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 ����� ���	
�(Constitutive Equation) 

 )Fungکتاب دوم  ١١و  ٧فصل (
�� ���	
� �
 ����� �� ����� ��	���
 ���� �� ��
�
 ���� ��. ��
  

 !�	
� "�#	�� ���$% ��
 �&	�� (mathematical abstractions) '  
�� ()� *	� ���'
 +�,� ���� �� 	- ��	�- ' ./�0
 	# *1 2���  

���.  
)"�#	�� ���$% �&	�� (Abstraction in mathematics) �4�1�5 6
����
 

78�89 :� ;�<�� �&	�� �
�= �>�?�
' *1 �� �	��
 �	��� �
@
' A7�
 
�� (B
 �)$� 7�
 �� �	��� �
@
' C���� ��	� ��' "�$
- ��
� ��� 	- 

���������� �	#����	� ������ ��	� ' 	� 	� ��	� "�#	�� �&	�� �	# ����D  
��	�� ' E�	
� F4#	$# ��	�.( 

 (https://en.wikipedia.org;visited 2016/3/7) 
��
 H�	�� ��>�	?$# (isotropic) I�4�	� ��
  !�	
� �	�?� ��	� ���� ��.   
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�� ��	�?� N
 (�	?� 
�# ' O1 
� *
�- �� ��P 6Q� �� �J� 75��. �� *
�4% E	R� �� (�	?� C���� �� 
���S- ()� I���N 6
��
 IT��	�@
 N
'�D :� I	$�D
�# *	��= �� 7= ' U
��9
 �� ��-�� '���0 	�  

���D "�V N
 7=Q� ��	� ' �� �J� ��5�� *1 �� *
�4% E	�� ��P 6Q� W�	�� ���0 �� 7�� ��1 ��.   
N
 .�X I�>�� (�	?� �$<� ��=' ���
� �� N
 7=Q� I��	� �V�� "� "# I��	� ��	L� ���D "�V ���. 

�4V E	R� N
 ��
 ���� N
 (�	?� �4-�	L% N
: �� 7�� *��'1 �'��� 	?D (drag) �� �'� :� 	$�D
�# 
�Y
 I�4� �� ���
- ��
 �� :� *	��= ;
�1 (laminar) 7�
 	� Z��S� (turbulent)I �	��� :� 

	$�D	[5 �� �'�' �� �= ���N ' ��� *�� ��-�� '���0.   
 

:� E	�� ��P I6Q� ��	�� 7�
 �� ��?�	- \4- *1 ��>�	?$# (isotropic) A7�
 �4
� �� ()� ��N 
7�
.   

               (7.2-1)  
�� p :� 7�$� ��	)�
 7�
 �� �	�5 ����	� ��� ��. �	# ���]� \4- �� :� E	�� ��P 6Q� �� ()� �?��-	�  

 �	L% 7�
 N
: 
 
                                                                                                                                     (7.2-2) 
 

�	�5 P  �� N	� ���
 E1 	� �,�
� 7�	9 ��N ��?�
' �� ��	>Vρ  ' 	�� T  7�
. 
 

            (7.2-3) 
�� R  7�	Y 7�	#N	�. 

   (Nonviscous Fluid)سیال غیرلزج   – 7.2

ij ijpσ δ= −

0 0

0 0

0 0

ij

p

p

p

σ
− 

 = − 
 − 
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P
RT

ρ
=

 E	�� �
�� I6Q� ��P 7��9 ���	
���� �� ��	� ��N ()� ��  . 

 
 

(11.8 -2) 3
, [ ]i

i

i

Dv p N

Dt x m
Xρ ρ

∂
= −

∂

�
�� :� N	� �8�89 	� :� I^�	� _`P
 *
�- �� :� ���	
� 7�	9 �� 7�� ��'1: 

                          (7.2-4) 
�� 7�	9 E	�� ��P (�	@ I"�
�- ���	
� 7�	9 �� ()� ��N �#
�0 ���.  

                                     ρ= const.                                   (7.2-5) 
 ��
��	4� �	�5 P �
�� E	�� ��P (�	@ "�
�- :� ��S�� ��	��0
 �#
�0 ���. 	<4- N
  !�	
�  

7��9 ' a�
�� �N�� �� 7�� ��1 ��.   

�� 	b4�
 ρ   ��	>V  AE	�� P  �	�5A v1, v2, v3  �	# ���]�  7%�� ' 

 X1,X2,X3  �	# ���]� �	#'��� ��L�	� �� �9
' ;�= 7�
.   
��
 *'Q5
 �� ��
 E	�� *c�$# (homogeneous) ' ��P (�	@ "�
�- Q�� I��	� �	>�1 ��	>V *1 7�	Y ' 

���	
� I�>����D �� ()� ��N �B/0 ��� ��. 
 

                                                                                                                         (11.8-3) 
 

��vi  �	# ���]� 7%�� 7�
.   

:� *
��� ��
��� �� ���	
� (11.8-3) 
� ���'1�� �N	� E
���4`� (solenoidal) �4�	� ��. 

( , , ) 0f P Tρ =
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0 or 0 or 0i

i

vu v w
V

x y z x

∂∂ ∂ ∂
+ + = = ∇⋅ =

∂ ∂ ∂ ∂

iji

j

i

Dv

Dt x

σ
ρ

∂
= +

∂
Χ →

"b9 �9
' �� ��L�	� �'��� 
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 سیال لزج نیوتنی
(Newtonian Viscous Fluid) 

5/11 "�J4- ' ��'1��� :���L�
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7.3 - ������ 	
�� 
:� E	�� �4-��� :� E	�� 6Q� 7�
 �� \4- ���� *1 _�	4�� 	� d�� )F4#1( ���S- ()�  

(               ) 7�
. �
�� E	�� �4-��� "��
�:   
 

(7.3-1) 

du

dy
τ µ=

ij ij ijkl klp D Vσ δ= − +

()����S- d�� ��?�	- 

��?�	- _�
�& 7=Q� E	��. �� 	�� �)$�  
7�
 �>�?� ���
� ��	� ��' �� \4- ' d��  

()����S- ��?�
' 7?��.   

\4- ��?�	- A�)�-	��
 �	�5 
  	�� ' ��	>V ��

��
� �>�?� 

��?�	-Dijkl  N
 :�� 4 ' 34=81 *	$�
 ��
�.  
��	$- ��
 	# 7�	Y (8�?� �4�?��.  

�
�	,� ��J� �
�
- �	# 7�	Y (8�?� 	� �� �J� ��5�� *�	8- �	#��?�	- Vkl'      ' ���	8- ��  
�� �	�0	� �$-
 E	�� ��=' I��
� *	)�
 ��fD 7�
.  

�����  !	�� ����>�	?$# (isotropic). 

ijσ
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��
 E	�� ��>�	?$# I��	� ��?�	- Dijkl  ��
�- �� �� _?9 '� 7�	Y λ ' μ (8�?� *	�� ���.  

(7.3-2) 
	� ��
f>�	= �� ���	
� (1) "��
�: 

 
 

(7.3-3) 
������	� ���	
� (3)  �	L% 7�
 N
: 
(7.3-4) 

��
 g�5 ��� \4- "�	@ a����        (8�?� N
 d�� h	?-
 Vkk �� *	$# e  (dilation) 7�
: 
 
 

I��	� �	>�1 ��	�: 
(7.3-5) 
I��
��	4� ���	
� "�	9  �	L% 7�
 N
: 

 

(7.3-6) 
 

��
 �,�
� �N	� a��- i����
 (George G. Stokes, 1845 ) ;	b�
 �� ' ��	�� �� N
  

�,�
� (6) 7�
L- �4� E	�� �?����
 �4��� �� ' 	<4- :� 7�	Y H�	�� μI _��& I7=Q� �
�� 
j��
- k
�0 *1 �5	� 7�
. 

( )ijkl ij kl ik jl il jkD λδ δ µ δ δ δ δ= + +

[ ( )]ij ij kl ij kl ik jl il jkp Vσ δ λδ δ µ δ δ δ δ= − + + +

2ij ij kk ij ijp V Vσ δ λδ µ= − + +

3 (3 2 )kk kkp Vσ λ µ= − + +
1

3
kkσ

(3 2 ) 0 2 3λ µ λ µ+ = → = −

2
2

3
ij ij ij kk ijp V Vσ δ µ µ δ= − + −
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11 22 33 11 22 33

1 1 1
( ) ( ) ( )

2 2 2
kk

u u v v w w u v w
V V V V e e e e

x x y y z z x y z

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
= + + = + + + + + = + + = + + =

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

��
 :� E	�� 6Q� (�	@��P "�
�- I��	� �	>�1Vkk=0 I   

 
' ���	
� ����� �
�� E	�� 6Q� (�	@��P "�
�-  �	L% 7�
 N
: 

 

(7.3-7) 
��
 μ =0 I��	� ���	
� ����� E	�� ��P 6Q� �� 7�� ��1 ��. 

 

(7.3-8) 
 

��=' �`$= �	�5 :�-	��
p  2��� ��44� ./�0
 ��	�
 ��� :��	)�  !	�� '  

���?���!
 7�
. �
�� �� 7�� *��'1 ��
 ��S�� I���= _`P
 g�5 ��� �� :� ���	
� 7�	9  
��=' ��
�: 

 

(7.3-9) 
 

�4�	� N	� ���
 E1 ' N	� �8�89. 

:� E	�� 6Q� (�	@��P "�
�- �� �� !	� j��
- I�� :� 7�	9 k	0 7�
 �� �� 	# *1 �	�5 p 
���S�� 7�
 �� N
  !�	
� 7��9 ' a�
�� �N�� �� 7�� ��1 ��. �-!	�� �� 7=Q� 	# *1  

	� �	# ���]� d�� ()����S- (7.3-1,3) �,�
�  �,0  ���
� 
� E	�� �4-��� �4�	� ��. �� ��P 
��
  ��B E	�� ��P �4-��� ����	� ��� ��. 

2ij ij ijp Vσ δ µ= − +

ij ijpσ δ= −

( , , ) 0f P Tρ =
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11 22 33

1 1 1
( ) ( ) ( )

2 2 2
kk

u u v v w w u v w
V V V V

x x y y z z x y z

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
= + + = + + + + + = + +

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ �>����D ���	
� 
0=
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 )حرکت((Navier-Stokes)استوکس -معادلات ناویر - 11.1
 )معادلات اساسی حاکم بر جریان سیال لزج نیوتنی( 

	� g�5  	���� ��Q-�	� x,y,z ' 	� �	# ���]� 7%�� u,v,wI �,�
� \4--\���  
(7.3-3) �� ()� ��N ����� ��� ��. 

 
(11.1-1) 

	�: 
 
 

 

(11.1-1a) 

2

( )

ij ij kk ij ij

jk i
ij ij

k j i

p V V

vv v
p

x x x

σ δ λδ µ

δ λ δ µ

= − + +

∂∂ ∂
=− + + +

∂ ∂ ∂

2 ( ), ( )

2 ( ), ( )

2 ( ), ( )

xx xy

yy yz

zz xz

u u v w u v
p

x x y z y x

v u v w v w
p

y x y z z y

w u v w w u
p

z x y z x z

σ µ λ σ µ

σ µ λ σ µ

σ µ λ σ µ

∂ ∂ ∂ ∂ ∂ ∂
= − + + + + = +

∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂ ∂ ∂
= − + + + + = +

∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂ ∂ ∂
= − + + + + = +

∂ ∂ ∂ ∂ ∂ ∂
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2
( 2 )

3

iji i
i i ij ij kk ij

j j

Dv Dv
X X p V V

Dt x Dt x

σ
ρ ρ ρ ρ δ µ µ δ

∂ ∂
= + → = + − + −

∂ ∂

 ���	
� �4�Q>�	= 	�(11.1-1) ��'	� ���	
� I7��9 ���	
� ��-��1 �� 7�� �� i����
: 
 
 
 
 
 
 
 
 

(11.1-2)  

2 ( ) ( )iji kk

i j i

p
X V

x x
V

x
ρ µ λ

∂ ∂ ∂
= − + +

∂ ∂ ∂

( )
1

( )
2

2 kji
i

ii j i kj

vv vp
X

x xx xx x
ρ µ λ

↓

   ∂∂ ∂ ∂ = − + + 
∂∂

+
∂

 
∂ ∂ ∂ ∂    ∂ 

�������������

( ) ( )( )i i k
i

i j j i k

j

j i

Dv v vp
X

Dt x x x x

v

x xx
µρ ρ µ λ

↑

∂ ∂∂ ∂ ∂
=

∂∂
∂

− + + +
∂ ∂ ∂ ∂ ∂∂

�������������

;�= �9
' �� ��L�	� �'��� 

��N	� ���'1�� Q�� 
�                                               �>����D ���	
� ��	� 7%�� �	# ���]�. ( ) 0 (11.1 3)k

k

v
t x

ρ
ρ

∂ ∂
+ = −

∂ ∂

t

ρ∂
∂

( ) 0 0k
k

k k

v
v

x x
ρ

∂ ∂
+ = → =

∂ ∂ ��� �� �B/0 ��N ()� �� i����
 ��'	� ���	
� '. 
 

(11.1-6) 
2

( ( )) 0i i
i

j

i ji j j

v

x x

Dv vp
X

Dt x x x
ρ ρ µ µ

∂∂
= − + + +

∂ ∂

∂∂
∂ ∂∂

"��
� '                                  I��	� "�
�- (�	@ ��P E	�� ��
: 
(11.1-5) 

const. (11.1 4)ρ = −

0 
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 �)�-	$4�� 7=Q� j��
- 	�  !�	
� ��
)��                 (  �?���
 ��P ��5	� Z��?� ()� ��

N
 7�
  �	L%: 
 
 
 

(11.1-7) 

ν µ ρ=

2

2

2

1

1

1

Du p
X u

Dt x

Dv p
Y v

Dt y

Dw p
Z w

Dt z

ν

ν

ν

ρ

ρ

ρ

∂
= − + ∇

∂

∂
= − + ∇

∂

∂
= − + ∇

∂

2 2 2
2

2 2 2
(11.1 8)

x y z

∂ ∂ ∂
∇ = + + −

∂ ∂ ∂

N
 7�
  �	L% ���/D! *1 �� ��: 

N
 �� ���	
� (11.1.7) ' ���	
� (11.1-5) *
�- �� �	<V E�<b� p,u,v,w 
� �
�� :� E	��  
6Q� ��P (�	@ "�
�- �� 7�� ��'1. 

11/11 "�J4- ' ��'1��� :���L�
��
 ��?9�$M�  


