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 تفسیر ھندسی مؤلفه ھای تانسوری - 2.14
(Geometric Interpretation of Tensor Components) 
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���     �� ����	 �
��     
��	 �� ����P=(x1,x2,x3)   
�� �	 ����Q=(x1+dx1,x2+dx2,x3+dx3)  ���� 
�� ��  

�� �� �� x1,x2,x3 ������ ��� ��� !
�
��"�� !#�$��  
�%�
	 &'� ��: 

 

                              (1) 
  

�� �� ��       )          *�+����	 ��,� �� ��
��� 
*�+��-� 
� �����.   

�� �/��� �� 0�12' ������ ��� ��� 
��"�� #��3�'�  
!#
� ���  �� 4�
�� �� &������ �� &���)����� �� �5� 
&6��. �� 7	�)� 8�	 dxr ) dxr �	 92 �  *�+ �21���3��  

&���)����� ) 
�� &������. 

 ��,� *�+����	(Base vectors) 
���$�+ �� ������ ��� ��� :����� !��� *�+����	 �;�         �� ���  �� �	 ����< *�+����	 ��,�  
:����� ��� �� *=��� *�+��-� ������ 
��1+. ����	��	 ��� ����	    �' �3>?� (Al, A2, A3) ����� 
!
��	 ���  �� &���: 

 
�� ������ 7�>� ��-�� �� *�@6 !�'
2AB� *�+����	 ��,� �� �	 7���� ��= �6�"� 02��C� ��.   
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����� �� D����� =� 0�12' ������ ��� ��� 
��"�� xi �	 ������ ���C< θi �� �5� 
��2$	.   
 

(2)    θi=θi(x1,x2,x3) 
 

�	 E�'� ����B D����� !�+��1��  ���dxr  ) dxr �	 ����< *�+��1��  �, �� �� �� �5� ��6��  
!
��� *�+ �3>?� �+ �� �� ������ ���C< 
� ��,< =�: 

 
 

(3)  �21���3�� �>�C"�      
 
(4)     �21���3�� &������   
 

����� �� (3)! dθj �� ���  �� �	 ����< �21���3�� �>�C"� �2F�� θj �� �� �>��"� (2) G��"  
�  
�� �5� H&6�� ) 4�
�� 8�	 �2I�  ��� ��. ��� �� �>��"� (4)! dθj  �� ��� �C� �� �21���3�� 

D�C"� �� �5� &6��. dθj  �� �21���3�� &������ &'� ) ��"� �'
�+ *�$�� ���� �� J�
"	  
02+��K 
��. 

,
j i

i j

i j

j i x
dx dd x d

x

θ
θ

θ
θ

∂ ∂
= =
∂ ∂

,
i j

j i i jj i

x
dx dd x d

x

θ
θ

θ
θ

∂ ∂
= =
∂ ∂
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i
r

r s

s
g

x

θ∂
=
∂

�
�

r r
r s s r

r r r rs s
dx i d i i d g d

x x

θ θ
θ θ θ

∂ ∂
= = = =

∂ ∂

� � �
�

�	 #��3�'� =� �8��"�(3)  ) (4) ���  �� �>��"�(1)  �� �	 �;� ��= &���: 
 

 (5)   
 
 

�� �� �� 
 (6) 
 

 
=� �/�� �� ��� ) ���92��  ��K =� *�+����	 �;� !
��1+ �����K �2� 
�����	.   

�>��"� (5)                          ��L� 
+� �� ��:  
 

(7) 
 

����	��	    �$��$
 ���22F  ����	 &2"B���  �� �	 �22F θi  N�L� 
�� ��. �	 ���,< !�$�� 
���   E�C� �� ��
��� ��-�� ������ θi   &'�. &B� ��� �� E�C� J��)�> �	 ����	 ��C< &12�. 

 
��� �+����	 �� �;� 2.14:2 )
�P'� *
"	( ��L� #��� #
� &'�. 

i
s

r sr

x
g

θ
∂

=
∂

�
�

R
i i
g

θ
∂

=
∂

s s
r r r r

r s s rr r

x x
dR dx i d i i d g dθ θ θ

θ θ
∂ ∂

= = = =
∂ ∂

��� � � �
�

R
i i
g

θ
∂

=
∂

iθ

�  

 *�+����	 *��,��� &������ 
 *�+����	��,� 

 *�+����	 &���)����� *��,��� 
 *�+����	 E�;"� *��,�(reciprocal)  

ig
�
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xi ) xi )� 0�12' � ����� �� �	 0+ ��
,  #
� 
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g
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�� ��� �� ��,T� ����' �	: 
 

(8) 
 

 ��	�� D)� &C1B ��,T�(8): 
 
 
 

 ��	�� U)� &C1B ���  �� �	�L� ��V �	(8)  7	�)� )(9)  ) (10)��� ��,T� �� ��=. 
(9) 
 

(10) 
 

=� �>��"�(9)  WX�) &'� �� *�+����	 *��,� &���)�����    �	 �-3Y       ��C< &'� )    �	 
�-3Y        )      �	 �-3Y        )�AZ1� 2.28 �� 
2�2,	( 

*��	 ������ 
��"�� �� �� ��:                             ! ���  �� ��L� ��� ��     �� &%I 
&'� ) �;���: 

 

) �2�[C+ =� ��	�� (9) 0����: ) �AZ1� 2-12 �� �� 
�P'� #��C� 18 *�' 13 �2� #
�� &'�.( 
 

                                                                                                                    

 
 

ms

m

nr

n

sr i
x

i
x

gg
����

θθ ∂
∂
⋅

∂
∂

=⋅

mnδ
r

mx

θ∂
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 G��" Euclidean metric tensor 

nms

m

r

n xx
δ

θθ ∂
∂
⋅

∂
∂

=
rsg=s

m

r

m xx

θθ ∂
∂
⋅

∂
∂

=

Euclidean metric tensor          

Associated  or Conjugate metric tensor

,

,

r s rs

r s rs

g g g

g g g

⋅ =


⋅ =

� �

� �

r r r

s s sg g g δ⋅ = =
� �

,r rs s

s r rsg g g g g g= =
� � � �

1g
�

3 1g g
� �

0 fori jg g i j⋅ = ≠
� �

0 fori jg g i j⋅ = ≠
� �

ig
�

ig
�
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���,<        �� �� �� vr �� ��1��  &���)����� =� ��� �� )     *�+����	 *��,� &������ 
�� �� ���� #���>� &'� �� �� �5� 
��2$	. ��� ���,< &-  D����� ������ �2F���� �B�	  


��� ��. 
 

 
 ) ��
 �� 92��  ��K =� *�+����	 *��,�     !&'� �� ����	 &'� �� �� �� �	     ��L� 

02+� ��: 
(11) 

�	 #��3�'� =� �>��"� (l0)!      �� �	           ���$��I 02��C� ��. �2�[C+ 0����: 
(12) 

��   
 

(13)  
 

�	 E�'� �>��"� (12) ���    �� �	 �� 7K ��� &%I ��L� !02+� #�$�� *�+ �3>?� &���)����� vr  

*�+ �3>?�     �� &%I *�+����	 *��,� &������ &'� ) *�+ �3>?� &������ vr  *�+ �3>?�     �� ��
��� 
*�+����	 *��,� &���)����� &'�. �� _��C� *
"	)� �� �;� 2:14.2 .Fig #��
��L� #
� &'�. 

r

s rsv g v=

����	 �� &������ ) &���)����� *�+ �3>?� 

r s
r i

r si r
v g v g

θ θ
θ θ

∂ ∂
= ⋅ =
∂ ∂

�
�

r r

rV v g v= =
�

�

 ��	�� =�(10) 

s

rsgg
�

s

iδ

s i

i s
v gδ =
�

sg
�

sv

s
g
�

s
v=

r

rv g
�
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�
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�
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�s

rsg g
�

r

rV v g=
�

�

V
�

V
�

V
�

V
�

02�� �� G��"  

r rs

sv g v= 0���� �%	�L� `)� �	: 
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�>��"� (12)                                    �2>� *��a$���vr  *�+ �3>?� 
&���)����� ����	   ) vr *�+ �3>?� &������    &'�. ����	��	 �� *�@6 �'
2AB� 
*�+��1��  vr ) vr )� R�� ��2	 ����	   &'�. �>��"�  (13)   


����6 ��
,  *�+ 4�
�� 8�	 ) �2��S �� N�L� 
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An advanced topic (added in the 2nd Edition) 
                   )           ��,� *�+����	 D����� 

�	 �I�  �	 *�+����	 *��,� &������ ) &���)����� �� �+ 0�12' !������ =� 
�%�� ���  �� �2���B D����� �+����	 ) �+��1��  �� =� �� 0�12' �	 0�12' 

������ �$�� �	 &'� ��)�. 
���          )          �	 92 �  *�+����	 *��,� &���)����� ) &������ )� 0�12' 

������ !
���	 :�@Y�M �AK�� �+����	 �� �	 �;� ��= G��"  02�� �� �� 
&1 ��,< =� ��
�� :�X �Y�M ��
�� �+����	 �� E��21� ��)�= �2	 �+ ��: 

 

(14) 
 

4�
�� D)� 8�	 ) �� �2��S b�	�� �	 � ����� 
��1+ �� *�+����	 *��,� �� 
) 4�
�� U)� b�	�� �	 � ����� &'� �� ����	 *��,� ��      &'�. �	 ��V 

�	�L� 0����: 
 

,i ig g

( )
( )

( )
co

 and  not summed
s( , )

cos( , )

r r rr

mm

r r

mm m

r

m m m

r

r

m m

r

m r
g gg g g

g gg

g

g g g

β

β

⋅

⋅

= ⋅ =

= ⋅ =

( , )i ig g

( )
( )

( )
cos( , )

 and  not summed
cos( , )

r r rr r

m m mm m

m m mm m

r r rr r

g g g g g g
m r

g g g g g g

β

β

⋅

⋅

= ⋅ =

= ⋅ = 9/28 

,i ig g

( , )i ig g

'sg
'sg

#��3�'� =� ���� )dot( �� 4�
�� �2��S �� 8�	 *��	 
2��  �	 �)�3        ) 
                                               ,(m, r not summed) &'�.  

�� &>�M �A�                               . �>) �� ��� ��� �)�3  �2	      )       =� 
�2	 !�)� �� ���= �� ��� ���: (                                   ) ) �2�[C+       ) 

*�+����	 �;� 
��1+. 
 

�	 ����' ���  �� ��L� ���: 
(15) 

��,T� _�	 D)� ��	�� (15) 

 
(16) 
 

) �' �+ �	 *�+��1��  ����� )� ������ �	 0+ b�	�� 
��� ��:  

r

mβ
⋅

( ) ( )k k

m

k

m m mk k kg g g ggg g g β⋅⋅ ⋅= = =

 
r m r m

m r m rβ β β β⋅ ⋅
⋅ ⋅≠ ≠ ≠ 

r

mβ⋅

( )mr m

m

r rmg gg g gβ ⋅=⋅=

. 
r r p rq rq p p rq

m m mp q mp q mp qg g g g g g g g g g g gβ β⋅ = ⋅ = ⋅ = ⋅ =
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cos( , )r rr r

mm mm g g g gβ⋅
 = 

 
r

mβ
⋅

 ( )
r r

m mg gβ⋅ = ⋅

andi i

i ig g g g= ='sg'sg

in Cartesian→ .
( )

r r

m mg g β⋅ =

�
For Example

1

1( ) ( )
m

r m r rg g g g g g g⋅ = ⋅ =

( )r r q rp rp q rp q

m m mq p qm p p qmg g g g g g g g g g g gβ β ⋅
⋅ = ⋅ = ⋅ = ⋅ =
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=� �8��"� (6) ) (14) ���  �� �/2�� &6�� ��: 
 

 
(17) 
 

����	��	 �8��"� (15) ) (16) D����� �2	      )      �� 
���� �2���B D����� 
*��1��  ��2	 
��� ��. �	 ����$��I (16)                 �� (15)               ) 
4;<�	 0����: 

 
�� :�/�� 
�� �� �� 7	�)� ��= ���B�	 
��	: 

(18) 
����� 02���  �� ����B D����� *�+ �3>?�     �2	 *�+ 0�12' ������ GA��� �� �	 
&'� 0��)�. ��� )� c�V �>��"�                    �� ��      :�X *� ���� !02�� 
����B D����� �� 
+� ��: 

(19) 

 
s m s m s m s m m

m m q

r r s sr q r r s r s

q

q r

x x x x
g g i i

x x x x

θ θ θ θ θ
β δ

θ θ θ θ θ
⋅ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
= ⋅ = ⋅ = = = =

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

� �

 g ,k k k k

r r r

m r

k k m k k rm m mgg g g gβ β β ββ β ⋅
⋅

⋅ ⋅
⋅ ⋅= = = =

,k m k r

r k rm m k rmβ β δ β β δ⋅ ⋅
⋅ ⋅= =

r m

r mv g v g=ig

( ) vi i m
i

m

i m m

m mg g v v vβ
θ
θ⋅

∂
=
∂

= ⋅ =

From (17) 

11/28 

m m

k

m

k
kg g

θ
β

θ⋅ ⋅ =
∂

=
∂

'sg'sg
m

rr mg gβ ⋅= mm k

k
g gβ⋅=

V
�

�	 ��V !�	�L� ��� �>��"� �� ��       :�X *� ���� !02�� ����B D����� E�;"� ��  

+� ��: 

(20) 
 

�	 #��3�'� =� ��	�� *�+����	 *��,� &���)����� 0����: 
(21)  

 

) �	 #��3�'� =�                            0����: 
(22) 
 

��� �+ )� ������ ��� ��� 
���	:                                ) �2�[C+      ) 
*�+����	 �;� 
��1+ ) �>��"� (14) �	 �;� ��= 
+��K ��	. 

 
 

(23)  
��       E��21� ��)�=      )       &'�. �>��"� (18) �2� �	 �;� ��= 
+��K 
�. 

 

(24)  

jg

( ) v j j r j r r

r r

j

r
g g v v v

θ
θ

β ⋅ ∂
=
∂

= ⋅ =

From (17) 

( ) ( ) g ,r r m r m m m r m r

m m r rg g g g g g g g gβ β ⋅
⋅= ⋅ = = ⋅ =

 v r m

r mv g v g= =
�

( ) ( ),r m m r r

r m r m m m r m rv g g v v v g g v vβ β⋅
⋅= ⋅ = = ⋅ =

cos( , )rm r m r m m rg g g g g gβ = = ⋅ = ⋅

rg

rk mk kr km rmβ β β β δ= = 12/28 

andi i

i ig g g g= ='sg'sg

( )
Cartesian

cos( , ) cos( , )r r r r

m m m m m r r

rr

mm mgg g g g g g g g g ββ ⋅ → = ⋅⋅ = ==
��

rmβmg
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��"� #��%���  ��1��  ��� ���       E�;"�       &'�. �8��"� (19)!(20) )  
(22) �	 �;� ��= �� 
�+��K 
��: )�� ��� ���( 

(25)  
&B� ��� �� �� &>�M �A� )�	 �I ��� ���( �� ���[C+ 0����: 
���     )    �+ )� ��� ��� 
��"�� !
���	 �>��"� (24) ����B D����� �2	 )� 

0�12' ������ �� ��2	 
�� �� �� P,B �� �8��"�(2.8:2,3)  
                                                     *��	 D����� �3Y  (ai=bi=0 ). 

*��	 *�+ �3>�� &���)����� ) &������ *�+��1��  �, �� )� ) �� � 8�	 �2� U�%3� 
�%	�L� 
���  �� d��� ���. ���,< ��= �� �� �5� 
��2$	. 

  
�� �� ��      �� ��1��  &���)����� =� �, �� )� &'�.  ���      ��  =� �>��"�  

(10) �	             ���$��I !02�� �2�[C+ 0����: 
 
��: 

( ) ( ),r r m m rm m m r m r rm rv g g v v v g g v vβ β= ⋅ = = ⋅ =

v

rs

r sA A g g=

�
(10)

rs rs n m n m m n

r s rn sm

rs

rn sm mnA g gA A g g A g g g g g gAg g= = = =
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rmβrmβ

r m m rβ β≠
v

,i ji j i i ij j ix x b x x aβ β= + = +

rsArg

rm mg g

rs m n

r s mnA A g g A g g= =
025�  ) *�)���� :*�L,>��	� �21M
C-�  

���,<                                    &-  D����� ������ )� 0�12' ������ 
GA���    )    �2F���� &'�. ��"�:  

(26)  
 

*��	 �	 &'� ���)� ��	�� �2	      )      ! �>��"� (16)  �� �� (26) ���$��I  
02�� �� ) 0����: 

(27) 
�	 ����$��I (15) �� (26) �2� 0����: 

(28) 
�	 ��V !�	�L� ���  �� =� *�+����	 *��,� &���)����� �>��"� (21)   
 

#��3�'� ��� ) 7	�)� ��= �� �	 &'� ��)�. 
(29)  

��� �+ )� ������ ��� ��� !
���	 �8��"� (27)! (28) ) (29) �	 �;� ��= �� 

��� ��. 

(30) 

rs mn r s m n

r s m n rs mnA A g g A g g A g g A g g= = = =
rsA

or
rs mn r s rs r s mn

r s m n r s m nA A g g A g g A Aβ β β β⋅ ⋅ ⋅ ⋅= = =

ormn rs m n mn m n rs

m n r s m n r sA A g g A g g A Aβ β β β⋅ ⋅ ⋅ ⋅= = =

andm n r s

rs r s mn mn m n rsA A A Aβ β β β⋅ ⋅
⋅ ⋅= =

andrs rm sn mn mn rm sn rsA A A Aβ β β β= =
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rs m n

r s mnA A g g A g g= =

θ θ

rsA

( ) ( ) g ,r r m r m m m r m r

m m r rg g g g g g g g gβ β ⋅
⋅= ⋅ = = ⋅ =
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��� 7	�)� �$��$
 D����� �+����	 ) �+��1��  �� �� D����� *�+��-�  
������ ��2	 
��� ��. D����� *�+��-� ������ �	 ��8� *�
"��  

#�$��I �C%� ����. �� �2>� :�K �� #��3�'� ��L2�� =� �� *��	  
�"'�  ���5� &2,1� &'�.   
�2>� �$�� ��� &'� �� �;� �"2,V �@"	 =� �2�� )U�1I�( �� ��  
U�A< ) �'
�%� ���� �">��� ���B !
��2� �� ������ �-2I�  *��	  
��2	 �%�� ��I) ����. �	 ����< !D�e� �2�= ��� ) ��� 02��1� ) 0�   
R�� �;� 0�  �f�� ����. 
�+ �A2>� !
��	 �;C� &'� U=8 
��	 �� �� �>��"� �� �� 0�12'  

������ �� 0�12' ������ �,�"� *�$�� ����� ���. *��	 ���  
��� `)� 8�	 
���  �� 
23� 
��	. 
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����� �� ��
2� *����	   �� �� �+ ���� =� �@6 �� �2M�� R G��"  ��� �� �� �� 
�5� 
��2$	. ��� ����	 �� ����                 
��	 0����: 

 

(1)      
�� �� ���� ���1C+                                        ����	 ���,< &'� =�: 
 
 
 
�	 �2� ���� 
M             ! &C1B �'�'� �)�3  ) �� g�L� �� �	 &'� 0��)� ��. 

 

 

(2) 
 

 

) g�L�: 
(3) 

0idθ →

( ) ( ) ( )i

iv P v P g P=
��

( ) ( ) ( )v P v P dv P′ = + =
� � �

( )( )i i i i i

i i i i idv v dv g dg v g g dv v dg= + + − = +
� � � � ��

i
ii

ij j j

gv v
g v

θ θ θ
∂∂ ∂

= +
∂ ∂ ∂

��

�

V
�

1 2 3( , , )P θ θ θ

1 1 2 2 3 3( , , )P d d dθ θ θ θ θ θ′ + + +

( )iv P′

[ ( ) ][ ( ) ( )]i i

i iv P dv g P dg P+ +
� �
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����	��	 g�L� ����	    �	 )� &C1B ���/  ��� ��:   
 

�� &C1B �22F  �+ �3>?� �� vi �	 9,' ���22F  ������θ1,θ2,θ3  &'� )  
_�	 �$�� �	 9,' ���22F  *�+����	 *��,�     �	 9,' �22F  &2"B�� ����θi  
&'�.  

�� 
�P'� *
"	 ��L� #��� ��� �� �� �� *�@6 �'
2AB�: 
 

           (4) 
 

�� ��	�� (3) ���$��I 02�� ��: 
 

           (5) 
 
 
 

����	��	 g�L� &������        #
�+� ��L� *�+ �3>?�            �� ��
��� *�+����	 
*��,�      &'�.                     

ig
�

i
ijj

g
gα αθ

∂
= Γ

∂

�

�

( ) |

i

ij

j

j j

i

ijj

v v
g v g

v gv
v

g

α
α

α α

α
αα

α α

θ θ

θ

∂ ∂
= + Γ

∂ ∂
∂

= + Γ =
∂

�

� �

� �

| jv αjv θ∂ ∂
�

gα
�

*** 

V
�

(3) ii

i

i jj j

v
g

g
v

v

θθ θ
∂

+
∂

∂
∂

=
∂

∂
��

�
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0��2� �� g�L�               ��	�� =�: 
 

 4�
�� *�Ij  )k 02�� �� h�< ��: 
 

 4�
�� *�Ii  )j 02�� �� h�< ��: 
 

02+� �� �2;L  �� ��= ���,< �����: 

jiij ggg
��

⋅=

ji
j ik

ij

k k

gg g
g g

θ θθ

∂∂
+

∂
=

∂ ∂ ∂

��

� �

i
kj

ik k
ij j

g
g

g g
g

θ θθ
∂ ∂

= +
∂

∂ ∂∂

�

�

�

�

j

ki

jk k
ji i

g
g

g g
g

θ θθ

∂ ∂
= +
∂

∂ ∂∂

�

�

�

�

)(
2

1
k

ij

i

jk

j

ik
ggg

θθθ ∂

∂
−

∂

∂
+

∂
∂

                 ��	�� ��,T�(4)     

1

2

jik k
i jj i j

ji
k kj ki i

g ggg
g

g
g gg g

g

θ θ θθθ θ

 ∂ ∂ ∂ ∂
+

∂∂
− −
∂

= + + ∂ ∂
 ∂ ∂    ∂

��

�� �

� � �

� �

�

 �>��"� =� �>)(7) 0����           ����	��	 !: 
ii

R
g

θ∂
∂

=

�

�

i

j

jiijj

i
gRRg

θθθθθθ ∂

∂
=









∂
∂

∂
∂

=








∂
∂

∂
∂

=
∂
∂

���
�

0���� ): 

)(
2

1
k

ij

i

jk

j

ik
ggg

θθθ ∂

∂
−

∂

∂
+

∂
∂

















∂
∂

−
∂
∂

+








∂

∂
−

∂
∂

+
∂
∂

= jk

i

i

k
ik

j

j

k
kj

i g
gg

g
gg

g
g �

��

�

��

�

�

θθθθθ
2

2

1

kj

i

k

ij

i

jk

j

ik g
gggg �

�

θθθθ ∂
∂

=
∂

∂
−

∂

∂
+

∂
∂

)(
2

1

0 0 

1
( )

2

jk ijik i
kj i k j

k kg
g g

g
gg

gα α

θ θ θ θ

∂ ∂∂ ∂ + − = ∂ ∂ ∂ ∂ 

�

�

02�� �� :�X     �� �� �26�V: kg α

k

kj

i
ij gg

g αα

θ








∂
∂

=Γ
�

��� 

i
ijj

g
gα αθ

∂
= Γ

∂

�

�
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�26�V �� ��     :�X 02�� ��: 
 
 

02��� ��:                                       ! ����	��	       �� �2� ���  �� �	 ����< ��  
92��  ��K =� *�+����	 ���S &���: 

 

�26�V �� ��     :�X 02�� ��: 
 
 

) �	 �2C+ 92 � : 
 

��� �� �>��"� (*) ���$��I 02��: 
 

��� c�V &'�� �� �� �>��"� (**) ���$��I !02�� ��,T� ���� ��� ��: 
 

(4) 

αg
�

ki i
k kj jij

g g
g g g gg α

α
α

α θ θ
∂ ∂   = =   ∂ ∂   

Γ
� �

�� � � kg
�

G��"  g,V 

1 2 3

1 2 3
i i i

j j j

g g g
g g g g g g

θ θ θ
∂ ∂ ∂     + +     ∂ ∂ ∂  

=
  

� � �

� � � � � �

3

3

2

2

1

1 gvgvgvgvV
s

s

����
�

++==

3

3

2

2

1

1 ggg
g
j

i ���

�

λλλ
θ

++=
∂
∂

1g
�

1

3

31

2

21

1

11 ggggggg
g
j

i �������

�

λλλ
θ

++=
∂
∂

1

1δ
1

2δ
1

3δ

0 0 

1λ=

33 λ
θ

=
∂
∂

g
g
j

i �
�

22 λ
θ

=
∂
∂

g
g
j

i �
�

(*) 

1 2 3

1 2 3
i i i

j j j

i

j

g g g
g g

g
g g g g

θ θ θθ
∂ ∂ ∂     + +     ∂ ∂ ∂    

∂
∂ 

=
� � �

� � � � � �

�

(**) 

jij
ig
gα

α θ
∂

=Γ
∂

�

�

j

ig

θ∂
∂
�
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 مؤلفه ھای فیزیکی یک بردار  – 2.16
(Physical Components of a Vector) 

025�  ) *�)���� :*�L,>��	� �21M
C-�  

*�+����	 *��,�       )      �� &>�M �A� *�+����	 �;� 
��12�. �� &�2�M D�V �+ �� ���,< 
&'� =�: )�>��"� 8 �� 
2�2,	. ( 

                                                                                   ,     r not summed.  
) *)�r  ��1	 iCI��� �C�( 

��� �>��"� )12:14.2(                                            �� �	 �;� ��= 021���	: 
 

(1) 
 

#�$�� =� �/�� ��              )                 *�+����	 �;� !
�� U�C  *�+ �3>?� 
 )           )*)� r iCI ��1	 ��� �C�( =� �5� �;��26 ��21��C�� ���1;� 
����. 

���  �� 
�� ��             *�+ �3>?�     
�� �� �� ��
��� *�+����	 �;� 

���	 �� �� �	 7K ������ H
�'�C� )              *�+ �3>?�    
�� �� �� ��
��� 
*�+����	 �;�                
���	 �� �� �	 �-3Y ������ 
���C<. 
*�+ �3>?� 

        

 ) *)�r ��� �C� ��1	 iCI  ( 
�� *�+ �3>?� �;��26 ����	    
���� ��. 

rg
�

rg
�

v
�

, ,r rr

rr rv g v g

, r rr

r rrg g g g= =
� �

3 3

1 1

rr

rr

rr

r

r
r r

r r
r

r g
g

V vg
g g

v
g= =

= =∑ ∑
� �

��

r rrg g
�

r rrg g
�r

rrv g
rr

rv g
r

rrv gv
�

rr

rv g
r rrg g
�

r rrg g
�

v
�

r r

r r
V v g v g= =
�

� �

(8)
r s rs

r s rs

g g g

g g g

⋅ =


⋅ =

� �

� �
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�+ �� �	 E�'� ����B D����� �+��1��  D����� 
�	�� �C� ) *�+ �3>?� *��1��  
��12�. 

�)���� ��� �� �� �� &>�M �A�                         )*)� r iCI ��1	 ��� �C�( �/	 
������ 
��"��. )���= �� ������ 
��"��    )     �� �� 
���
��� ) *�+ �3>?� ����	     

                  �� �� ��
���     
���	 �	 *�+ �3>?� ����	             �� �� ��
���       
���	 ��  
�� ��'�� 
�+��K ��	 ) �	 0+ 
��	��	.( 


��	 �	 �V�K ����� 02��	 �� *�+ �3>?� *��1��  ��2C� �;��26 �� �� �� ������  
7�>� ��-�� j�K ��2	 
��� �� �;C� &'� ��21��C�� �;��26 ���1;� ����
� 
���	. 

�	 ����< !D�e� �� ������ *)�� �� *�@6 !�'
2AB� &2"B�� �� ���� �	 �� D�V ) )�  
��)�= ��2	 ��� �� (r,φ,θ).   

�� �� *�@6 ��%
 !*
"	 �� ���� �� �	 �' D�V ) �� ���= (x,y,z,t) N�L�  

��� ��. 

��� �;L� )�� ����C+ �P2%1  *��21	 �2� 0+��6 
�� ��(! =� �/�� ��I�	 
�� ��  
02�'��K �� �� :����� ������ 7�>� ��-�� ��=� 02��	. 

�	 ��� !�2>� �2	 *�+ �3>?� *��1��  ) »�3>?� *�+ �;��26« �� ��21��C�� �;��26  
���1;� !
���� 
��	 �)�3  �n�B 
�. 

r rr

rr rv g v g≠
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�

rr

rv gr

rrv g

025�  ) *�)���� :*�L,>��	� �21M
C-� 

Deriving Cylindrical Unit Vectors 
�� ������ *� �����'�           ! �� ����	 
����     �� ���  �� �	 91M *�+����	 

��,�                ) *�+ �3>?� *��1��             ) �� *�+����	 �;�             ) 
*�+ �3>?� �;��26             &���: 

 

 
�3>?� �;��26 �� ���  �� �	 �;� &������ �� &���)����� &���. 

 
 
 
 

��
,  *�+ �3>?� *��1��  �	 �;��26: 

 
 

( ), ,r zg g gθ

� � �

V
�

r z

r r zr zzgV u u u e v e v e vgg θ
θθ θ= + + = + + =

�
� ���� �

1 2
cos sin

r
ee eθ θ= +
� ��

1 2
sin cosee eθ θ θ= − +
� ��

3z
ee =

� �

cosx r θ= siny r θ= z z=

( ), ,r zθ

24/28 

11 2 3 2 3 1 2 3
( ) )( ) (r zx y z

e e e
r r r

x y z
e e e
z z z

x y z
e eV u u ue θ

θ θ θ
∂ ∂ ∂

+
∂ ∂ ∂

+ +
∂ ∂ ∂

∂ ∂ ∂
+ +

∂ ∂ ∂
+

∂
=

∂ ∂
+ +

� � �� �� � �
�

�

s

r sr

x
g e

θ
∂

=
∂

� �

, ,r zu u uθ

1 2 1 2 3(cos sin ) ( sin cos ) ( )r zV e e u r e r e u e uθθ θ θ θ= + + − + +
�

� � � � �

, r not summedr

r

r

r
g uv =

2

1 0 0

0 0 ,

0 0 1

ijg r

 
 =  
 
 

1 2 1 2 3(cos sin ) ( sin cos ) ( )r zV e e v e e v e vθθ θ θ θ= + + − + +
�

� � � � �

( ), ,
r z
e e eθ

� � �

, ,
r z
v v vθ

,r z

r z
e v e v e vθ

θ+ +
� � �

, ,r zzr rv v vu u uθθ= = =
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Deriving Spherical Unit Vectors 
�� ������ *)��           ! �� ����	 
����     �� ���  �� �	 91M *�+����	 

��,�                ) *�+ �3>?� *��1��             ) �� *�+����	 �;�             ) 
*�+ �3>?� �;��26               &���: 

 

 
�3>?� �;��26 �� ���  �� �	 �;� &������ �� &���)����� &���. 

 
 
 
 
 

��
,  *�+ �3>?� *��1��  �	 �;��26: 

 
 

( ), ,rg g gφ θ

� � �

V
�

r r r

rV g g g e eu vu v vu eφ θ
φ θ φ φ θθ= + + = + + =

�
� � � � � �

1 2 3 1 2 3 1 2 3( ) ( ) ( )rx y z x y z x y z
V e e e u e e e u e e e u

r r r

φ θ

φ φ φ θ θ θ
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

= + + + + + + + +
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

�
� � � � � � � � �

s

r sr

x
g e

θ
∂

=
∂

� �

, ,ru u uφ θ

1 2 3

1 2 3 1 2

(sin cos sin sin cos )

( cos cos cos sin sin ) ( sin sin sin cos )

rV e e e u

r e r e r e u r e r e uφ θ

φ θ φ θ φ

φ θ φ θ φ φ θ φ θ

= + + +

+ − + − +

�
� � �

� � � � �

, r not summedr

r

r

r
g uv =

( ), ,re e eφ θ

� � �

, ,
r
v v vφ θ

,r

r
e v e v e vφ θ

φ θ+ +
� � �

( ), ,r φ θ

3 cosx z r φ= =
2 sin sinx y r φ θ= =1 sin cosx x r φ θ= =

2

2 2

1 0 0

0 0

0 0 sin

ijg r

r φ

 
 =  
 
 

, , sinrr u ur rv uv vφ θφ θ φ= = =
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Deriving Spherical Unit Vectors(con’d) 
 

 
1 2 3

1 2 3 1 2

(sin cos sin sin cos )

(cos cos cos sin sin ) ( sin cos )

rV e e e v

e e e v e e vφ θ

φ θ φ θ φ

φ θ φ θ φ θ θ

= + + +

+ − + − +

�
� � �

� � � � �

( )1 2 3
cos sin sin cos

r
ee e eθ θ φ φ= + +

� � ��

( )1 2 3
cos sin cos sine ee eφ θ θ φ φ= + −
� � ��

1 2sin cosee eθ θ θ= − +
� ��
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2����6 ���-  �$�� ��3+ )� �  ) #��� �M �� ��= �n�1�:  

2) 12-23, 25-32 

2)  1,2,5,6,10, and  A1-A12   *�+ ���C �A,B: 
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