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  ھای بالاتر ) رتبه(میدان ھای تانسوری از رنک   – 2.5

(Tensor Fields of Higher Rank) 

© M.H. Abolbashari, Ferdowsi University of Mashhad 
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 چند تانسور ویژه مھم - 2.6
Some Important Special Tensors 
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��	
��Y @	
6� �E	� 8�=� �� 
� � J��� @4 �� �	� 8�l��: 

2) 10 

2)  1,2,5,6 %�!D �
� +	�5�: 

/�0�� � ���1��2 :��$!3�
*� +��4�56�  

 اھمیت ویژگی ھای تانسورھا  2.7-
(The Significance of Tensor Characteristics) 
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�	 83�
7� �� %��
I ���
� %� �� 8��� �
� /���<  
?��� �!�7� �-
* 8� �� 8�5(  
�1 %	
��
��
� 
* �
� %2m	� )��� � F
�( �
�A	 ��-
*. 

�+	��*
�* @��6� ��
��
� ���
� @��6� ��
7*� (dimensional analysis) ��  
��
< 8O*�� j*��� %A	'�Y /B� �<�. 

@��6� ��
7*� �* \
<� +	� @I� ��
�<� �<� 8� �	 �
�
D %A	'�Y �	
* @d��� ��  
�4�� _;�< �
���n�� %A	'�Y �-
*. 

@��6� ��
7*� %E�
Eb  ����n� �	 ��5� %A	'�Y �� �* \
<� [
���� %I
H ��  
�
��4�� %<
<� )�P
C :�( � �
��( o�$� ��� %�: 

•�� ��5� %A	'�Y �� %��
I ����
� %� �*��* ��-
* 8� �
7*� )�
���
5	�( %�
�A	  
8�-�� p��-
* 

• )�
7� %A	'�Y �� %��
I ��� K�6I 8� 
* ���n� �4�� �
� ��5� %A	'�Y )LMN�  
�� �	��� 8* %���E��( ���n� ���A�. 
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	 ���� 
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� _�� ��  
�5� ��
��
� �� �0� ����2 %�  �
RD �<
� �1 ��	� 
* ��7D�� �1 �
2�
<  
�<�. 
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B<  �
=�  
@&
D ��- +�* ��	������� � ��	��
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 تانسورھای کارتزین متعامد 2.8-
(Rectangular Cartesian Tensors) 

/�0�� � ���1��2 :��$!3�
*� +��4�56�  

/	�	� 8� �	
* +�* +���
D P
d��� �
��
��
� ��	������� � ��	��
�  �
=� @&
D 
�-. 
�� �2� P
d��� +�* �� /���<  
?��� +	'��
� ��
7�� �-
*  �
=� +�* 

��	������� � ��	��
� �� +�* ��� %�. 
 

�2�             �              �� /���<  
?��� +	'��
� ��
7�� ���-
* �
�
D 
P
d���  �
!" �<� ��: 

(1) 
 

8� �� �1al, a2, a3  ���"� ��� �*
S �βij  
� \
���� ��
���	�� �
	��� �
�����* 8A	   

�� ������ �
��
6�     � xj ���. 
 

(2) 

1 2 3, ,x x x1 2 3, ,x x x

,i ij j ix x aβ= +

ix

21 2 1cos ( , )x xβ =

18/47 
/�0�� � ���1��2 :��$!3�
*� +��4�56�  



�������� ا��ا�����: 
�د
ور� و �����  12/5/2025 

10 

�� �<�  �
!" \
A7� P
d���: 
 

(3) 

+	��*
�*: 
(4) 

�	� P
d��� +���
D +�*  �
=� � 
 (2.4:2) 

 �  
(2.4:4)  

��� %� +�* ��. 

( )
i i ji j i ji jk k j i ji jk k ji j
b x x x x a x x aβ β β β β β= − = − + = − −

i ik k ji j i i ji j ki kx x a x x a aδ β β β= − − = − − −=
�
- K�6?� �	
* [
�� �� 8O*�� +	�. 

kiikk bxx += β ikiki axx += β

k i
ik

i k

x x

x x
β

∂ ∂
= =

∂ ∂

cos( , ) =cos( , )

,

i i j j i j i j i

ji j i

x x x x b x x x b

x bβ

= + +

= +

2 3 1 2 3( , , ) ( , , )
i

i l k

k

θ
ζ θ θ θ ζ θ θ θ

θ
∂

=
∂

1 2 3 1 2 3( , , ) ( , , )
k

i k i

θ
η θ θ θ η θ θ θ

θ
∂

=
∂

/	��2 %� #�$� /	��2 %� #�$� 

�
- X
" ���
� %� 8	��� �	 �� 
��
6� W����. 

(1) or 

+�* 8O*��b   �a: 

19/47 

�
� 8=3>� �	 ����* �� �� /���<  
?��� +	'��
� ��
7�� 8* @A-  
�	� 8* /� �
*�� ��
- %�. 

 
 

� �
� 8=3>� �	 �
��
� �� ��� �� '�� 8* @A- �	� 8* /� �
*��  
��
- %�. 

 
 
 

%�
E�� 8� 
B�� �
� /���<  
?��� +	'��
� ��
7�� ��
� �0�  
���-
* 85� 
� �	��� �� +�	
, /��	
� %�. +	� �
� �� %�
5� s4
!�  
%<�� P
!�� �
- %�.   

1 2 3 1 2 3( , , ) ( , , )i ij jx x x x x xη β η=

2 3 1 2 31( , , ) ( , , )ij ik js k sx x x x x xζ β β ζ=

�
- K�6?� �	
* [
�� �� 8O*�� +	�. 

20/47 
/�0�� � ���1��2 :��$!3�
*� +��4�56�  
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%�	��� � �����* _	
5� 
 8�l�� �� J�- 8&��� P��( 87<
�2.32   [
��  

(A first Course in Continuum Mechanics by Fung, 1977) 

 جدول مقایسه ای چند تعریف ریاضی 

/�0�� � ���1��2 :��$!3�
*� +��4�56�  

 :مقدمه
 یکهبردارھای 

�8A	 �
�����* W�4 �* �1 �
� 8=3>� � ����* `	�7�: 

 

+	'��
�: 

�� 8��
�<�: 

����: 
 (x,y,z,r,θ and φ are not summed) 

 

 +	� �
� 8=3>� �� 
� 8=3>�%A	'�Y �<� %A	 
� �1 %A	'�Y �
���
5	� � ��	
2 %� . 8*
   �2� P
N� ��
�"  ����* �1 �4�� � �-
* �"�<m/s 
� 8=3>� �1 85� �4�� �m/s �<�. 

 �-
� +�	
, 
	 )
* ��
� %� J�
�3� 8* �� 
� �1 �	��� %Y�C ��)  8� ������ �
��
� ��	�
�-
* /B� 
� �1 �� �	��� @6�.( 

r z

r r z z r zV e v e v e v e v e v e vθ
θ θ θ= + + = + +

� � � � � � �

r

r r r
V e v e v e v e v e v e vϕ θ

ϕ ϕ θ θ ϕ θ= + + = + +
� � � � � � �

x x y y z z x y z
V e v e v e v v i v j v k= + + = + +

� �� ��� � � �

V
�

22/47 

1 1 2 2 3 3V e v e v e v= + +
� � � �

( ), ,x y z

( ), ,r zθ

( ), ,r φ θ

/�0�� � ���1��2 :��$!3�
*� +��4�56�  
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 بردارھای مبنا 
�`	�7� ����* � �
� 8=3>� �1 �* W�4 �
�����* 
�!� )�� �
��	M<� �7* 8* �
C  

t��$� `	�7� ���
H �-(: 

+	'��
�: 

�� 8��
�<�: 

����: 
 (x,y,z,r,θ and φ are not summed) 

+	� 
� 8=3>� )/"� �� ��	��
� 
	 ��	�������( �� �
� 8=3>� ��
��
� ��	
2 %� �  
�
���
5	� %A	'�Y 
� �1 +A5� �<�  �
=�� �-
* %3� 85� ���
��
�. 

       �     � �
�����* 8*
$� �1 �� 8* W���� �
�����* �
�!� ��	������� � �
�����*  
�
�!� ��	��
� ���
� %� � ���d� 
� �1 �	 ���� � �� j*��� �	� 8!<
6� ��
- %�. 

  ,     r not summed. 

 

 

, r rr

r rrg g g g= =
� �

x x y y z z x y z
U e u e u e u u i u j u k= + + = + +
��� � �� ��� � �

r z r z

r z r zU g u g u g u g u g u g uθ θ
θ θ= + + = + +

��� � � � � � �

r r

r rU g u g u g u g u g u g uϕ θ ϕ θ
ϕ θ ϕ θ= + + = + +

��� � � � � � �

r

rg g
� �

23/47 

( ), ,r zθ

( ), ,r φ θ

( ), ,x y z

/�0�� � ���1��2 :��$!3�
*� +��4�56�  

Vectors and Tensors(p 515) 
��  
?��� �� 8��
�<�           � �	 ����* ���
�     �� ��
� %� �* W�4 �
�����* 

�
�!� 8A	 ��
7��              8* @A- �	� �-
�: 
 

                                                                                         (r,θ and z are not summed)  
             

�� 
;�	�            �
� 8=3>� %A	'�Y ����*   ��� � 8� �
� 8=3>� ��
��
� �1  
)_�* 2.14 �� ����!*( ��	�        �
�����* ��� 8A	. �
�����* �
�!� 8A	  

 
?��� �� 8��
�<� 
* �
�����* �
�!� 8A	  
?��� +	'��
�           8* @A- 
�	� 8* /� �
*�� ��
- %�.   

 
 

+	� 
� 8=3>� �� �7* �� %Y�7� �
�����* 
�!� � 8=3>� %A	'�Y 8* �<� /	��1 %�. 
 
?��� �� /���< 8* @A- �	� 8* /� �
*�� ��
- %�.  

( ), ,r ze e eθ

� � �

V
�

r r z z
V e v e v e vθ θ= + +
� � � �

( ), ,
r z
v v vθV

�

( ), ,
r z
e e eθ

� � �

( )1 2 3
, ,e e e
� � �

1 2
cos sin

r
e e eθ θ= +
� � �

1 2sin cose e eθ θ θ= − +
� � �

3z
e e=
� �

1
cosx x r θ= =

2 sinx y r θ= =
3x z=

( ), ,r zθ

24/47 
/�0�� � ���1��2 :��$!3�
*� +��4�56�  
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Vectors and Tensors(p 515) 

��  
?��� ����� �
�����* �
�!� 8A	          
* �
�����* �
�!�  
8A	              
?��� +	'��
� 8* @A- �	� 8* /� �
*�� ��
- %�. 

 
 
 
 

 
?���          �               8* @A- �	� 8* /� �
*�� ��
- %�. 

( ), ,re e eφ θ

� � �

( )1 2 3
, ,e e e
� � �

( )1 2 3
cos sin sin cos

r
e e e eθ θ φ φ= + +
� � � �

( )1 2 3
cos sin cos sine e e eφ θ θ φ φ= + −

� � � �

1 2
sin cose e eθ θ θ= − +

� � �

( ), ,r φ θ( )1 2 3
, ,x x x

1
sin cosx x r φ θ= =

2
sin sinx y r φ θ= = 3

cosx z r φ= =

25/47 
/�0�� � ���1��2 :��$!3�
*� +��4�56�  

( , !, �) 

(ρ, φ, �) 

($, θ, φ) 

�<�  �
=�� @!D �
��	M<� 
* 8� �
- 8(
� 
���n�� :
� 8*.  
26/47 

/�0�� � ���1��2 :��$!3�
*� +��4�56�  
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 �	�
�
�
���� 

��	��� �	�
�   �����
�����

 
) �����

�� �	���
���� �( 

��� 

) 	!�
�" 
� �	�
�( 

+	'��
�  
?���    
?���
%�
5" 

V
� ori i iv v e

�
ori

iv g
�

VU
��

⋅=λ
i i

x x y y z z

u v

u v u v u v

λ =

= + +

W U V= ×
� � �

kjijki vuew =

1 

1 

0 

gradϕ ϕ= ∇
�

or i

i i

e
x x

ϕ ϕ∂ ∂
∂ ∂

� 1 

gradV V= ∇
�� �

, j

j

i
i

x

v
v

∂
∂

≡ 2 [ ]

























∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

=∇

3

3

2

3

1

3

3

2

2

2

1

2

3

1

2

1

1

1

x

v

x

v

x

v

x

v

x

v

x

v

x

v

x

v

x

v

V
��

r

rg
θ
φ

∂
∂�

ori

i jj
v v

ori i

i i

u v

u v

orijk j k

i

i

ijk j k

u v g

u v g

ε

ε

�

�

Vector 

Dot product 

Vector product 

  %:nabla or del: 
Gradient of scalar field 

Vector 
 
 gradient 

8=3>� 
 ��
��
�  

8=3>� 
 %A	'�Y  i

iv g
�

#�$� ��	��
� �	 
����* 8� �� J��	1 

`	�7� /��� %�. 

 �� #�$� ���* �� ��
?�H� ��M" +	�
�� +	'��
�  
?��� 
/��� %� `	�7� J��	1. 

 

O1

�
���� �	�
� 
)�����( 

��	��� �	�
�   �����
 
�����

) �����
���� ��� �	���( 

��� 

) 
� �	�
�
 	!�
�"( +	'��
�  
?���    
?���

%�
5" 

       

divV V= ∇⋅
�� �

,
i

i i

i

v
v

x

∂
=

∂ 0 or
i

i ii
v v

curlV V= ∇×
�� �

jkijk

j

k
ijk ve
x

v
e ,=

∂
∂ orijk k

i
j

v gε
�

1 

VVV
�����

∆=∇⋅∇=∇2
iij

ii

j

i

j

i

v
xx

v

x

v

x
,

2

)( =
∂∂

∂
=

∂

∂

∂
∂

orj ik

ki
v g

1 



















∂
∂

∂
∂

∂
∂

=×∇

321 vvv

zyx

kji

V
��

VV
����

2).( ∇≠∇∇
( )

j

i j

v

x x

∂∂
=

∂ ∂
1 

divergence 

Curl 

Laplacian 

Gradient of 

divergence of  &   

orj ki

kj
v g

j ikki
v g

j ki
kj

v g

i

ijk k
j

v gε
�

22 2 2( , , )y zxV VV V∇∇ = ∇ ∇
�

2 2
2

2

2 2 2x x x x
V V V

x
V

y z

∂ ∂ ∂
= + +

∂ ∂ ∂
∇

, , ,x x y y z zv v v= + +

2

,

j

j ij

i j

v
v

x x

∂
=

∂ ∂ 28/47 



Slide 27

O1  .توجه شود که اگر در نمایش یک بردار مولفه ھایی در بردارھای یکه ضرب شوند، آنھا مولفه ھای فیزیکی ھستند
.ھا بردارھای مبنا ( و نه یکه) ھستند و مولفه ھای بردار مولفه ھای تانسوری اند gr ولی در اینجا
OliveSoft٢٨/١٠/٢٠١۶ ؛



�������� ا��ا�����: 
�د
ور� و �����  12/5/2025 

15 

 ) ۵١٧صفحه (اپراتور دل   

           8A	 �
�����* 

�+	'��
� �� 
 

��� 8��
�<� �� 

 

 

 
����� �� 

∇
�

1 2 3

1 2 3

i

i

e e e e
x x x x

∂ ∂ ∂ ∂
∇ = = + +

∂ ∂ ∂ ∂

� � � � � ( )1 2 3, ,e e e
� � �

( ), ,r ze e eθ

� � �

( ), ,re e eφ θ

� � �

1 2 3

1 2 3

1 2 3
11 22 33

1 2 311 22 33

11 22 33

r

r

r rz z

e
e e
r r

g g g g

g g g
g g g

g g g

g e g e g e
r zz

θ
θ

θ θ θ θ

θ θ θ

θθ

∂ ∂ ∂ ∂
∇ = = + +

∂ ∂ ∂ ∂
∂ ∂ ∂

= + +
∂ ∂ ∂

∂ ∂ ∂
=

∂ ∂ ∂
+ + =

∂ ∂
+

∂∂
+

∂ ∂

�

�
� � � �

� � �

� � �� �

2

1 0 0

1
0 0

0 0 1

ijg
r

 
 
 =
 
 
 

2

2 2

1 0 0

1
0 0

1
0 0

sin

ijg
r

r φ

 
 
 
 =  
 
 
 
 

11 22 33

sin

rr

r

r

e e

g g e g

e
r r r

e g e
r

φ θ

φ θ

θ θ

φ θ

φ

φ
∂

∂ ∂ ∂

∂ ∂
+ +

∂ ∂ ∂

∂
∇ = = + +

∂ ∂ ∂ ∂

=
�

�

�

��

�

� �

29/47 
/�0�� � ���1��2 :��$!3�
*� +��4�56�  

 )٣٣و  ٢.٣٢مسئله (در سسیستم مختصات مختلف 
           8A	 �
�����* 

 

�+	'��
� �� 

 

��� 8��
�<� �� 
 

����� �� 

 
 

�� �
��	M<� ��7* 8� #�$� ��	��
� `	�7� �- +	� �
���,� �� 8* �<� 
/	��1 %�. 

2 2 2
2

2 2 2x y z

∂ ∂ ∂
∇ = + +

∂ ∂ ∂

2 2
2

2 2 2

1 1
( )r

r r r r zθ
∂ ∂ ∂ ∂

∇ = + +
∂ ∂ ∂ ∂

2
2 2

2 2 2

1 1 1
[ ( ) (sin ) ]

sin sin
r

r r r
φ

φ φ φ φ θ
∂ ∂ ∂ ∂ ∂

∇ = + +
∂ ∂ ∂ ∂ ∂

( )1 2 3, ,e e e
� � �

( ), ,r ze e eθ

� � �

( ), ,re e eφ θ

� � �

2∇

30/47 
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+�Y�C �	 83�
7� ��
��
� �� ��
� %� �� �	 ��5� 
* �	��� ���1  
[�G ���.    
 P
N�1: βαβα sas =

aατ aατβαβα sas =

cα βαβα sas = cα

�� ��b 8� 
* [�G     ����*     @	�!� 8*  
�3
A<� J�- )�� 
;�	� �
0�� ���* �	��� ���1  

J�-( %3� 83�
7� �� �0�  
��5" %�	��� K�6I  
�<�. 

αcαs

 P
N�2: 
µλγλαµαγ σββσ =

µλγλαµαγ σββσ =αω γτβ β
µλλτµω σδδ=

µωδ
λτδ

ωλλτσδ=

ωλσ ωτσ

ωτσ=

/B� : u��$� ��r �	��� @6� 8� �
- �D�)ω (��� ���n� �	
!�. 

αω γτβ β

31/47 
/�0�� � ���1��2 :��$!3�
*� +��4�56�  

 P
N�3 : ���� �*
S��
7�� +	'��
�  
?��� /���< ��   : 

curl curl grad divV V V= − ∆
� � �

@4 :/���� %� 
oc rurl k

k

j

ij

v
V V e

x

∂
= ∇×

∂

�� �

+	��*
�*: 
curlcurl ( )m

ij lm

j

k k

l

v
V e e

x x

∂ ∂
=

∂ ∂

�

2

m
klmijk

j l

e
v

e
x x

∂
= =

∂ ∂

ij

j

xx

v

∂∂

∂
=

2

( ) grad divV V V V= ∇ ∇⋅ −∇ ⋅∇ = − ∆
� � � �� � � �

2

m
kj

l

k lm

j

i

v
e e

x x

∂
=

∂ ∂ lj

m
jlimjmil

xx

v

∂∂
∂

−
2

)( δδδδ

jj

i

xx

v

∂∂
∂

−
2

)()(
j

i

jj

j

i x

v

xx

v

x ∂
∂

∂
∂

−
∂

∂

∂
∂

=

32/47 
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 P
N�4: �2�   ����* @�
4 �� 8Od� ��r o�$� �� /���<  
?��� +	'��
� 
��
7�� �-
* � ���d� +	� ����*    ��-
* �
$� ����: 
r
�

r

div ( ) ( 3)n nr r n r= +
�

@4 : X�Y8=3>� /��� %�                    �
� �-
*. rixi
�

,)3,2,1( =

/���� %� 
� 

/	��2 %� #�$� Z
Y 8O*�� +�Y�C ��: 
 
 
 

+	��*
�*: 
 
 

div 3i

i

x x y z
r r

x x y z

∂ ∂ ∂ ∂
= ∇ ⋅ = = + + =

∂ ∂ ∂ ∂

�� �

iixxr =2

)(2 jj

ii

xx
xx

r
r

∂
∂

=
∂
∂

iijj

i

j

j

i

j

j xx
x

x
x

x

x
x 22 ==

∂

∂
+

∂

∂
= δ i

i

x
x

r
r 22 =
∂
∂
	 

r

x

x

r i

i

=
∂
∂

div( ) ( ) ( )
n

n n n n i
i i

i i i

x r
r r r r r x r x

x x x

∂∂ ∂
= ∇ ⋅ = = +

∂ ∂ ∂

�� �

)(3)(3 11

r

x
nrxr

x

r
nrxr in

i

n

i

n

i

n −− +=
∂
∂

+=

nnnnn

ii

nn rnnrrrnrrxxnrr )3(333 222 +=+=+=+= −−
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� �
��
� �� /B� 8O*�� ��b 
3=iiδ

3=ijijδδ

3=jkikij δδδ

63933 =−=−×=−== jjjiijjjiikijkijkijijk eeee δδδδδ

0=kjijk AAe w�
H �� ����* �	 %(�
H [�G 

kijkji eeee
���

=× 8A	 ����* �� %(�
H [�G 

ii eaa
��

⋅=
ii ebb
��

⋅=�	��E* �0� �� ��              �               ����* ��. 

( ) ( ) ( )
i i j j i j i j i j ijk k

a b a e b e a b e e a b e e× = × = × =
�� � � � � �
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��	
��Y @	
6� �E	� 8�=� �� 
� � J��� @4 �� �	� @&
��:  

A1-A12 

2)  1,2,5,6,10 %�!D �
� +	�5�: 

�<� %<��<� @*
D ��
;� w�
�1 �	
< �� @&
�� +	� . 

/�0�� � ���1��2 :��$!3�
*� +��4�56�  

+�<M,) 

r

rrv g = %A	'�Y 8=3>� 

��
��
� 8=3>� 

rr

rv g = %A	'�Y 8=3>� 

��
��
� 8=3>� 

8(
�: �� j*��� [
�� ����* �� 8*  �
I ��	������� �� �0� 8�Y�2 � %�D� 8=3>� %A	'�Y  

� �1 �� 8�-
� �
b @6� �	��� /B� J�
!� 
� �1 �� 8*  �
I ��	��
� 8�-
� �<�. 

%A	'�Y �
� 8=3>� 

Gradient of a vector field and not Vector gradient 

(r not summed) 

��
��
� 8=3>� �� %A	'�Y 8=3>� ����1 �<� 8* %E�
Eb: 

%A	'�Y �
� 8=3>� 
/	��1 %� �<� 8* �7* �	M<� ��.  
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%A	'�Y �
� 8=3>� W�4 �* ����* 
+	'��
� W�4 �* �� 8��
�<� 8A	 �
�����* 

 
/	�
* J���1 �<� 8* LM!D �� �� 8��
�<� �� P� ����*: 

 
    �
!"        ����* �� P� ����* %�H�� [�G @A- 8* 

 
 

   
d�$� �
���                     /	��1 %� �<� 8* ��: 

i

r zi

e
u u e

u u u
e

r r z

θ

θ
∂ ∂ ∂

∇ ⋅ = = ⋅ + ⋅ + ⋅
∂ ∂ ∂

�
� � ��

1 2cos sinre e eθ θ= +
� � �

1 2
sin cose e eθ θ θ= − +

� � �

3z
e e=
� �

r r z z
u u e u e u eθ θ= + +

� � ��

r r z z
r r z z

u eu e u e
e u e u e u

r r r r r r r

u θ θ
θ θ

∂ ∂∂ ∂ ∂ ∂∂
= + + + + +

∂ ∂ ∂ ∂ ∂ ∂ ∂

�� �
� � �

r
r r

r e

r
e u

u

r

∂
= +

∂
∂
∂

�
� u e

e u
r r

θ θ
θ θ

∂ ∂
+ +

∂ ∂

�
�

z z
z z

u e
e u

r r

∂ ∂
+ +

∂ ∂

�
�

�� 8��
�<�  
?��� ��       ����1 �<� 8* u∇⋅
� �

u∇⋅
� �

u
�

, ,
u u

r

u

zθ
∂ ∂ ∂
∂ ∂ ∂

r z

e
e e

r r z

θ

θ
∂ ∂ ∂

+ +
∂

∇ =
∂ ∂

�
� ��


* 8(
� 8* `	�7�  
�
�����* 8A	 ��  

�)
* +	�  
d�$�  
���=I. 

0                                     0                                       0 
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r r z z
r r z z

u eu e u e
e u e u e u

z z z z z z z

u θ θ
θ θ

∂ ∂∂ ∂ ∂ ∂∂
= + + + + +

∂ ∂ ∂ ∂ ∂ ∂ ∂

�� �
� � �

r r
r r

u e
e u

z z

∂ ∂
= +

∂ ∂
u e
e u

z z

θ θ
θ θ

∂ ∂
+ +

∂ ∂
z

z z
z e
e

u

z
u

z

∂
+ +

∂ ∂
∂

i

r zi

e
u u e

r

u

z

u
e

r

u θ

θ
∂ ∂ ∂

∇ ⋅ = = ⋅ + ⋅ + ⋅ =
∂ ∂ ∂

� �

(1 ) 11r r z r z
u uu u

r z r

u u ru

r r r zr

θ θ

θ θ
∂ ∂∂ ∂

= + + = + +
∂ ∂ ∂

∂
+

∂ ∂ ∂
∂

( ) ( )r z r z
r r z zrrr

uu u u u
e u e u e

u
uu e e eee θ

θθ
θ

θ θ θθ θ θ θ θθ
∂∂ ∂ ∂ ∂

= + + + = − + +
∂ ∂ ∂ ∂ ∂

∂
+

∂
−
� � �� �� �

2 1 21( sin cos ) ( cos sin )r z z
r r z z

uu u e
e u ee e ue ee uθ

θ θθ θ θ
θ

θ
θ θθ

∂∂ ∂ ∂
= + + + + +

∂ ∂ ∂ ∂
− + − −
� � �

�
� � ��

r z zr
r r z z

uu u e
e u e

e
u

eu
e uθθ

θ θ θθ θ θθθ θ
∂∂ ∂ ∂∂

= + + + +
∂
∂

+
∂ ∂ ∂ ∂ ∂

∂
∂

�
� �

� �
�

      �        �        �
� 8=3>� 
B�� %�H�� [�G ���* 
;�	� ����
- %� ���� Z
Y  ��
!" . 
r
e
�

z
e
�

eθ
�

1
( )r
r

z
u

u
r

u

r

u

z

θ

θ
∂
∂

∂
+

∂
++

∂∂
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+�<M,) 

eφ

8(
�: �� j*��� [
�� ����* �� 8*  �
I ��	������� �� �0� 
8�Y�2 � %�D� 8=3>� %A	'�Y 
� �1 �� 8�-
� �
b @6�  
�	��� /B� J�
!� 
� �1 �� 8*  �
I ��	��
� 8�-
� �<�. 

i

i
u

%A	'�Y �
� 8=3>� 

Gradient of a vector field and not Vector gradient 

/	��1 %� �<� 8* �7* �	M<� ��.  
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%A	'�Y �
� 8=3>� W�4 �* ����* 
+	'��
� W�4 �* �� 8��
�<� 8A	 �
�����* 

 
 

    �
!"        ����* �� P� ����* %�H�� [�G @A- 8* 
 
 

   
d�$� �
���                     /	��1 %� �<� 8* �� : 

1 1

sin

i

ri

u u u
u u e e e

r r r
φ θφ φ θ

∂ ∂ ∂
∇ ⋅ = = ⋅ + ⋅ + ⋅

∂ ∂ ∂

� � � ��

1 2 3( cos sin ) sin cosre e e eθ θ φ φ= + +
� � � �

1 2 3
( cos sin ) cos sine e e eφ θ θ φ φ= + −

� � � �

r ru u e u e u eφ φ θ θ= + +
� � ��

r r
r r

u e u eu e
e u e u e u

r r r

u

r r r r

φ φ θ θ
φ φ θ θ

∂ ∂ ∂ ∂∂ ∂∂
= + + + + +

∂ ∂ ∂ ∂ ∂ ∂ ∂

� ��
� � �

r
r r

r e

r
e u

u

r

∂
= +

∂
∂
∂

�
� u e

e u
r r

φ φ
φ φ

∂ ∂
+ +

∂ ∂

�

� u e
e u

r r

θ θ
θ θ

∂ ∂
+ +

∂ ∂

�
�

����  
?��� ��       ����1 �<� 8* u∇⋅
� �

u∇⋅
� �u

�

, ,
u u

r

u

zθ
∂ ∂ ∂
∂ ∂ ∂

1 2
sin cose e eθ θ θ= − +

� � �


* 8(
� 8* `	�7�  
�
�����* 8A	 ��  

�)
* +	�  
d�$�  
���=I. 

0                                     0                                      0 
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1 2 3[( cos sin ) cos sin ]r
r r

u
e e e eu θ θ φ φ

φ
+

∂
= +

∂
−

�� � �

r
r r

r
u uu

e u e
e

e
eu e

u u
φ θ

φ φ θ
φ

θ
θ

φ φφ φ φ φφ

∂∂ ∂∂∂
= + + + +

∂
∂

∂
∂∂ ∂ ∂

+
∂ ∂

� �

� ��
�

r
r r

r
u uu

e u e
e

e
eu e

u u
φ θ

φ φ θ
φ

θ
θ

θ θθ θ θ θθ

∂∂ ∂∂∂
= + + + + +

∂ ∂
∂∂ ∂∂ ∂ ∂ ∂

� �

� ��
�

1 2 3[ ( cos sin )sin cos ]e e e
u u e
e u e u

φ θ θ
φ φ θ θθ θ φ φ

φ φ φ
− + −

∂ ∂ ∂
+ + + +

∂ ∂ ∂
��

�
� � �

( ) ( )r r
r r rr r

u uu uu u
e u e u e u e u e ee e

φ φθ θ
φ φ θφ φ φ θφ φ φ φ φ φ

∂ ∂∂ ∂∂ ∂
= + + − + = − + + +

∂ ∂ ∂ ∂ ∂ ∂
� � � �� � � �

1 2( sin cos )sinr
r r

u
u e ee θ θ

θ
φ

∂
+

∂
+= −

� ��

1 1 22[( sin cos ) cos ( c] os sin )
u u
e u e e ee ue

φ θ
φ φ θ θθ θ

θθ θθ φ
∂ ∂

+ + +
∂

− −+ −
∂

+
� � �� ��

1 2sin c ( cos si )os nr
r r

u uu
e e eu e ee u u eθ θ

θθ θφ φ θφ φ
θ θ

θ θ
θ

∂ ∂∂
= + + + + +

∂ ∂
− −

∂
� �� �� ��

1 2( sin c ( cos) sos in )r
r r e e

u uu
e e ueu uθ θ

φ φ θθφ φ
θ θ

θ θ
θ

∂ ∂∂
= + + + + +

∂ ∂
− −

∂
�� �� �
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1 2( sin co ( cos s sin) )r
r r e e

u uu
e e u u u

u
eθ θ

φ θθφ θ θφ φ
θ θ θ θ

∂ ∂∂∂
= + + + + +

∂ ∂ ∂ ∂
− −
� �� ��

r
r

uu u

r

u
e e e

r r r

φ θ
φ θ

∂ ∂∂
= + +

∂ ∂∂ ∂
∂ � � �

1
( sin cos )

si

1
)

n
( r r

r
u

r
u

r

u
uu

u

r

θ
φ

φ φ φ
φ θφ

∂
= + + + +

∂
+

∂ ∂

∂∂

1 cos 1

si

2
( )

sinn

r r
u

u
r r

uu u

r rr

θφ
φ φ

φ
φ φ θ

∂ ∂∂
+ + + +

∂
=

∂∂

( ) ( )r
r r

u uu
e u e e

u
u

φ θ
φ φ θφ φ φ φ

∂ ∂∂∂
= + + + +

∂ ∂ ∂ ∂
� � �

/	��� 8IMH �
C 8*: 

% ⋅ ( = (�)
�

= *+, ⋅ -(
-$ + *+/ ⋅ 1

$
-(
-0 + *+1 ⋅ 1

$ sin 0
-(
-� 

2

2

1
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si
(

n

1

n

1
)
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rr u

r

u
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u
u

r

φ
φ
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φ φ φ θ

∂
+= +

∂
∂∂

+
∂∂

2

2

1
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s

1
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1
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∂∂
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 (Contraction)انقباض  2.9- 

/�0�� � ���1��2 :��$!3�
*� +��4�56�  

�
��� ��b @5" �� �� 
��
��
� %Y�7� /��� %� 8� ��3
� �
��
� ��	�(  
���� %�. 

�2�        �	 �
��
� �
��� �-
*  �
�f�1  8�  ��  P
d���  ��   
?���       8*   
                          /	���: 

 
 

�� 
;�1 8� 83�
7�Aii=Bii  T5( 8< �3
4 x
H �� 8O*�� Aij=Bij ��<� �2� �� 
8O*�� Z
Y /� �
� �	���  i � k ��  
�*��* /� ���D /��� � ��� �1 T5( 

�/	��!* 8"
5;�  
�5� �	� 8* �<� 
�	1 %�: 

 
 

�2�          �� 8* @A-       �/��	
�* J
E�1 83�
7� Z
Y �
$� ��� %� 8�:   
+	��*
�*         �
�
D  P
d���  �
��
� 

�� J���1�* J��� � �	 �
��
� �<�. 

i

jk lAαθ

( 1,2, , ),nαθ α = …

( ) ( )
i

i

jkl j k l
A A

β γ δ
α
βγδα

θ θ θ θ
θ θ

θ θ θ θ
∂ ∂ ∂ ∂

=
∂ ∂ ∂ ∂

( ) ( )i

jil j i l

i

A A
β δ

α
α βγδ

γθ θ
θ θ

θ θ
θ θ

θ θ
∂∂
∂ ∂

∂
∂

=
∂

∂

A
α
βαδB βδ

jl j l
B B

β δ

βδ

θ θ
θ θ

∂ ∂
=

∂ ∂

B βδ

( )
j l

Aγα

β δ
α
βγδ

θ θ
θ

θ θ
δ

∂ ∂
=

∂ ∂

( )
j l

A
β δ

α
βαδ

θ θ
θ θ

θ
∂ ∂

=
∂ ∂
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��	��Y �*��* ���D ���� � T5( +��* �	 �	��� ��	��
� � �	 �	��� 
��	������� �� �	 �
��
� �
��� �� �	 X
!d�� (contraction) ���
� %�. 

 
8* %2�
< ��
� %� �	� 8� P
N� )
* �� �
- %� 8* �
��
��
� �
��� �� �
� ��� 

�E	� '�� /�57� ���.  
 

8;��� �	 X
!d�� �
��
� ��E	� �
- %�. 
�2� �� 8;��� �	 X
!d�� y�� �	��� ����1 %D
* ���
5� ��5� 8;��� J�- �	  

�3
A<� �<�.   
���1�
	: �� �3
4 �%�� �*��* ���D ���� � T5( �� �	��� ��	��
� 
	 �� �	��� 

���	������� �	 �
��
� �� 8!��� (order) )���( �� +�	
, �� 8;��� ��� %5� � 
�	 X
!d�� K�6I ����. �
�� �2�  
?��� +	'��
� ��-
* 85� 
� �	��� �� 

+�	
, /��	
� %� � �*��* ���D ���� �� �	��� +�	
, � T5( ��� 
� �1 �	 
X
!d�� K�6I �<�.   
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m

nm

i

j

n
i

j AA
θ
θ

θ
θ

∂
∂

∂
∂

= m

m

m

n

n

m

m

nm

i

i

n
i

i AAAA ==
∂
∂

∂
∂

= δ
θ
θ

θ
θContraction 

mn

n

j

m

i
ij AA

θ
θ

θ
θ

∂
∂

∂
∂

= mn

n

i

m

i
ii AA

θ
θ

θ
θ

∂
∂

∂
∂

=

 �
��
� 8� /���* %� X
!d�� 
* +	��*
�*A   �� � �<� %A	     �      
?��� /���< ��
8;���A  �<� �3
A<� �	. 

θ θ

Contraction 

  
?��� /���< �� %3�+	'��
� /	���: mmmn

mn

mn

inim

mn

n

i

m

i
ii AAAA

x

x

x

x
A ===

∂
∂

∂
∂

= δββ

X
!d�� �+	'��
�  
?��� /���< �� +	��*
�*A   �3
A<� �	) ���n��
�Invariant (�<�. 

� 8* +�5� W���� ���*      ��
� %�  
!S� ��� 8� X
!d�� +	� �
��
� �� �3
4 %�� �	  
�3
A<� ���� %3� �� /���<  
?��� �+	'��
� �	 �3
A<� )���n��
� Invariant( �<�. 

iiA

�#$� %&�: �'� �#(
" �	��� ���� )*��� �� �+�� �,�$-� .��� /)�(� �$0� ���� ����� 
�,�$-� .��� �	�� �1��
 2	��� .� �
 �� 3	 %#�(- ��4#5� �� 3	 %#�(- �6	� 
)*�� 7 .�8� ��� �" ��((9� �+" �
�. 

P
N�2.11: �2�     �	 �
��
� �
��� �� ��� �� ��-
* �
$� ����     �	 �3
A<�  
�<�. �2� Aij �	 �
��
� ��	������� �� ��� �� ��-
* J
E�1 �
$� ���� �� �3
4  
%��Aii

  �	 ��n��
� (invariant))���z�
�( ����. 8* �
C 8*
$� �2� Aij �	 �
��
�  
��	��
� �� ��� �� ��-
* J
E�1 Aii �� �3
4 %�� �	 ��n��
� ����. 

i

i
A i

j
A
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 بیان متفاوت انقباض در سیستم مختصات کارتزین

�� /���<  
?��� �+	'��
� X
!d�� �� �� �	��� �� �
��
� 8!��� n� �	 
�
��
� �� 8!��� n-2 ��
< %�. 

 
 

/���� %�: 
 
 
 
 

+	��*
�*            �	 �
��
� �<� )��	� �* \
<� �
�
D P
d��� 
��
��
� P
d��� 
8�Y
	 �<�( � �� 8!��� n-2 �<� ) 8* ���7�  β 
� 8(
� �
-(. 

nn nkjinijk AA αααααααα ββββ ⋯
⋯⋯ 321321

=

nn nkiiniik AA αααααααα ββββ ⋯
⋯⋯ 321321

=

2121 αααα δββ =ii

nn nkniik AA αααααααα ββδ ⋯
⋯⋯ 321321

=

nn nkniik AA αααααα ββ ⋯
⋯⋯ 3311

=

n
A αααα ⋯311
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