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 مشتقات جزئی در مختصات کارتزین - 2.11
(Partial Derivatives in Cartesian Coordinates) 
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 مشتق کوارینت میدان ھای برداری - 2.12
(Covariant Differentiation of Vector Fields) 
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��        .�>
 �83� ().  

$��� /��� A�� (`1 9��'�?) (
_�L (�� /'���' �6�� �� _�� �
��� () f�@
� ��� � e&>) 

/8����1 ��	
��           )�� �
� p+qA /8�����&81 �� �
� p � /8����1 �� �
� q( �� �� /'� 

���-: 
 
 
 
 
 

 
�1 /8�����&81 �� �
� p � /8����1 �� �
� q+1 /'�. 

e&>) /8����1 �� V��
� /8����1 �� ��	
�� �Q��� �81 (). 

1

11 2 1 11

1 1 2 1 1

1 2 1 1

1 2 1 2 1

p

qp p p p

q q q q

p p p

q q q

T
T T

x

T T

T

α α
β βα α σα α α α α σα

β β σγ β β β σγ β β βγγ

α α α α α ασ σ
β γ σβ β β γ β β β σ

−

−

−

−

∂
= +Γ + +Γ

∂

−Γ − −Γ

⋯

⋯⋯ ⋯ ⋯

⋯ ⋯ ⋯

⋯ ⋯

⋯ ⋯

⋯

⋯

 �?)γ �81 ("
 �66K�. 

i
i i

x

σ
α σαα

ζ
ζ ζ

∂
≡ −Γ

∂

iζ

i α
ζ

iζ

1

1

p

q
T

α α
β β
⋯

⋯

17/34 

��&1 ��  
j6?:� 
�6��"
. 

�� �@
- �1 $�3 �%�b) ��	
��     �� 9�:&�) 4�O���1 )(8H�     ( /��0 A�8&	3 �� 
i��H� �Q�&	��1 ��"6' 

 
(1) 

  
 

 �)�H&) 4�O���1 9�:&�) �� ��"6' �Q�&	��1 �1 ��� .��� ()�%� /'�         .
  .(               ) 

 
 (aO# e&>) �� $��	
�� .��6) �� /8����1 e&>) 4�O���1 9�:&�) �� 4�����8�

/'� (D� .-. 

ijgijδ

0 in RccΓ =

1

11

1
in Rc, c

p

qp

q

T
T

x

α α
β βα α

β β
γ

γ

∂
=

∂

⋯

⋯⋯

⋯

1 2 3 1
( , , ) ( )

2

i i
g gg

x x x g
x x x

σβ αβσ ασ
αβ α β σ

∂ ∂∂
Γ = + −

∂ ∂ ∂

18/34 
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 معادلات تانسوری - 2.13
(Tensor Equations) 

<6=8� � $��-��� :$�>������ 46	��"?)  

�9�C&>) (aO# �M8� �� 9�:&�) 4�O���1 �
��	
��. �� 9�:&�) 5��� (8?8)  
��	
�� �8&	6
. �� <&	6' 9�:&�) 5��� (8?8) $��� �6��� ��	
�� ���# ���� ��  
e&>) /8����1 
��%&'� ���.  

20/34 

���	
  �
� 

()�"� $�3 �%�b) �� .��6)  
$��	
�� �� �� <&	6'  
9�:&�) �%� A�8��� 

.- �3 �%�b) �� ��L �m�8&) ��  
�"3 $�3 <&	6' 9�:&�) �,��  

�
�%�. 

�� ����H) $��	
�� �� �� 
<&	6' 9�:&�) P��� 

A���� 

�� ()�"� $�3 <&	6' 
9�:&�) �,�� O6
 P��� 

/'�. 

<M) �6I  �� 

��� () ��-��� �,�� ���: 

<6=8� � $��-��� :$�>������ 46	��"?)  
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$��	
�� 9_��H) �����1 �� (��3 B�G) 
B�G) 1 - /��0 �681 e&>) f�� /8����1 �� ��	
�� (��@��# ��[^ 

(Commutativeness) /'�. 
 

�� �@
- �1 e&>) /8����1 �� ��	
�� ��E O6
 �� ��	
�� A/'� 4�����8� <6
��� ()  
e&>) /8����1 .- �� O6
 �� /'� <���- �1 e&>) f�� /8����1 ��	
�� �6��� 
�6)�
  

��� (). e&>) f�� /8����1 �� �� $�3��T'� $�H� �� /'� <���- (). 
���     ��	
�� �6��� A���� e&>) /8����1 f�� .- 9���; /'� ��       . .�81� ��� �IQ  

('�6` � A���� .- �� .��� () �� <&	6' 9�:&�) 4�O���1 .�>
 ��� � <6
�� (): 

.١�� 9�:&�) A4�O���1 �"3 �Q�&	��1 $�3 ��"6' ('�6` � �
�%� � e&>) /8����1 �� 
��	
�� ����� �� e&>) (aO# ��	
�� ��� (). 

.٢�)� 9�C&>) (aO# ��� �&'�6^ A�8��� (��@��# �
��[^. 

.٣A4�����8� ����H) ��� �� (L�� �1 ()�"� �3 �%�b) �&'�6^ A�8��� �� 9�:&�) 4�O���1  
P��� /'�: 

 (1) 
 

.۴A4�����8� ����H) �� ()�"� $�3 <&	6' 9�:&�) �,�� <3 P��� /'�. 

ij ij

kl klT T
γδ δγ

=

ij

klT
ij

klT γδ

21/34 

ij ij

kl klT T
γδ δγ

=

���� ��-��� <��� �1 (��@��# ��[^ .��� e&>) f�� /8����1 �1 .�6� �� 5CQ 
�� $�IQ ('�6` � j6?� /'�. �� $�IQ �� ()�"; (8"�� (Riemannian) 

�� 9�:&�) 4D") /'� �� 4�O���1 ����� ��>
 � R�� 9��0� 
�� �&%� 76^ 
�
��� ("
 �� ��1 ���. �� A/C6C� �6I  n�h) 
�� �� ����H) (1) �� /��� (`1 

�� $�IQ (8"�� j6?� /	6
: 

9�C&>) /8����1 (���&) �� /��� (`1 �� $�IQ (8"�� (��@��#  
��[^ �8&	6
.   

)�`k	) 2.31  �� �686��(  
(
�6� ���>) �`k	) 2.31 �� �@8�� n�h) ��� (). 

22/34 
<6=8� � $��-��� :$�>������ 46	��"?)  



�������� ا��ا�����: 
�د
ور� و �����  12/5/2025 

12 

 � �� ����) /8����1 e&>)c�� /8����1 f�� e&>) .��� ��[^ (��@��# 

e&>) /8����1 ����) �� �� .��� () �� (���' �� i��H� e&>) /8����1 ����) 
�� �� /'� A���- ���� e&>) /8����1 ����) A�� ��E O6
 ��	
�� /'�. 

<����: i
i ijjj
A

x

A
Aα

α
∂

= − Γ
∂

i ik jkkjk

i j

ij

A
AA

x
Aα α

α α
∂

= − Γ − Γ
∂

)()()( γ
γ
αα

α
β

β
α

αα
α

α A
x

A
A

x

A
A

x

A

x
i

i
jkjjikijj

i

k
Γ−

∂
∂

Γ−Γ−
∂
∂

Γ−Γ−
∂
∂

∂
∂

=

γ
γ
α

α
α

α
β

β
α

ααααα
α

α

A
x

A
A

x

A

x

A
A

xxx

A
ijk

i
jkjikjikkijk

ij

jk

i ΓΓ+
∂
∂

Γ−ΓΓ+
∂
∂

Γ−
∂
∂

Γ−
∂

Γ∂
−

∂∂
∂

=
2

�� 46"3 J6���      �� .��� () �� o��H� $�# $�3 V��
�  j� k �� �h��� P�Q �� 
/'� ���-. 

kjiA

(1) 

γ
γ
α

α
α

α
β

β
α

ααααα
α

α

A
x

A
A

x

A

x

A
A

xxx

A
A ikj

i
kjkijkijjikj

ik

jk

i

kji ΓΓ+
∂
∂

Γ−ΓΓ+
∂
∂

Γ−
∂
∂

Γ−
∂
Γ∂

−
∂∂

∂
=

2

(2) 

 .��1 <1 ��(2) ��(1)  <����: 

٣ ٢ ١ ۶ ۵ ۴ ٧ 

 *٣*  ١*  ٢  *۴  *۵  *۶  *٧ 

=−
kjijki AA β

β
α

α
α

α

β
β
α

α
α

α

AA
x

AA
x

kijj

ik
jikk

ij ΓΓ−
∂
Γ∂

+ΓΓ+
∂

Γ∂
−

23/34 

����           � 4�� �� 4��"� 
 2.26 9��0� ��� (). 

r r

nm mnΓ = Γ

β
β
α

α
α

α

β
β
α

α
α

α

AA
x

AA
x

kijj

ik
jikk

ij ΓΓ−
∂
Γ∂

+ΓΓ+
∂

Γ∂
−

 ()�� $�3 V��
� o��H� ��α  �β <���� f��M\ � f�� 9T"# ��: 

α
α
β

β
α

α

α
α
β

β
α

α

AA
x

AA
x

kijj

ik
jikk

ij ΓΓ−
∂
Γ∂

+ΓΓ+
∂

Γ∂
− α

α
β

β
α

α
β

β
α

A
xx

kijj

ik
jikk

ij












ΓΓ−

∂
Γ∂

+ΓΓ+
∂

Γ∂
−=

�� �@
- �1:   �� ��	
�� /8����1 �� ����) 1 /'� � ���%� �� ��	
��            �� ��	
��  
/8����1 �� ����) 3 /'� ).�\ �3 e&>) /8����1 �� ����) /8����1 �� ��	
�� �Q���  
�81 ()(A   
4�����8�: �� .�
�  /8��1 .��� () �@6&
 /Q�� �1 �`"# �E�� ����1 $��	
�� �� ����) 4  

/'� �1 �� ����) /8�����&81 � 3 ����) /8����1 /'�. 4�� �@6&
 �� �� �h��� �� .�6)  

��%&'� <681 ():   

iA

αα

α

α
β

β
α

α
β

β
α

ijkkjijki

kjijki

kijj

ik
jikk

ij
RAAA

A

AA

xx
=−=

−
=












ΓΓ−

∂
Γ∂

+ΓΓ+
∂

Γ∂
− )(

j kj k

ijk

ij ik
ij ik

R x x

α α
β βα
β β

α α

∂ ∂
Γ Γ

= +∂ ∂
Γ ΓΓ Γ

��	
��     �� ��	
�� �Q�&	��1 (8"�� c�`�) �8��� () � .��� () .- �� �� �D� .�86)���  
��� /��
: 

α
ijkR

(*) 

(*) �� �h���    .��� () �@6&
 /Q�� �1 c�� f�_ � (Q�1 $��� (��@��# ��[^ .��� e&>) f��  
/8����1 4�� /'� �1     �%� ���� )�� $�IQ ('�6` � 4�� .�D)� ��#� ����(. �� /���  

(`1 )TG) ��� �IQ (8"�� ����(           � J6��� e&>) f�� /8����1 <M) /'�. 

α
ijkR

0≠α
ijkR

=−
kjijki AA

=−
kjijki AA

kjijki AA −

24/34 
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�6I  (P 96 Sokonikoff) II: 
c�� f�_ � (Q�1 $��� �D8�� ��	
�� .��C&) gij  ��           ��      B�C&
�  ����  �1 

    �3 ���;� A�
� (&��0 4�� /'� �1 ��	
�� �Q�&	��1 (8"�� �� gij �3 )     ( ��	
�� 
�%� ����.   

 

 

 
Rn )$�IQ n -$�H�( ('�6` � /'� ��� � �M8� ��� ��	
�� (8"�� ���%6
�)  

)manifold( �� ��	
�� �%� ����.   

0ijg ≠

('�6` � $�IQ �,�� i��H� 

25/34 

ijg

ijgijkR α

<6=8� � $��-��� :$�>������ 46	��"?)  

ij

kl kl i j kl j i

A
A A

x

α α β α β
α β α βα

∂
−Γ +Γ Γ +Γ Γ

∂

B�G) : ����) ��	
�� �� �� ����) /8����1 e&>)2 
�� ����) $��	
�� .��6) �� /8����1 e&>) �� �#�� ��                             :    A α

α
α

α
ijkjikk

ij

kij
AA

x

A
A Γ−Γ−

∂

∂
=

klijA����- /'� �� ��    . 
il jl kll

ij k
ij j i ijkkl k

A
A A

x
A Aα

α

α

α
α

α
∂

− Γ − − Γ
∂

= Γ

( )
ij

ik j jk il k

A
A A

x x

α α
α α

∂∂
= −Γ −Γ

∂ ∂

( )i
jl ik k ik

A
A A

x

α β βα
βα α β

∂
−Γ −Γ −Γ

∂
2

ij j jk iik
j ik i jkl k l l l l

A A A
A A

x x x x x x

αα
α α αα

α α

∂ ∂ ∂Γ ∂∂Γ
= − − Γ − − Γ

∂ ∂ ∂ ∂ ∂ ∂

i
jl jl ik jl k ik

A
A A

x

α α β α βα
βα α β

∂
−Γ +Γ Γ +Γ Γ

∂

j

il il k j il jkk

A
A A

x

αα α β α β
α β αβ

∂
−Γ +Γ Γ +Γ Γ

∂

α
α

α
α

ij

k

ji

kk

ij

k

ij AA
x

A
A Γ+Γ+

∂
∂

= ���>) ��L �� ���- /'� �� O6
 ��      �      .��� () .<����: 
kl

ijA

α

αα
α

α
α

ij

kl
k

ij

l
k

ji

ll

k

ij

kl

ij AAA
x

A
A Γ−Γ+Γ+

∂

∂
=

�� /)T; (%8) 9T"# �E- / � �681 �1 ��  
�L�E /8����1 .��� V��
� e&>) /8����1 /'� 

�1 ���� $�� V��
� $_�� �Q�&	��1 !"# �&	� 
���.   

)�����1 :()�"; 9�:&�) �� $�����' 9_��H) ��( 

( )
j

il k j jkk

A
A A

x

αα β β
α β αβ

∂
−Γ −Γ −Γ

∂

( )
ij

kl i j j i

A
A A

x

α β β
α β α βα

∂
−Γ −Γ −Γ

∂
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i

ji i i ik
j l j jl kl jlkl k k

A
A A A A

x

α α α
α α α

∂
= + Γ − Γ − Γ

∂

i

j kl
A
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B�G) 2 - �� .��8; �����1 �,�� 9_��H) $��	
�� .��� () �6I  ��� �� 9��0� 
��1: 

9�C&>) /8����1 $�3��	
�� ���&) ('�6` �gij  � $�3��	
�� /8�����&81 
�&6��'�gij  �
�%�. 

 

(2) 
 

9��0�: 
�� �@
- �1      �      A�
��	
�� ��� <6
��&� /?� ����H) (2) �� �� �� <&	6' 

9�:&�) q�E ('��� � 9��0� A<681 �6I  9��0� ��� (). 
.١<6
�� () �� 9�:&�) 4�O���1 9�C&>) /8����1 ����� �� 9�C&>) (�O# 

��� ().   
.٢�� (Q�L �� 4�O���1 gij �3 � gij �3 ���;� �
� /��0 )�D
��1 �8��&��( � e&>) 

�3 .- �%� ��� () � ����H) (2) �� 4�O���1 P��� /'�.   
�)� �� ZTE (l) .Eq .��� () /��0 ��1 �1 9_��H) )2( �� $�IQ (8"�� <3 

P��� /'�. 

0 , 0ij

ij k k
g g= =

ij k
g

ij

k
g

27/34 

 لاپلاسین در مختصات عمومی

orj ik

ki
v g j ikki

v g

 
<6&��� B��# ��:  

 

 
<���� <681 4�O,��# �� /8����1 e&>)              �� ���: 

 
 

 
 
 

$��� �� /'� .���- �h��� 46'T^_ ���� �h��� $��� �� ����� ui ����. �� �� 
�=
 4&Q�� (�T"# �1 �� �� Z�L ui A���� 46'T^_ 9���; /'� ��: 

1 2 3, ,ζ ζ ζ

2
2 kj l

kjk j l
g

ζ ζ ζ
 ∂ ∂

∇ = −Γ ∂ ∂ ∂ 

j ik

ki
v g

28/39 

2 ( )

i

i jk i i jkk
j kjjkj k

u
U u g u u gσ σ

σ σζ

∂
∇ = = +Γ −Γ

∂

2 [ ( ) ( ) ( )]
i i

i i i i jk

k j k kj kj k k

u u u
u u u u g

σ
σ σ β σ β

σ σ β βσζ ζ ζ ζ
∂ ∂ ∂ ∂

∇ = +Γ +Γ +Γ −Γ +Γ
∂ ∂ ∂ ∂
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Associated Metric Tensor: 

 )٣٣و  ٢.٣۴مسئله (لاپلاسین در مختصات استوانه ای 

 (Cylindrical Polar Coordinates) 

2 2 2
1

222 2 2 1 2

1

r r zθ ζ
     ∂ ∂ ∂ ∂

= + −Γ + =     ∂ ∂ ∂ ∂     
( )

2 2 2

2 2 2 2

1
r

r r r zθ
     ∂ ∂ ∂ ∂

+ − − +     ∂ ∂ ∂ ∂     

2 2

2 2

22

211

r zr r r θ
∂ ∂

+
∂ ∂

= +
∂∂

+
∂∂

2 2

2 2 2

11
r

r r r r zθ
∂ ∂ 

 
∂ ∂

= + +
 ∂ ∂∂ ∂ 29/39 

1 2 3, ,r zζ ζ θ ζ= = =

1 2 2

22 21 12

1
, ,and other 0i

jkr
r

Γ = − Γ = Γ = Γ =

2

1 0 0

1
0 0

0 0 1

ijg
r

 
 
 =
 
 
 

2

2
11

111

2

1

kj l

kjk j

l

l

g

g
ζ ζ ζ

ζ ζ

 ∂ ∂
∇ = −Γ ∂ ∂ ∂

∂
= − Γ

∂



∂

2 2
22 33

22 332 2 3 3

l l

l l
g g

ζ ζ ζ ζ ζ ζ
   ∂ ∂ ∂ ∂

+ −Γ + − Γ   ∂ ∂ ∂ ∂ ∂ ∂   
lζ

 ∂
 ∂ 

Associated Metric Tensor: 

 )٣٣و  ٢.٣۴مسئله (لاپلاسین در مختصات کروی 
 (Spherical Coordinates) 

2
1 2

33 332 2 2 1 2

2
1

222 2 1

2

2

1

sin

1

rr r φ θ ζφ ζζ
 ∂

= + + ∂ 

 ∂ ∂ ∂
−Γ −Γ

 ∂ ∂
−Γ ∂  ∂ ∂ ∂∂ 

30/39 

1 2 3, ,rζ ζ φ ζ θ= = =

2

2
11

111

2

1

kj l

kjk j

l

l

g

g
ζ ζ ζ

ζ ζ

 ∂ ∂
∇ = −Γ ∂ ∂ ∂

∂
= − Γ

∂



∂

2
22

222 2

2
33

333 3l

l

l

l

l
gg

ζ ζ ζζ ζ ζζ
 ∂ ∂

−Γ ∂ ∂ ∂

 ∂
+ +

 ∂ ∂
−Γ ∂ ∂ ∂∂  



2

2 2

1 0 0

1
0 0

1
0 0

sin

ijg
r

r φ

 
 
 
 =  
 
 
 
 

all other  
r

13

31

3

13 =Γ=Γ
3 3

23 32 cotϕΓ = Γ = 0=Γijk

1 1 2 2 2 2

22 33 12 21 33

1
, sin , , sin cosr r

r
φ φ φΓ = − Γ = − Γ = Γ = Γ = −

The Euclidean Christoffel symbols: 

2

22

2
2

2

2

2 22

1 1

sin
( s( ) ( s in coi ) sn )r r

r r r rr
φ φ

φ φθ
φ

φ
 ∂ ∂ ∂

− − −
   ∂

= + +
∂ ∂

− −
∂   ∂ 

− ∂ ∂ ∂ ∂ 
2

2 22

2[ ( )
1 1 1

(sin ) ]
sin sin

r
r rr

φ
φ φ φ φ θ

∂ ∂
∂ ∂

∂ ∂ ∂
= + +

∂ ∂ ∂
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$��� �����1 4�� R�� �8"���  )9_��H) $��	
��(A ���� 4k"h) ��� �1 �"3 9�6"1 �
��	
��.  
�� 
r�� ���� 4k"h) <6��� �1 �"3 �3���D'� ���;� �
� (&��0. 4�� �&D
 ��6	� <M) /'� ���� �) ��  

��O6Q (��6"1 �� �1 �8
�) $�3��	
�� �
� (�	
 O6
 
��%&'� <681 (). 
�� ��	
�� (�	
 �� .��ω  (&6"1 /'� �� (��3 �%�b) �1 46
��  B�C&
� �3 .- �� �3�m .��  

J��� 46��1�s �� .��� ω �� 46
��  B�C&
� �3��	
�� 9��%&) /'�.  
 

 
 

                             .�� �� (�	
 ���D'�ω                                                                  (3)  
            

 

               ����� /8�����&81 (�	
 �� .��  ω                                                            (4)   

 
  

��� ω=0 
�,
- .�"3 f�M%) (`�  .��6) $��	
�� �� <63��E /���. �D8�� �� (&6"1 ��	
�� ��  
��	
�� (�	
 /'� �� i��H� �) �� .- /6"1 (,&	� ����. 

( ) ( )
ji i
x

x
x

ω

α

β α

θ
ζ θ ζ

θ

∂ ∂
=

∂ ∂

( ) ( )
jx

x

ω

β

φ θ φ
θ

∂
=

∂

 (�	
 $�3��	
��(Relative Tensors) 
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<6=8� � $��-��� :$�>������ 46	��"?)  

B�G) 1: ()�# �1 �� �� <@� ��:?) 
�� �� J	� (��,\ .�6� ��� (). ��� xi 9�:&�) 
4�O���1 �)�H&) ���� �1 �� 9�:&�) 5��� (8?8) θi  B�C&
� ���� (): 

 
(5) 
 
 
 
 
 
 

 
         ��� .��8; �� �E- �`"# �� !����)!���  ( 
(��,\  9�:&�) ��θ  A
�,
- A��� i��H� 

   ��  .- �� .�� ��  (�	
 ���D'�/'� . 
 

��                                �,�� Z�L �� 
  e`h) ���D'�(absolute)   (��,\ �1 /'� 

)(D�O6Q (  �� 
��) �hC
 �� �� i��H� ���81 (). 

0 1 2 3 1 2 3( , , )
V

M x x x dx dx dxρ= ∫∫∫

( )ρ θ

0 0[ ( )] ( )x xρ θ ρ=

()�,83 �1 $��� (������  B��,&
� 
�
���8\ �� !��� $�� ��  

�6��
 �� R� �8)�� (Domain)  
�66K� �6K&) <63� () .�86)���  

46��1�s 
��%&'� ��� ().   

2

Cartesian:

Spherical:

sin

i

V dxdy dz

x
dr d d

r dr d d

α

ϕ θ
θ

ϕ ϕ θ

=

∂
=

∂

=

∫∫∫

∫∫∫

∫∫∫

2

2 2

4 2 2

1 0 0

0 0 ,

0 0 sin

sin , sin

ij

ij

g r

r

g g r g r

ϕ

ϕ ϕ

 
 =  
 
 

= = =
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[ ]0( ) x( ) i

j

x
ρ θ ρ θ

θ
∂

=
∂

1 2 3 1 2 3( , , )
V

d d dρ θ θ θ θ θ θ= ∫∫∫

 ��T'� ��
 .�>
 $�H�
��� () 
��� . 

0 1 2 3[ ( )] i

V
j

x
x d d dρ θ θ θ θ

θ
∂

=
∂∫∫∫



�������� ا��ا�����: 
�د
ور� و �����  12/5/2025 

17 

B�G) 2: .�86)���g  ��	
�� ���&) ('�6` �gij  �1 .�
�  B�C&
� .- �� �D� ��� /'� �� �� 
�=
 ���6,�. 

 

(6) 
 

 

���              A .�86)���       A���� �� �� ��� 
��%&'� �� �h��� ��� �� .�86)��� �� ����H)  
(6)  �� (&��� .��� () 9��0� ��1 �1: 

 
 

 
(7) 
 

4�����8� g  �� ���D'� (�	
 �� .�� �� /'�. 
��� �>�� ����H) (7) �� A<��6,� <����: 

 
 

 
<6
�� () �1 ���xi  9�:&�) 4�O���1 �)�H&) A����g=1 . 4�����8� ����H) (7) .�>
 �3� ()  

�1                                 46��1�s B�C&
� /'�. 

( ) ( )
ji

ij

xx
g g xαβ

α β

θ
θ θ

∂∂
=

∂ ∂

g gαβ=gαβ

2

( ) ( )ixg g x
α

θ
θ

∂
=

∂

[ ( )] i jg x xθ θ= ∂ ∂

2

( ) ( ) ( ) ( ) ( )
j j ji i i i

ij ij

x x xx x x x
g g x g x g x g xαβ

α β α β α β α

θ
θ θ θ θ θ θ θ

∂ ∂ ∂∂ ∂ ∂ ∂
= = = =

∂ ∂ ∂ ∂ ∂ ∂ ∂
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( ) ( )ixg g x
α

θ
θ

∂
=

∂ /'� �� .�� �� (�	
 ���D'� ��       4�����8�. g

 4�����8�<@� /��
 ��� �D� �� .��� () �� �&	� jh' �� �� ��:?): 
(8) 
 
 
 
 
 

B��,&
� �E- /6"3�      �� �� �6
�D) .�>
 �3� ().   
 

$�3 R�� 9_��H) $��	
�� �� $�3��	
�� (�	
 �����1 �
���
.  
 

4�����8� �� �� ����H) $��	
�� i��H� J'�8) ()�"� �3 /6"1 �1 ��	
�� �8��� 
<M) /'�. 

1 2 3

1 2 3

1 2 3[ ( ] .)

i

V dx dx dx

d d d
x

d d dg x

α

θ θ θ

θ θ θ

θ

θ

∂

=

∂
=

=

∫∫∫

∫∫∫

∫∫∫
g

34/34 
�3��T'� $�' 4�� .���^ 

<6=8� � $��-��� :$�>������ 46	��"?)  
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Note: The results obtained above hold true also for two-dimensional spaces, 
provided all indices range over 1 and 2 only. A curved shell in a three-
dimensional Euclidean space appears, in general, to be a two-dimensional non-
Euclidean space to a "two-dimensional" animal who has to measure distances 
right on the shell surface and is never allowed to leave the shell surface to view 
the third dimension. For a spherical surface, the nonvanishing components of 
the two-dimensional Riemann-Christoffel curvature tensor are all equal to a 
constant, which may be written as 1. For a flat plate, they are zero. For certain 
hyperboloidal surface all the nonvanishing components of curvature may take 
on the value -1. Since the spirit of the theory of thin elastic shells is to reduce 
all the properties of the shells into differential equations describing the middle 
surface of the shell, an engineer deals with non-Euclidean geometry rather 
frequently. 

Hyperboloidal surfaces 

Two sheet One sheet 35/34 


