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What is the Design Optimization? 

• Optimization is a component of design process 
 

• The design of systems can be formulated as 

problems of optimization where a measure of 

performance is to be optimized while satisfying all 

the constraints. 
 

 

Chapter 2 

Design optimization 

Formulation 

© M.H. Abolbashari, Ferdowsi University of Mashhad 

Three Components of Design Optimization  

1. Design variables – A set of parameters that describes 

the system (dimensions, material, load, …) 

2. Design constraints – All systems are designed to perform 

within a given set of constraints. The constraints must 

be influenced by the design variables (max. or min. 

values of design variables). 

3. Objective function – A criterion is needed to judge 

whether or not a given design is better than another 

(cost, profit, weight, deflection, stress, ….). 
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Optimum Design – Problem Formulation 

3/64 

The formulation of an optimization 

problem is extremely important, care 

should always be exercised in defining 

and developing expressions for the 

constraints. 

The optimum solution will only be as 

good as the formulation. 
����� � �	�
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The following three steps shall be followed 

to transcribe a verbal statement of the 

design problem to mathematical 

formulation 

1. Identify and define design variables. 

2. Identify the cost function and develop an 
expression for it in terms of design variables. 

3. Identify constraints and develop expressions for 
them in terms of design variables. 

4/64 ����� � �	�
��
 :��������� ��������  



 12/6/2025 �������� ا��ا�����: 
�د
ور� و �����

3 

Problem Formulation  

Design of a two-bar structure 

5/64 

The problem is to design a 

two-member bracket to 

support a force W without 

structural failure. Since the 

bracket will be produced in 

large quantities, the design 

objective is to minimize its 

mass while also satisfying 

certain fabrication and space 

limitation. 
����� � �	�
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In formulating the design problem, we need to define 

structural failure more precisely. Member forces F1 

and F2 can be used to define failure condition. 
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Problem Formulation 

Design Variables 

An important first step in the proper formulation of the 

problem is to identify design variables for the system. 

Note on identifying design variables 

1. Design variables should be independent of each 
other as far as possible. If they are not, then there 
must be some equality constraints between them 
(explained later). Conversely, if there are equality 
constraints in the problem, then the design variables 
are dependent. 

2. A minimum number of design variables required to 
formulate a design optimization problem properly 
exists. 

 

7/64 

Problem Formulation 

8/64 

3. As many independent parameters as possible 
should be designated as design variables at the 
problem formulation phase. Later on, some of the 
variables can be assigned fixed values. 
 

4. A numerical value should be given to each variable 
once design variables have been defined to 
determine if a trial design of the system is specified.  

Note on identifying design variables (Cont’d) 
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Problem Formulation 

9/64 

Represent all the design variables for a problem in the 

vector x. Two-Bar Structure: 

x3 = outer diameter of member 1 

x4 = inner diameter of member 1 

x5 = outer diameter of member 2 

x6 = inner diameter of member 2 

x1 = height h of the truss 

x2 = span s of the truss 

����� � �	�
��
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Problem Formulation 

10/64 

Objective Function 

A criterion must be selected to compare various designs 

1. It must be a scalar function whose numerical values could be 

obtained once a design is specified. 

2. It must be a function of design variables,  f (x). 

3. The objective function is minimized or maximized (minimize 

cost, maximize profit, minimize weight, maximize ride quality 

of a vehicle, minimize the cost of manufacturing, ….) 

4. Multi-objective functions; minimize the weight of a structure 

and at the same time minimize the deflection or stress at a 

certain point.  
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Multi objective problem:  ���� ��� �	
��   

����� ������ �� � ���� �� ���� �! �� "�! ��# $���� ��� 	�. 
$&��� '��
 ��� ��! $� (�	  : 

1- ���  +� ,��-� ��. /	�0 '� �	 ���1 "�! 2���: 
 
 

 34�w�! 

•  �! "�! ��� 5��-� ��6�� )�! "�! 8��  '���� �!( :;< �� �� � 

•  "�! =� 2>� '� 8.��� 8�. �! �� 
2-  "�! 8���< '� �! "�! .� +;�)'���! 2��� ���@�A� (  �! "�! '�4� �

����
 +� ��� 	� ��B 8���< '� �	. 
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1 1 2 2( ) ...F X w f w f= + +
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Objective Function 

Two-Bar Structure: Mass is selected as the objective function 

x1 = height h of the truss 

x2 = span s of the truss 

x3 = outer diameter of member 1 

x4 = inner diameter of member 1 

x5 = outer diameter of member 2 

x6 = inner diameter of member 2 

2 2 1/2 2 2 2 2

1 2 3 5 4 6Mass (4 ) ( )
8

x x x x x x
πρ

= + + − −
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���� ���� :Design Constraints (section 2.5) 

Feasible Design 

A design meeting all the requirements is called a feasible (acceptable) 

design. An infeasible design does not meet one or more requirements. 

Constraints Characteristics: 

All restrictions placed on a design are collectively called constraints.  

Each constraints must be influenced by one or more design variables. 

Only then it is meaningful and does it have influence on optimum design.  

���B ���� ���4� Implicit /Explicit Constraints 

Explicit: Some constraints are simple such as min. and max. values of 

design variables 
C��0: D�� �� ��B E���	 �F�� +���G ��!��H@�. 

 
5�I� : �
�A  �F�� 2J4� CJK +���G ��H@� 8���< '�    : 
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23mmA ≤
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Implicit: Some are more complex and indirectly influenced by design 

variables 

Example: Deflection at a point in large structure which is impossible 

to be expressed as an explicit function of the design variables. 

•+��L: E���	 ��B �� D�� ��!��H@� +���G ��1�� �F���. ����� ���H� 8�;� =� 'J4�  

.� 'MN�� ��O�P �� ��-� 
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Linear and Nonlinear Constraints 

Constraint functions having only first-order terms in 

design variables are called linear constraints.  

More general problems have nonlinear constraint 

functions as well. 
�+JP :�F�� 5�� '���� +���G ��!��H@� D���� 

�+JP��Q :5�� '���� +���G ��!��H@� D�� �� �F���. 

23mmA ≤
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Equality and Inequality Constraints 

 

Design problems may have equality as well as 

inequality constraints. A feasible design must satisfy 

precisely all the equality constraints. 

A machine must move precisely by delta (equality).  
 

Stress must not exceed the allowable stress of the 

material (inequality) 

It is easier to find feasible designs for a system having 

only inequality/equality constraints.  

������� � ����� ���B                            

15/64 

aσ σ≤

s = ∆

× ? 
����� � �	�
��
 :��������� ��������  

��RS $��B 5��B ���� =� ��B 
������� �@��� .� +���. TK� '  

8��! ��B '� /	�0 ����� 

�F��. 
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��R< �� ��O�P 5�I� ��!��B                        :
1- ���� �@��� .�6� �� .� �R<� 3��. 
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Stress constraints need more attention. Please consider them 

again: 

If in the second eq., then F2 is a compression force 

Could you suggest anything? 

and the stress constraint for member 2 becomes: 
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Where xil and xiu are the minimum and maximum 

values for the ith design variable. These constraints 

are necessary to impose fabrication and physical 

space limitations. 

2- ��F T��<	 +���G ��!��H@� ����. 

i l i iux x x≤ ≤ i =1 to 6  

19/64 ����� � �	�
��
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The problem can be summarized as follows: 

Find design variables x1, x2, x3, x4, x5, and x6 to minimize 

the objective function 

subject to the following constraints: 

U�	�� ��B ��# 'MN�� ��� 15   
il i iux x x≤ ≤ i=1 to 6  
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Saw Mill Operation  ��� ��� ��
��
� ���� ! :  
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Step 1: Project/Problem Statement A company owns two saw 
mills and two forests. Table 2-1 shows the capacity of each mill 
(logs/day) and the distances between forests and mills (km). Each 
forest can yield up to 200 logs/day for the duration of the project, 
and the cost to transport the logs is estimated at $0.15/km/log. At 
least 300 logs are needed each day. The goal is to minimize the 
total cost of transportation of logs each day. 
Step 2: Data and Information Collection Data are given in Table 2-
1 and in the problem statement. 

����� � �	�
��
 :��������� ��������  

Step 3: Identification/Definition of Design Variables  
The design problem is to determine how many logs to ship from 
Forest i to Mill j. Therefore, the design variables for the problem 
are identified and defined as follows: 
x1 = number of logs shipped from Forest 1 to Mill A 
x2 = number of logs shipped from Forest 2 to Mill A 
x3 = number of logs shipped from Forest 1 to Mill B 
x4 = number of logs shipped from Forest 2 to Mill B 
Note that if we assign numerical values to these variables, an 
operational plan for the project is specified and the cost of 
transportation of logs per day can be calculated. The selected 
design may or may not satisfy all other requirements. 
Step 4: Identification of a Criterion to Be Optimized  
The design objective is to minimize the daily cost of transporting 
the logs to the mills. The cost of transportation, which depends on 
the distance between the forests and the mills, is: 

 
or 

( ) ( )1 2 3 4cost 24(0.15) 20.5(0.15) 17.2 0.15 18 0.15x x x x= + + +
22/64 

1 2 3 43.6 3.075 2.58 2.7x x x x= + + +
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Step 5: Identification of Constraints The constraints for the 
problem are based on the capacity of the mills and the yield of the 
forests: 

The constraint on the number of logs needed for each day is 
expressed as 

For a realistic problem formulation, all design variables must be 
nonnegative, i.e.,                                                 Usually Missed! 

The problem has four design variables, five inequality constraints, 
and four nonnegativity constraints on the variables. Note that all 
functions of the problem are linear in design variables, so it is a 
linear programming problem. Note also that for a meaningful 
solution, all design variables must have integer values. Such 
problems are called integer programming problems, which require 
special solution methods. 6.83: x1*=0, x2*=0, x3 *=200, x4*=100; f*=786. 

1 2 240 (Mill A)x x+ ≤

3 4 300 (Mill B)x x+ ≤
1 3 200 (Forest 1)x x+ ≤

2 4 200 (Forest 2)x x+ ≤

1 2 3 4 300x x x x+ + + ≥

0; i=1 to 4ix ≥

23/64 

"���
� 
����: 

=� T����  .� /�-JB      �     �     W�@��� ��F +�: 

                                                                                          ���-� ���� �! T����  

 

              3           6          5        ���-� X�O �� Y�O �! '-JB 

              0.6       1.0         0.7     '���! X�O 8��  

             1.0       0.8         0.6     '���! Y�O 8��  

100 T����  �	�� .��� TK� � T�S�[ X�O 8��  	� .�	 6000 �  
T�S�[ Y�O 8��  	� .�	 8000 ��< �F�� +�. 

���-� +��-JB '  ���� X�O �� Y�O ���F �	 8��# ���-� ���  '  '���!  

TP�K ������ ��F.   
24/64 
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 5�� �.�K 'J��	                                 : 

 �! ����100 T���� : 

x1  =  ���-�C1 ���F X�O ���� '  +��! 

x2  =  ���-�C1 ���F Y�O ���� '  +��! 

x3  =  ���-�C2 ���F X�O ���� '  +��! 

x4  =  ���-�C2 ���F Y�O ���� '  +��! 

x5  =  ���-�C3 ���F X�O ���� '  +��! 

x6  =  ���-�C3 ���F Y�O ���� '  +��! 

25/64 

 �! ��F +� _�S �.�K 'J��	 ��� 	�

C1,C2,C3  Y�O �� ��F +� X�O ��
��F +�. 

 ='���!  ( ) ( ) ( ) ( )
( ) ( )

1 2 3 4

5 6

0.70 5 0.6 5 1.0 6 0.8 6

0.6 3 1.0 3

x x x x

x x

+ + +

+ +
����� � �	�
��
 :��������� ��������  

'MN�� ���B  : 

���-� /�-JB �	�� .��� c2,c1 � c3 ���� 100 T����  	� .�	 
���	��< .�: 

) ���-�c1 �!(   x1+x2=800 

) ���-�c2 �! (  x3+x4=500 

    ) ���-�c3 �!  (  x5+x6=1500 

8��  X�O T�S�[        5x1+6x3+3x5≤6000 

8��  Y�O T�S�[                    5x2+6x4+3x6≤8000 

xi≥0,      i=1 to 6  +���G ��! ��H@� 8��� +>���� ��B
     

26/64 
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	� ��� �.�K 'J��	 �! 

C1,C2,C3  ����� +� 
+G�M`� .� X�O �� Y�O 

'@F�� �F��. 

a�� �.�K 'J��	                                 :

1 2 3 4 5 60.70 1.0 0.6 0.6 0.8 1.0x x x x x x+ + + + + ='���! 

x1= ���-�  '  +��! X�O '�! ����C1 bTK� .��� �! 

x2=  ���-� +��! X�O '�! ���� ' C2 bTK� .��� �! 

x3=  ���-� +��! X�O '�! ���� ' C3 bTK� .��� �! 

x4=  '�! ���� '  +��! Y�O ���-�C1 bTK� .��� �! 

x5=  '�! ���� '  +��! Y�O ���-�C2 bTK� .��� �! 

x6=  '�! ���� '  +��! Y�O ���-�C3 bTK� .��� �! 

�
� ��� ��B '  �! �� '-JB ���� X�O �� Y�O ��F �	 �!	 b��.�K 
��	��: 

 TP�K $  '���! 8��  ������ 8��c�! "�!100   T���� 
TK�. 

27/64 ����� � �	�
��
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'MN�� ���B  : 

$  �! X�O � +��! Y�O '  ���� c2,c1 � c3 �	�� .��� TK� �� 
���B ����� ��. 8��� ��F +�. 

) ����c1(  x1+x4=4000       

) ����c2(        x2+x5=3000 

    ) ����c3(    x3+x6=4500 

                            8��  X�O T�S�[x1+x2+x3≤6000 

                            8��  Y�O T�S�[x4+x5+x6≤8000 

xi≥0,      i=1 to 6  +���G ��! ��H@� 8��� +>���� ��B
     

28/64 ����� � �	�
��
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 =x1���-�C1  b���F X�O ���� T����  =� 	� '  �!        
 =x2���-�C1 b���F Y�O ���� T����  =� 	� '  �! 
 =x3���-�C2  b���F X�O ���� T����  =� 	� '  �! 
=x4���-�C2 b���F Y�O ���� T����  =� 	� '  �! 
 =x5���-�C3 b���F X�O ���� T����  =� 	� '  �! 
 =x6���-�C3 b���F Y�O ���� T����  =� 	� '  �! 

a�K �.�K 'J��	: 

'���! 
1 2 3 4

5 6

1 2 3 4 5 6

100[5(0.70) 5(0.6) 6(1.0) 6(0.8)

3(0.6) 3(1.0) ]

350 300 600 480 180 300

x x x x

x x

x x x x x x

= + + +

+ +

= + + + + +

��F�� �! $I� �! T����  '�! ��!��`� �
�: 

 '���!100 .�	 	�  T���� : 

29/64 ����� � �	�
��
 :��������� ��������  

'MN�� ���B  : 

 T����  �! 8�#5c2,8c1  �15c3 �	�� .���: 

) ����c1    (  x1+x2=8       

) ����c2(          x3+x4=5 

    ) ����c3(    x5+x6=15 

            8��  X�O T�S�[ 100(5x1+6x3+3x5)≤6000 

           8��  Y�O T�S�[100(5x2+6x4+3x6)≤8000 

xi≥0,      i=1 to 6  +���G ��! ��H@� 8��� +>���� ��B 

30/64 ����� � �	�
��
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2���� '���! � ���B 	� �! 'K �.�K 'J��	 +JP ��@�!. 
'K �.�K 'J��	 'K d��1 )����4� ��!��H@� +���G( '��A� ,M@`� ��!��P  

TF��. +�� �� D�� e�>��                     	� '�! 8��;� TK�. 
���� =� d��1 +�-� 	�� �� ��� b�! �.�K 'J��	 +���� ��! ��H@� +���G 
���� ����4� ���<� C��0 '@F�� ��F��. �! ��� �	 $&��� '����� ���	 C��0  

����� +�. 
#
��: 

.١ 'MN�� �;�� TK� ��! �.�K 'J��	 +>M@`� '@F�� �F��. 

.٢ �Q��M< ��! �.�K 'J��	 b,M@`� d��1 ��A� ����� +� 8��;� �� /��>@� 
�F��. 

.٣ 	� �����S b�.�K 'J��	 '�M  /��L�S ���� '� 	�G f�B� 8��� ��F. 

.d �����S �.�K 'J��	 .� $� 'MN�� TK��1. 

.e 	� /	�0 ��! �.�K 'J��	 b,M@`� ���� 'MN�� �	 ���� �! �.�K 'J��	 

$� ��  � ���@A� d��1 �	 d�`@�� �� . 

* 7500f =

31/64 ����� � �	�
��
 :��������� ��������  

Example – Design of a Can of Coke  

32/64 

Design a can to hold at least the specified amount of 

coke and meet other design requirement. The cans 

will be produced in billions, so it is desirable to 

minimize the cost of manufacturing. Since the cost 

can be related directly to the surface area of the sheet 

metal used, it is reasonable to minimize the sheet 

metal required to fabricate the can.  
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Fabrication, handling, aesthetic (appreciating of 

beauty), and shipping considerations impose the 

following restrictions on the size of the can 

1. The diameter of the can should be no more than 

8cm. Also, it should not be less than 3.5cm. 

2. The height of the can should be no more than 

18cm and no less than 8cm. 

3. The can is required to hold at least 400ml of fluid. 

33/64 ����� � �	�
��
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Design variables 

Objective function 

The design objective is to minimize the surface area 

D = diameter of the can (cm) 

H = height of the can (cm) 

2 2( , ) , cm
2

f D H DH D
π

π= +

34/64 ����� � �	�
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The constraints must be formulated in terms of 
design variables.  

The first constraint is that the can must hold at least 
400 ml of fluid. 

The other constraints on the size of the can are: 

The problem has 2 independent design variable and 5 

explicit constraints. The objective function and first 

constraint are nonlinear in design variable whereas 

the remaining constraints are linear. 

2 3400, cm
4
D H

π
≥

3.5 8; 8 18, cmD H≤ ≤ ≤ ≤

35/64 

Lowest eigenvalue of the structure, ξ  

Member buckling constraints 

Minimum Weight Design of a 

Symmetric Three-Bar Truss 
To support a force P, the truss must satisfy 
various performance and technological 
constraints, such as member crushing, member 
buckling, failure by excessive deflection of node 
4, and failure by resonance when natural 
frequency of the structure is below a given 
threshold. 

1 1 2

2 2
;

( 2 )

u vlP lP
u v

A E A A E
= =

+

1

1 1 2

2

1 2

3

1 1 2

1

2 ( 2 )

2

( 2 )

1

2 ( 2 )

u v

v

u v

P P

A A A

P

A A

P P

A A A

σ

σ

σ

 
= + 

+ 

=
+

 
= − + 

+ 

1

2

1 2

2

0

3

(4 2 )

(2 )

EA

l A A
ζ

ρ

ζ πω

=
+

≥

2 2 2

1 2 1
1 2 32 2 2

; ;
2 2

E A E A E A

l l l

π β π β π β
σ σ σ− ≤ − ≤ − ≤
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Three–bar Truss 

Min volume 

1

4 1

4 2

1 2 min

buckling of  member

,

i a

i

u

v

ith

A A A

σ σ

ζ α

δ

δ

β

≤

≥

≤

≤

≤

≥

Design Variables: (Because of symmetry) 

1 2 1 3, ( )A A A A=

Subject to: 

1 2volume (2 2 )l A A= +

37/64 
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2.7-  %�&� 
���� �	
�� ���� �����
'(� ��)*� +, 

 	���� =�n ��-�                                       '  ������ 8��#:  

 

 

1 2( ) ( , ,... ) 0; 1toj j nh X h x x x j p≡ = =

1 2( ) ( , ,... ) 0; i=1to mi i ng X g x x x≡ ≤

TK� (�F (���6�
 ������� ���B 	�                �                           ��! g�F . 

 

il i iux x x≤ ≤

'���! 2��� 

'� T��� �	 :����� ���B 

������� ���B � 

 

1 2( ) ( , ,... )nf X f x x x=

����� ������. 

  

 ��	�� 8�
���
 ��! a�� +���G ��!��H@� ��	 C��0 ���B ,M@`� /h�4� 	�: 

                  side constraints, technological constraints, 

 simple bounds,  sizing constraints  

 

il i iux x x≤ ≤

1 2( , ,... )nX x x x=

0ix ≥
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2��� '���! �	 	� =� ��< T�I� d�L ��  � �� =� ��< T��i '� 8
  
'S�L� ��  

 

��  +� ���H� '���! 2��� 	��4� '  TK� +A��� 

 d�L ��< =� 	� �	 ����� ��!��B��  

 

 d�L T�I� ��< =� 	� �	 ������� ��!��B��  
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Optimum solution does not change if 

( ), ( )f x f xα β+
0, any constantα β>

( ) 0ig xα ≤

( ) 0jh xβ =

����� � �	�
��
 :��������� ��������  

*

*

( ) 0
( ) 0

( ) 0

i

i

i

g x
g x

g x

 =
≤ 

<

{ }( ) 0; 1to , ( ) 0; 1toj iS x h x j p g x i m= = = ≤ =

 �� ���B '<��6�  5��B $��B ��! +���G '<��6� 

   

�
� ���-� �!��B ���. ��F '���� 5��B $��B �@;#�  ��F +� � :;<��.  
	� �i� =#�  8�F '���� b5��B $��B �;�� TK� ������ 2��� '���!  

3���S� ���O ��  . 

 +���G � 'J4� 	� ��BX* TK� 5�-S. 

 +���G � 'J4� 	� ��BX* TK� 5�-S��Q. 

��F�� ������ +�� 5�-S��Q ����� ��!��B. 
*

*

( ) 0

( ) 0

i

j

g x

h x

 >


≠
 +���G � 'J4� 	� ��BX* TK� (�F j4�. 

5�-S ���B/ 5�-S��Q/ (�F j4� 
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Standard Design Optimization Model 

min ( )

s.t. ( ) 0, 1

( ) 0, 1

, 1

j

i

il i iu

f x

h x j to p

g x i to m

x x x i to n

= =

≤ =

≤ ≤ =

If  p>n  :  over-determined system of eqns. ( redundant eqn) 

If  p<n  :  optimum soln. is possible 

If  p=n  :  no optimization is necessary 

No restriction on inequality constraints 

Optimization Types: 
Unconstrained optimization 

Constrained optimization 
41/64 ����� � �	�
��
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Linear Programming : 

all ( ), ( ), ( )j if x h x g x are linear in x 

Observations on the standard model: 

1
min ( ) max[ ( )] max[ ]

( )

( ) 0 ( ) 0j j

f x f x
f x

g x g x

≡ − ≡

≥ ≡ − ≤
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Observations on the Standard Model 

• The functions f (x), hj (x), and gi (x) must depend on some 
or all of the design variables. 

• The number of independent equality constraints must be 
less than or at most equal to the number of design 
variables. 

• There is no restriction on the number of inequality 
constraints. 

• Some design problems may not have any constraints 
(unconstrained optimization problems). 

• Linear programming is needed if all the functions f (x), hj 
(x), and gi (x) are linear in design variables x, otherwise use 
nonlinear programming.  

43/64 ����� � �	�
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 :��������� ��������  

Discrete and Integer Design Variables 

 '@��
 � C��0 +���G ��! ��H@� 

�  C��0: ����� ���-� b��F�� �>�... 
�  '@��
: ����� T��`L be	� ��� b�! �!
 X�O �! (�A�... 

 
 
• ��! ��H@� C��0 � �� b'@��
 '� 'MN�� +���G ���B +S�L� $����  

���  +�. 
• 	��4� 2��� '���! ��A� +@B� ��! ��H@� +���G C��0 � �� '@��
  

b��F�� 	� '���4� �� T��� b'@K��O '� 5��@�� ���. 3���S� ���� +�. 
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Solutions of Integer/Discrete variable Problems 

1) 

• Solve the problem assuming continuous design 

variables if that is possible.  

• The nearest discrete/integer values are assigned to 

the variables. 

• The design is checked for feasibility.  

• With a few trials, the best feasible design close to 

the continuous optimum can be obtained. Note 

that there can be numerous combinations of 

discrete variables that can give feasible designs. 

45/64 ����� � �	�
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Solutions of Integer/Discrete variable Problems 

(Cont’d) 

2) Adaptive numerical optimization procedure 

• Optimum solution with continuous variables is  first 

obtained if that is possible.  

• Only the variables that are close to their discrete or 

integer value are assigned that value.  

• They are then held fixed and the problem is optimized 

again.  

• The procedure is continued until all the variables have 

been assigned discrete or integer values.  

• A few further trials may be made to improve the 

optimum cost function value. 46/64 
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Using the Graphical Solution method, you 

will be able to: 

47/64 

• Graphically solve any optimization problem having 
two design variables 

• Plot constraints and identify their feasible/infeasible     
side 

• Identify the feasible region/feasible set for the 
problem 

• Plot objective function contours through the feasible 
region 

• Graphically locate the optimum solution for a problem 
and identify active/inactive constraints 

• Identify problems that may have multiple, 
unbounded,   or infeasible solutions 

����� � �	�
��
 :��������� ��������  

Optimization using graphical method 

48/64 

3.8.1) A wall bracket is to be designed to support a load of 

W. The bracket should not fail under the load. 

 h=30 cm, s=40 cm, W=1.2 MN 
Total volume of the bracket is to be minimized. 

σa= allowable stress for the material16,000(N/cm2) 
σ1 = stress in Bar 1 which is given as F1/A1, N/cm2 

σ2 = stress in Bar 2 which is given as F2/A2, N/cm2 

A1 = cross-sectional area of Bar 1 (cm2) 
A2 = cross-sectional area of Bar 2 (cm2) 
F1 = force due to load W in Bar 1 (N) 
F2 = force due to load W in Bar 2 (N) 

Bar 1: σ1 ≤σa 

Bar 2: σ2 ≤σa 

����� � �	�
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Design variables: 

Forces on bar 1 and bar 2 are: 

 Objective function:  

 Stress constraints: 

 

 

Usually missed!   

1 2andA A

3

1 2 1 1 2 2( , ) , cmf A A l A l A= +

1

1

2

2

(2.0 06)
16000 0

(1.6 06)
16000 0

E
g

A

E
g

A

+
= − ≤

+
= − ≤

1 2(2.0 06) N, (1.6 06) NF E F E= + = +

49/64 
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0, 0g A g A≡ − ≤ ≡ − ≤
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Graphical Solution for the Wall Bracket 

problem 

50/64 

Optimum solution: 

A1=125, 
A2=100 

g4=0 

g3=0 
• 
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3.1.1 Profit Maximization Problem 

51/64 

Step 1: Project/Problem Statement  
A company manufactures two machines, A and B. 
Using available resources, either 28A or 14B machines 
can be manufactured daily. The sales department can 
sell up to 14A machines or 24B machines. The shipping 
facility can handle no more than 16 machines per day. 
The company makes a profit of $400 on each A 
machine and $600 on each B machine. How many A 
and B machines should the company manufacture 
every day to maximize its profit? 
 
Step 2: Data and Information Collection  
Defined in the project statement. 

����� � �	�
��
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Step 3: Identification/Definition of Design Variables  
The following two design variables are identified in the 
problem statement: 
xl = number of A machines manufactured each day 
x2 = number of B machines manufactured each day 

Step 4: Identification of a Criterion to Be Optimized  
The objective is to maximize daily profit, which can be 
expressed in terms of design variables as 
 
                                                                              (a) 1 2400 600P x x= +
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1 2 16x x+ ≤

Step 5: Identification of Constraints Design constraints 
are placed on manufacturing capacity, limitations on the 
sales personnel, and restrictions on the shipping and 
handling facility. The constraint on the shipping and 
handling facility is quite straightforward, expressed as 
 

                                                               (b) 
Constraints on manufacturing:  
It is assumed that if the company is manufacturing xl  

number A machines per day, then the remaining 
resources and equipment can be proportionately 
utilized to manufacture X2 number B machines, and 
vice versa.  
Therefore, noting that x1/28 is the fraction of resources 
used to produce A machines and x2/14 is the fraction 
used for B, the constraint is expressed as 53/64 

1 2 1
28 14

x x
+ ≤

No.of A 4
1

4 4
= =

No. of B 8
1

8 8
= =

Example for Capacity 4A or 8B 

54/64 

A A A A 

B 

B B 

B B B 

B B 

A 
B B 

B B 
A No.of A No. of B 2 4

1
4 8 4 8

+ = + =

�
� a��� T�S�[ ����� '� 

��F�� A l�m@P� ����. 

�
� a��� T�S�[ ����� '� 

��F�� B l�m@P� ����. 

�
� +�`� .� T�S�[ ����� '� ��F��  

A � +�`� '� B l�m@P� ����. 

��������: 
 

 (c)                
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Finally, the design variables must be nonnegative as 
                                                           
                                                            (e) 

Similarly, the constraint on sales department resources 
is given as 
                                                           (d) 1 2 1

14 24

x x
+ ≤

1 2, 0x x ≥

Note: 
•  The formulation remains valid even when a design 
variable has zero value.  
•  No. of design variables:  2 
• No. of inequality constraints: 5 
• All functions of the problem are linear in variables xl 
and x2. Therefore, it is a linear programming problem. 

55/64 ����� � �	�
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Graphical Solution of the Profit Maximization 
Problem 

optimum soln. 
f(4,12)= -8800 

1 2400 600f x x= − −

1 2 16x x+ ≤

1 2 1
28 14

x x
+ ≤

1 2 1
14 24

x x
+ ≤

1 2, 0x x− − ≤

(shipping and 
handling 
constraint) 

(manufacturing 
constraint) 

(limitation on 
sales department) 

FIGURE 6-1 Graphical solution for profit maximization LP 
problem. Optimum point = (4,12). Optimum cost = -8800. 56/64 
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Example of a Nonlinear Problem with Multiple 
Solution 

The objective of this project is to design a 
minimum-mass tubular column of length l 
supporting a load P without buckling or 
overstressing. 

R = mean radius of the column 
t = wall thickness 
Assuming: 3( ) 2 ;R t A Rt I R tπ π>> → = =

mass ( ) 2lA l Rtρ ρ π= =

2
a

P

Rt
σ

π
≤

2 3 3

2 24 4
cr

EI ER t
P P

l l

π π
= → ≤

57/64 ����� � �	�
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310MN, 207GPa, 7833kg/m , 5.0m, 248MPaaP E lρ σ= = = = =
5( , ) 2 2(7833)(5) 2.4608 10 ,kgf R t l Rt Rt Rtρ π π= = = ×

6
6

1

3 3 3 9 3
6

2 2

10 10
( , ) 248 10 0 (stress constraint)

2 2

(207 10 )
( , ) 10 10 0 (bucling load constraint)

4 4(5)(5)

a

P
g R t

Rt Rt

E R t R t
g R t P

l

σ
π π

π π

×
= − = − × ≤

×
= − = × − ≤

3

4

( , ) 0

( , ) 0

g R t R

g R t t

= − ≤

= − ≤
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Graphical Solution of the Beam Design 

Nonlinear problem with Multiple Solution 
A beam of rectangular cross section is subjected to a bending 
moment of M (N·m) and a maximum shear force of V (N). The 

bending stress in the beam is calculated as σ=6M/bd2 (Pa) and 

average shear stress is calculated as τ=3V/2bd (Pa), where b is 
the width and d is the depth of the beam. The allowable stresses 
in bending and shear are 10 MPa and 2 MPa, respectively.  
It is also desirable that the depth of the beam not exceed twice its 
width and that the cross-sectional area of the beam is minimized. 
d= depth of the beam, mm 
b =width of the beam, mm 

Min f(b,d)=bd 

b 

d 

V 

M 

M=40 kN·m V=150 kN 
2

2 2

6 6(40)(1000)(1000)
, N/mm

M

bd bd
σ = =

23 3(150)(1000)
, N/mm

2 2

v

bd bd
τ = =

6 2 2
10 MPa 10 10 N/m 10 N/mmaσ = = × =

6 2 2
2 MPa 2 10 N/m 2 N/mmaτ = = × =

59/64 

Graphical Solution of the Beam Design 

Note that the cost 
function is parallel to 
the constraint g2 (both 
functions have the 
same form:  
bd = constant). 

f=constant 

In reality, b and d 
cannot both have zero 
value, so we should 
use some minimum 
value as lower bounds 
on them, i.e., b≥bmin 
and d≥dmin. 

1 2

6(40)(1000)(1000)
10 0 (bendingstress)g

bd
= − ≤

2

3(150)(1000)
2 0 (shear stress)

2
g

bd
= − ≤

3 2 0g d b= − ≤

4 50; 0g b g d= − ≤ = − ≤

60/64 



 12/6/2025 �������� ا��ا�����: 
�د
ور� و �����

31 

1 2

1 2

1 2

1 2

min 0.5

2 3 12

2 8

0, 0

f x x

x x

x x

x x

= − −

+ ≤

+ ≤

− ≤ − ≤

Example for a Multiple Solution 

61/64 

Example of an Unbounded Solution 

8��  +� d��1 �� 'MN�� 

min f(x)=-x1+2x2  
subject to 
-2x1+x2 ≤ 0,  
-2x1+3x2≤ 6,  
-x1≤ 0, -x2≤ 0 

62/64 
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  -�.� ��
� ��/ ��0��Infeasible Problem 

63/64 

Conflicting requirements, inconsistent constraint equations or 

too many constraints on the system will result in no solution to 

the problem. 

No region of design 

space that satisfies all 

constraints. 

min f(x)=x1+2x2  
subject to 

3x1+2x2≤ 6,  
2x1+3x2≥12,  
x1≤5,  
x2≤5, 
x1, x2≥ 0 

������S $���� �q�� '@>! �� �� � (��  $� �	 ��. $&���: 

2)  2,4,6,8,10,12,14,15,16,18,19,29,32,34,64,65 

2)  2,8,12,13,17  .� (��>@K� ��Excel  ��Matlab 

There is the following section in the text book ( 2nd Ed.)  

3.3 Use of MATLAB for Graphical Optimization 
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