooth wall and floor. Determine
the magnitude of the force P needed to hold it in equilibrium for a given
angle 0.
Given:
Find: ~

Solution:
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The crankshaft is subjected to a torque of M = 50 ft-1b. Determine the
vertical compressive force F applied to the piston for equilibrium when
6 =60°.

Given: rod, p

Find: X, Reactions at O
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you can appreciate and be gratefulfor them
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