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� :���4 )(	 < . =�: 7
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��8�� �4� &�B ��>� 0-�. �
� F+ �,��- "� �+��3 ��( /*� �G,� �� �:  
��8�� &�B �B � � ��� ���9� 7 8� �" #� �G,� %�4 ��  H�� �+ � 	 ! � :���4  
)(	 < �	 	� ��4 0I�
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� %�� &	' ��( )�*� �  + )�,��- "� . �(� /*� 	� 5 � 5� 6� %��B � J,��  
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	 ! ����4 F 	� F+ 7 8����9� F3�!dr  �� �8B �+" 
N+�6� ��B )�. 

 
 

�+� O�P �� 8-� �	 7��� )� �� �8B �+" 0B�4. 

dU = F  dr 

dU = F ds cos α 

����� ��� �	� 

A 

A’ 

dr 

α 

F 

dU = M d θ 

��
 :1-  %	 !U  0��! F+�� 8-�  �B � �>�  + )>�� � 0�Q� �4��� )� � 0-�. 

2- ���4 F+ 7 �� %rxF  0��! F+�	���� 0-� . 

�! ds 	���� )	����( 7 8����9� 0-�. �
� α<90o %�B � 	 !dU  0�Q� �:��< 
���. �
� α= 90o %�B � 	 ! �>� � �
�  α>90o �B � 	 ! )>�� 0-�. 
	 ! �L�! F+ 7 �� M �! �� ��	 F+ ��( /*� �1� ��! )� ����� 0-�  �: 
�! d θ �+��" )83�! 0-� �� /�� 7 +��	 �! ��( &��<�3.  
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A 

A’ 

d r 

F1 
F2 

Fn 

�� &	' �	 �! 	� �U�4 A 
	��M �	�� �	 	� ��4 �+��=�  
�! 0�� ��12� � :���4  

N*,V� F1, F2 , . . . Fn 
	��M �	��. W�I ���! )�  
&	' 0!�� &��! � �� �U�4  

�+�( A’ �-	 )�. 
"�  #4
 �! ���3  

)4 8����9� �� 	�X )6M��  
Y	�� �,I�+Z[4 �� 7
  

7 8����9� �" #� ��+�
 )�  
� �� Y	�� δr \+ �4  

��:� )�. 
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A’ 

d r 

F1 
F2 

Fn 

	 ! . #4� &�B ]-��  :���4 �	 	 ! �" #�  
��+�
 )� �  � δU 7 �4 ��:� )� � �� �8B  

�+" �,B�4 ��B )�. 
 
 

 
 

��� 	 ! �" #� �+�
 )�: �
� �� &	' 	� 5 �  
5� 6� %�B � 	 ! �	 #� )*! δU )+ :���4  

�! �� 7
 �1� ��! )� ���� �: 7 8����9�  
�" #� &	' �>� 0-�. 

��� 	 ! �" #� �	 7��� )� ���� . �(� /*�  
� �,��- . �(� /*� ���6� ���. 
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A1 

O 

ds 

s1 

α 
A 

A2 
s2 

s 

F 

	 ! F+ ���4 ���� F+ ���9�  
7 8� ����� "� ��� ^�1� �	  

�� �8B       7 �4 ��:� )�. 

�� 	�X %�� �� 	 ! F+ �L�! 7 ��M  ����  
\<�3 ��( /*� "�θ1  �� θ2Y	 �E 0-� "�: ( )

2

1

1 2 2 1

dU Md

U Md M

θ

θ

θ

θ θ θ→

=

= = −∫

�	��� ��������� �� ���� 	��
 �� ��� 

2 2

1 1

1 2 ( cos )

A S

A S

U F dr F dsα→ = ⋅ =∫ ∫

1 2U →

�
� 0H( \<�3 θ و M )8+ �B � U 0�Q� 0-�. 
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	 ! ����4 7"� W F+ ��(  
),M� C!�� ��1 7
 "� y1 �� y2  

7 8����9� �� �� Y	 �E 0-� "�: 

 "��X �
�)���" "� �*� I ( 	 ! �� + \+�CI�0�Q� 	 ! �� + \: ! �
� �  
 )>����� �:��<. 

yW

WyWy

WdyU

WdydU

y

y

∆−=

−=

−=

−=

∫→

21

21

2

1

����� � �	�
��
 :��������� ��������  

	 ! ����4  F �! "� F+ ��I ��  
��( A �1� ��! )� _E �  

&���! 7�B 7
 "� (x=x1)A1  
��  (x=x2)A2��B )� � "�   

F= kx �� 0-� �+
 )�. 
 
 
 
 
 

),M� ��I �� 0� � �����  
���
 )��� 	 ! 0�Q� 0-�.   
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dxkxU

dxkxFdxdU

x

x

−=

−=

−=−=

∫→

( ) xFFU ∆212
1

21 +−=→

��I F+ 	 ! 
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 7 8����9� � ���4
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���4 ,L �K�4� 

•),M� �! 	 ! ����4 7"� w "� ����� �! ��� �U�4A1   
�A2  )X ��B )� ��,�� %0-� ���4 �	  

(conservative) ��I �� 	 ! )	 ,�+ L( ��+�
 )�. 	 !  
�� �8B �+" 7 �� ��B )�: 

 
�! V  �K�4� ���4 ,L a���� ��w  � V1 � V2  �=4 �4  

	���� V  	� A1 � A2 0-�. �K�4� ���4 ,L a���� �� ����4 
��1W  Y	 �E 0-� "�: 

1 2 1 2 1 2U Wy Wy v v→ = − = −

gWy V=

( ) ( )
2121 gg VVU −=→

��I 	 !: 

( ) ( )

2 21 1
1 2 1 22 2

1 2

21

2

e e

e

U kx kx

V V

V KX

→ = −

= −

= =
 �� 0��4 ��( ���4 ,L �K�4�

F�,-b� ����4 F
�

10 - ١٠ 

)� =�: �! 0�6M�� F+ �,��- F�4 8� �� F+ ��9,� ��,��θ   
�,���� %0-� �K�4� ���4 ,L )6� � "�V (θ)  7
 ��9,� 0-�. �+	��:  

δU = - δV = -(dV/dθ) δθ.  a�BδU = 0  �! ���� 5� 6�  
F+ �,��- �+ � 	��M�� �B � �4��� )�  � a�B �+" C�4 7 �� ��B. 

 
 
 

J,�� .��  V Y EcX� ���>� 	� a ��	�  � �,��- ��  � �:� )�: 

 
V ������ 5� 6� ]+��B � 0-�  	��+ L0-� . 
V ��+C! � 5� 6� ]+��B � 0-�  	��+ L 40-�. 

��! )-	�� �+ � �	 ��b � ����� Y �,��  . 

dV 

d θ 
= 0 

d 2V/d θ2 > 0 

d 2V/d θ2 < 0 

d 2V/d θ2 = 0 
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• �� 5 �,4�A’B’ 

•\<�3B’   5�� A’ �� B” 
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∑

++=

++•++=

•=

δzFδyFδxFδU

δzδyδxFFFδU

δδU

zyx

zyx kjik ji

rF

( )
NW

0δyNWδU

yNyWδU

=

=−=

−= δδ

 ��� � ����ΣFx=0, ΣFy=0, ΣFz=0 

0δU =

�!�" ���# $%& �� �	� 
� '()� ����: 
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x
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x
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0ABP
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y
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1&� ��C� ���9A 
/�� �D< ��7 *�.�& ���� �9��� ��� =-�  . 

 ���9A B�/��  ��EF� 
@7 1� #)� G�� � ���� 
� ',3�.� B�H�I� ��� � 
�
�D�)" 1&� 9��
 +,- J�./� *�.�& �� . 

����� � �	�
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�9��� ��� =-� 

'@�.�& 
� 9� ��H�� �D< *./ +,- =��K�  
��6 �� '��)- �� ��8 ��� � 1&� 
� ��� 

�9��� 
�,� �7	��
 	 ��@� ��7 '/��;  �LM� ��  
*�.�& ���� �7 ����� ���� �9��� =3�.� �C- 

�6��. 

n 
4�� � N=3�.� �� 
4�� � ���� �7  

/�� ���9A *�.�& '�#	 
� 
�3� n-1 

B�/�� ���9A *�.�& 1��L �� �O
 

�!�" �
� ��6.  

0δU =
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 :���4 	 ! 

)+ :���4 �! 	 ! . #4� ��:� )�4: 

•��6�� d8E 	� F+ �G>� 7��� e 8U�� ),M� ��( 5�� 
7
 �<�3 )�. 

• ��6�� d8E F+ `U- 7��� e 8U�� ),M� )��( ��	 7
  
0!�� ��! )�. 

•7"� F+ ��( �! C!�� ��1 7
 0!�� )�I� �	��. 

•����4 e 8U�� ���� )<�3 �! 7��� ^C9� 0!�� ��! )�. 

f��#� �	 ! �! �+��3 ���4 . #4� ��:� )� � �>� 0-�: 

•)� �(� �! �� F+ �G>� 7��� e 8U�� �G,� �4� &�B. 

•)� �(� �!  � F+ O �X 7��� )
���! �� �: �G,�  
�4� &�B. 

•� :���4 )*<�� �! ��C(� F+ ��( /*� �	 �H� �G,�  �=4  
�	�� )�. 
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•��:��< )� 	� &��
 7 �4 &��� %&�B ����4 �,��  
e�*� �	 �� /�� ����4 P 7��� 	� ��4 �,I�
  

e 8U�� �� 0-� �+	�
. 

•	 ! . #4� &�B � :���4 )(	 < ���� F+ 7 8����9� 
�" #� δθ �	 	� ��4 �+��
 )�.  H�� � :���4 P � Q  

	 ! ��g �>� �4	��. 0M� ��B �! � :���4 	� 0H(  
)>��  :	��� ��,�:. 

CBPQ yPxQUUU δδδδδ −−=+== 0

δθθδ

θ

cos2

sin2

lx

lx

B

B

=

=

δθθδ

θ

sin

cos

ly

ly

C

C

−=

=

θ

δθθδθθ

tan

sincos20

2
1 PQ

PlQl

=

+−=

•�
� 7 8����9� �" #�  � ���M  : & 
 ��8� � Yb G�� h�: �: %�B � . ��  : ��6�� d8E � � :���4 )*<�� iZ�  
�4�B )� �  H�� 	 ! %	 � � :���4 5 �E� %&�B � � :���4 e 8U�� �+ � 	� ��4 �,I�
 �4�B. �+� "� Y�" �,��  

^�	 	 ! �" #� 0��4 �� Yb� 6� 5� 6� 0-�. ����� � �	�
��
 :��������� ��������  
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)6M�� � : ��B � .)8�4 8� 7 ��4�	 

2 cos

sin

2 cos
cot

sin

cot 1 c

2

(tan ) ot

Q

P

Ql

Pl

Q

P

θδθ
η

θδθ
θ

θ
θ

µ θθ µ θ

=

= = =

= = −− ( )µθ

θδθµθδθθδθ

δδδδ

−=

−+−=

=−−−=

tan

cossincos20

0

2
1 PQ

PlPlQl

xFyPxQU BCB

•���� F+ ��B � 5
 &�+� 7��� %e 8U�� 	 !  
)(��< �+ � �����  � 	 ! ���	� �B �. 

•),M� �1� e 8U�� 	� ��4 �,I�
 %��B 	 !  
)(��< \: ! �� + )�. 

)8�4 8� 7 ��4�	=η  

=η  
)6M�� ��B � )(��< 	 ! 

5
 &�+� ��B � )(��< 	 ! 

����� � �	�
��
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 �4��4 �*k��10.1 

	���� �L�! M �	�� " �4 ���� 5� 6� .C�4 8� �	 
��� ��. 

��: 

•�+�� )� 	 ! �� �	 �" #� 	 ! ���. 

D

PM

xPM

UUU

δδθ

δδδ

+=

+==

0

0

θδθδ

θ

sin3

cos3

lx

lx

D

D

−=

=

( )θδθδθ sin30 lPM −+=

θsin3PlM =

����� � �	�
��
 :��������� ��������  
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 �4��4 �*k��10.2 

���� 0� � 5� 6� %.C�4 8�  �U��	 ���θ  � \�! ��I 
�	 ��� ��. 5�X ��"
 ��Ih  � 0� 1 ��I k 0-�. "� 7"� 

.C�4 8� ���I�� ���!. 
��: 

•��� 	 ! �" #� �	 �� 	 ! �+�� )�. ����4 P 	� 
0H( 0�Q� y � ����4 F 	� 0H( )>�� y 0-�. 

CB

FB

yFyP

UUU

δδ

δδδ

−=

=+=

0

0

θδθδ

θ

cos

sin

ly

ly

B

B

=

=

θδθδ

θ

cos2

sin2

ly

ly

C

C

=

=
( )
( )hlk

hyk

ksF

C

−=

−=

=

θsin2

( ) ( )( )θδθθθδθ cos2sin2cos0 lhlklP −−=
PF

kl

khP

2
1

4

2
sin

=

+
=θ

����� � �	�
��
 :��������� ��������  

 �*k��  10.103 

160 N 

800 N 

200 mm 

200 mm 

100 mm 

A 

B 
C 

D 

θ 

�*��AB  	�A  �� )!�*� �G,� 0-� 
�! �4��� )� 	� 	 �B �� 	�X ����E 

�4���"
 0!�� ��!.  � ���I�� 7��! "� 
e 8U�� � 7"� % : �*�� 	���� �+��" θ 

a���� �� 0� � 5� 6� �	 ��� ��. 

10 - 22 ����� � �	�
��
 :��������� ��������  
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160 N 

800 N 

200 mm 

200 mm 

100 mm 

A 

B 
C 

D 

θ 

.١��� 	 ! �" #� �	 �� 	 ! �+���. �
� )�,��- �8�,� "� ��3 ��( /*� 	� 5 � 5� 6�  
%�B � 	 ! �" #� �! � :���4 )(	 < �! �� �,��- �	�� ��B )� ���� �: 7 8����9� 

�" #� �,��- �>� 0-�. 

 
1-1-  F+ 7 8����9� �" #� N+�6� ���!.  � &� >,-� "� F+ ��9,� F+ ���9� 7 8� �" #�  

���� . �� )+ :���4 �! 	 ! . #4� ��:� )� N+�6� ���!. 

10 - 23 ����� � �	�
��
 :��������� ��������  

160 N 

800 N 

200 mm 

200 mm 

100 mm 

A 

B 
C 

D 

θ 

1-2 - �! 	 ! �" #� �! ]-��  :���4 �  :	� ,�
 	� F+ ���9� 7 8� �" #� . #4� 
���
 )� �	 ���+���. 

 δU = F . δ r   �   δU = M δθ 

�!  δU 	 ! %�" #� F  )+���4 0-� �! 7 8����9� �" #� 7
 δr  0-� � M  )*L�!  
0-� �! \<�3 �" #� δθ �	��. 

 

1-3-  	 ! �" #� �	 ����� �>� 	��M &��� � ��� 6� �	 �� ���!. 

10 - 24 ����� � �	�
��
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160 N 

800 N 

200 mm 

200 mm 

100 mm 

A 

B 
C 

D 

θ 

160 N 

800 N 

A 

B 

C 

D 

θ 
θ 

200 sin θ 

200 sin θ 
yA 

xD 

���! N+�6� �	 �" #� 7 8����9�. 

yA = 400 sin θ 
 

δyA = 400 cos θ δθ 
 

xD = 100 cos θ 
 

δxD = _ 100 sin θ δθ 
10 - 25 

160 N 

800 N 

A 

B 

C 

D 

θ 
θ 

200 sin θ 

200 sin θ 
yA 

xD 

�! 	 ! �" #� �! ]-��  :���4 	�  
F+ ���9� 7 8� �" #� . #4� ���
 )� 

�	 ���+�4 )�. 

 
	 ! �" #� �	 ����� �>� 	��M &��� �  

��� 6� �	 �� ���! )�. 

�" #� 	 !:    δU = _ ( 160 N ) δ yA _ ( 800 N ) δxD = 0 

 
_ ( 160 )( 400 cos θ δ θ ) _ (800)(_ 100 sinθ δθ) = 0 

= 0.8 ;      tan θ = 0.8           θ = 38.7o sin θ 
cos θ 

10 - 26 ����� � �	�
��
 :��������� ��������  



12/2/2025 

14 

© 2003 The McGraw-Hill Companies, Inc. All rights reserved.  

 Vector Mechanics for Engineers: Statics 

S
e

v
e

n
th

 
E

d
itio

n
 

10 - 27 

����� � �	�
��
 :��������� ��������  

© 2003 The McGraw-Hill Companies, Inc. All rights reserved.  

 Vector Mechanics for Engineers: Statics 
S

e
v
e

n
th

 
E

d
itio

n
 

10 - 28 

Sample Problem 10.3 

A hydraulic lift table consisting of two 

identical linkages and hydraulic cylinders 

is used to raise a 1000-kg crate.  Members 

EDB and CG are each of length 2a and 

member AD is pinned to the midpoint of 

EDB.   

Determine the force exerted by each 

cylinder in raising the crate for θ = 60o, a 

= 0.70 m, and L = 3.20 m. 

DHFW QQU δδδ +== 0

• Apply the principle of virtual work for a 

virtual displacement δθ recognizing that only 

the weight and hydraulic cylinder do work. 

• Based on the geometry, substitute expressions 

for the virtual displacements and solve for the 

force in the hydraulic cylinder. 

SOLUTION: 

• Create a free-body diagram for the platform 

and linkage. 
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Sample Problem 10.3 
SOLUTION: 

• Create a free-body diagram for the platform. 

sFyW

QQU

DH

FW DH

δδ

δδδ

+−=

+==

2
10

0

• Apply the principle of virtual work for a virtual 

displacement δθ  

• Based on the geometry, substitute expressions for the 

virtual displacements and solve for the force in the 

hydraulic cylinder. 

θδθδ
θ

cos2

sin2

ay

ay

=

=

( )

δθ
θ

δ

δθθδ
θ

s

aL
s

aLss

aLLas

sin

sin22

cos2222

=

−−=

−+=

( )

θ

δθ
θ

θδθ

cot

sin
cos20

2
1

L

s
WF

s

aL
FaW

DH

DH

=

+−=

kN15.5=DHF
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���4 ,L �K�4� 

• When the differential work is a force is given by an 

exact differential, 

energypotentialinchangeofnegative

VVU

dVdU

=

−=

−=

→ 2121

• Forces for which the work can be calculated from a change 

in potential energy are conservative forces. 

����� � �	�
��
 :��������� ��������  
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5� 6� � ���4 ,L �K�4� 

• When the potential energy of a system is known, 

the principle of virtual work becomes 

θ

δθ
θ

δδ

d

dV

d

dV
VU

=

−=−==

0

0

• For the structure shown, 

( ) ( )θθ cossin2
2

2
1

2

2
1

lWlk

WykxVVV CBge

+=

+=+=

• At the position of equilibrium, 

( )Wkll
d

dV
−== θθ

θ
cos4sin0

indicating two positions of equilibrium. 
����� � �	�
��
 :��������� ��������  
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5� 6� � �	��+ L 

0
2

2

>
θd

Vd
2

2
0

d V

dθ
<

2

2
0

d V

dθ
=
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Sample Problem 10.4 

Knowing that the spring BC is unstretched 

when θ = 0, determine the position or 

positions of equilibrium and state whether 

the equilibrium is stable, unstable, or 

neutral. 

SOLUTION: 

• Derive an expression for the total potential 

energy of the system. 

ge VVV +=

• Determine the positions of equilibrium by 

setting the derivative of the potential 

energy to zero. 

0=
θd

dV

• Evaluate the stability of the equilibrium 

positions by determining the sign of the 

second derivative of the potential energy. 

0
2

2

<>
θd

Vd ? 
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Sample Problem 10.4 
SOLUTION: 

• Derive an expression for the total potential energy of the 

system. 

( ) ( )θθ cos
2

2
1

2

2
1

bmgak

mgyks

VVV ge

+=

+=

+=

• Determine the positions of equilibrium by setting the 

derivative of the potential energy to zero. 

( )( )
( )( )( )

θ

θθθ

θθ
θ

8699.0

m3.0sm81.9kg10

m08.0mkN4
sin

sin0

2

22

2

=

==

−==

mgb

ka

mgbka
d

dV

°=== 7.51rad902.00 θθ
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Sample Problem 10.4 

( ) ( )θθ cos
2

2
1 bmgakV +=

θθ
θ

sin0 2 mgbka
d

dV
−==

°==

=

7.51rad902.0

0

θ
θ

• Evaluate the stability of the equilibrium positions by 

determining the sign of the second derivative of the 

potential energy. 

( )( ) ( )( )( )
θ

θ

θ
θ

cos43.296.25

cosm3.0sm81.9kg10m08.0mkN4

cos

22

2

2

2

−=

−=

−= mgbka
d

Vd

at θ = 0: 083.3
2

2

<−=
θd

Vd
unstable 

at θ = 51.7o: 036.7
2

2

>+=
θd

Vd
stable 
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Some Numericals 

10 - 36 

Determine the vertical force P that must be applied at 

G to maintain the equilibrium of the linkage. 

����� � �	�
��
 :��������� ��������  
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The mechanism shown is acted upon 

by the force P; derive an expression 

for the magnitude of the force Q 

required to maintain equilibrium 

����� � �	�
��
 :��������� ��������  
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A 4-kN force P is applied as shown to the piston of the engine 

system. Knowing that AB = 50 mm and BC = 200 mm, determine 

the couple M required to maintain the equilibrium of the system 

when (a)   = 30°, (b)   =150°. 
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A slender rod of length l is attached to a collar at B and rests on a 

portion of a circular cylinder of radius r. Neglecting the effect of friction, 

determine the value of [} corresponding to the equilibrium position of 

the mechanism when l = 200 mm, r = 60 mm, P = 40 N, and Q = 80 N. 
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10 - ٦٢ 

Given:  

Find:  

Solution: 

Determine the force F acting on the cord which is required to maintain 

equilibrium on the horizontal 10 kg bar AB. (Hint: express the total constant 

vertical length of the cord in terms of position coordinates s1 and s2. The derivative 

of this equation yields a relationship between s1 and s2.) 

����� � �	�
��
 :��������� ��������  



12/2/2025 

32 

10 - ٦٣ 

Given:  

Find:  

Solution: 

A thin rod of weight W rest against the smooth wall and floor. Determine 

the magnitude of the force P needed to hold it in equilibrium for a given 

angle θ. 

����� � �	�
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10 - ٦٤ 

Given: rod, ρ 

Find: x, Reactions at O 

Solution: 

The crankshaft is subjected to a torque of M = 50 ft-lb. Determine the 

vertical compressive force F applied to the piston for equilibrium when 

θ = 600. 
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10 - ٦٥ 

Perhaps God would want you to become 
acquainted with many different people in the 
course of your life, so that when you meet  
 the right ones, 
you can appreciate and be grateful for them  

MF2



Slide 65

MF2 اشنا،اگاه ،مسبوق ،باخبر :acquainted
My Friend؛ ٠٣/٠٣/٢٠١٠


