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)ادامه(و مکانیک محیط پیوسته  تانسورھا  

/��'
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�� �� �L���� (�
%��� !���  
��
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&' �?�" 
� G�$��' � �
%��� �M, = !N
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  -�'0 �L���� (�
%���: 

�B' �� �� 6�%�� ��)�*� �E��� 0��:�� �� 6�%�� 
��)�*� �C�� 6  ���E���. 

��EO ��E�;' �L���� (�
%��� �� G�$��' (�  6�%�� 0��)�*� ��� &'  
/��� ����' #�L� ��@� !�
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%��� �� ������  
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 (Euclidean space)فضای اقلیدسی 
�=�7 300 G�� #ED &' 0�T�� �� !'� �9��� ����
� 
� U�� ��4D'0 '���'  

����>�M� �� �� 
	@+ )�� 
	@+ P��' G' WM%�( = IY� �� �Z� ��  
P��� 
M�'� /�� 
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�='& U�?�' �'�. �� 
�
�� &' !" ��'=� /�' -�'  

� K
�?� (��'=& �� �4[� 
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P&=��' /�' �  
M�'� 
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�; 
���  ����4D' =�- = 
�-(��� 
�,��:  
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� !��& �9��� 0���< 
4+�� = 
�='& 
� �B��� ��'
� �� 
� (� �Z� 4 -
0(��� 5-(��� = ��7 ��2�� 6���� P�'� �
:. �� (�Z� n-(��� ��  

P��' 
4+�� = 
�='& 
� &' ��'=� a��4D' -��E� 0��� �� (�Z� n-(���  
����4D' P����� �
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 )  ادامه(فضای اقلیدسی 

�� -�+�, (�=�9 (�Z� ����4D' WM%� !�
� !" -�'. 
�� 
���  (� �Z� (�C�� �
<= ���'� 
� ����4D' ���%��. 
� !'
�;  

0G�[� WM� �� P�� WM%� -%�� = K
�?� (��'=& �� �4[� (=�  
WM� P�� ��2�� &' 180 
<�� -�'.   

 
�� 0-$�$7 ('�� �  (��� b���=�9 �� (�Z� ����4D' �
<= 0��'� ��  

�>�7 
� ('�� �  (��� /���c (�Z� ��5 ����4D' �
<= ��'�. /�'  
(� �Z� ��5 ����4D' 345' �� ���d� #�: ������%�� (�Z�  
����4D' 
�,�� ��
: ��. 

 
 
From Wikipedia, the free encyclopedia 
  (Redirected from Euclidean 3-space) 5/18 ��'� 
�'�' 

 )  ادامه(فضای اقلیدسی 

6/18 

�����  !" 	� #
 #��$� �$��% ���&$'� ��� ��" !" (�) *� +�,-  

./ 0� !,��	 1	�2�3�  !� 4%� ��
 �	 ���  �%��5-� ����
. 

2 2

1 1 2 2( ) ( )x y x y x y− = − + −

1

2

y
B
y





1

2

x
A
x





����� � �	�
��
 :��������� ��������  



�������� ا��ا��
��: �	�� و �����  12/5/2025 

4 

�
� 7��89 7�&$'� 4��: 	� 
!�; <�=> �-?� �� �; ���@  

A��B�� 7�&$'� �	 .'�� ����� 
���C$� ����> ��. 

(Ref 10, P 40) 
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












Orthogonal

Oblique

(Ref ١, P 3) (�) *� #���� ./ 0� E�@�- 1	�2�3�  !� 4%� ��
 ��. 

Rectangular 

x = (x' sin(ω-θ)+y' sin(ω-ώ-θ)/ sin ω  
,  
y = (x' sin θ+y' sin(ώ+θ))/ sin ω  .  

ω 
x 

y 

ώ 
θ 

x΄ 

y΄ 

منحنی الخطمختصات کارتزین و   

����	�F��  7�&$'�

.'�� ����� 
���C$� 

���C$� ��2 

1- ��,- 
2- �� !>��$%� 

3- ���" 

����� � �	�
��
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 نماد و قرارداد جمع  2.1.

 !�89 *� !���C� 	�!% ��� - ��C�x1,x2,x3   را 	�����K� ��>. 

���	��- 7	��@ 4%� 0�: 	��L� �; M��>� )�@� 0� M��>��0 �� M��>O��( 	� �; A!5�Q *� R�Q  
4��> !� #
 M��>� ��	 E����� S��/ �	 #��> �;� ��.   

E����� *� M��>� ��>�� i �� !@��T� 0� n ��@ U��9 4%� 0� 1 �� n.  
M��>� ���� (Dummy) : ����>� !" ��	 #
 R�Q !$�� �� ��B �	 M��>� ���� ����
 ��. 

                                                 M��>� ���� �>��� �� !� E��'�� ���V� ����. 

M��>� ��0
(Free):          ����>� !" ��	 #
 R�Q !$�� ��B ��>. 

1 2 3

1 2 3(1) a x a x a x p+ + =

superscript 

subscript 

3

1

(2) i

i

i

a x p
=

=∑
(3) ori j

i ja x p a x=
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 ��V$� *� !>��>����  *� 	���� ���V� �	 #
 #��� �� E��'�� !� !" (��K$>�. 
 
 

 (�3�1 

	���� !L� ��  �	 	� *� ���  !%-��C� �%��5-� �� 7�&$'� ���C$� ��D�	�" x, 

y, z  	� ��> ����K�. �
� W����" ��; �	�$"���� αi )�8�
( !� XLB ��0 Y��C� 
�>�B: 

 
 

!� #���@ (�3�(��,x)  #��> E��;� !���0 ��� �� � 	��� x 4%�. 
��� !" 	�ZT� (�) 	���� 1 4%� �� !,��	 ��0 #��� ��B ��: 

 
 
�� !� XLB E��%: 

2 2 2

1 2 3( ) ( ) ( ) 1α α α+ + =

( ) ( )
b b

a a
f d fx x y dy=∫ ∫

1 2 3cos( , ), cos( , ), cos( , )x y zα ν α ν α ν= = =
� � �

1i iα α =
9/18 

(4) 

x 

y 

z 

α1 

α2 

α3 

�� 

1 

����� � �	�
��
 :��������� �������� 

*� #���� ./(dx,dy,dz)  	� ���  !%-��C� �%��5-� �� 7�&$'� ��D�	�" 
���C$� x,y,z 	� ��> ����K�. R��� (�) ��� #���� ./ !� XLB ��0 �;��/ ���.  

 
 

�
� 7���" �	 !� XLB ��0 Y��C� ���": 
 
 

� �L>��" �$�� (Kronecker delta ) !� XLB: 
 
 
 

E�K>
 (5) �	 #��� �� !� XLB ��0 4B�>: 
 

�� #��� �L>��" �$��: 

 (�3�2 �$�� �L>��" Y��C� � 

ii

ii dxdxdxdxds ==2

2 2 2 2(5) ds dx dy dz= + +

1 2 3(6) , ,dx dx dx dy dx dz= = =

11 22 33

12 21 13 31 23 32

1,
(7)

0

δ δ δ

δ δ δ δ δ δ

= = =

= = = = = =

2(8) i j

ijds dx dxδ=
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 �	 !���C� ��� #��� �� XLB !� !$ �� !C%��(unabridged) 4B�> : 

2

2

3

3

2 1

1

i

i

i i

ii dds x dxdx dx dxdx δ δδ ++=
0 0 

1 1 2 1 3 1

11 21

3 3

3

2

2

3

2

31

2

0 0

0 0

dx dx dx dx dx dx

x

x

x

dx

d d

d

δ δ

δ

δ

δ

+ +

+ + +

+

= + +

2(8) i j

ijds dx dxδ=

11/18 ����� � �	�
��
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111 222 333 112 113 221 223

331 332

123 231 312

213 321 132

0,
(10)

1,

1

e e e e e e e

e e

e e e

e e e

= = = = = =

= = =

= = =

= = = −

 (�3�3 

!" erst �	 �������[ X���% (permutation symbol) ����> �� � !� XLB ��0 
Y��C� ��B ��: 

 
 
 
 
 

!� 7	��@ �K�� �$-� 	��=� �; �� ����>� �� �; #��L� �B�� eijk=0 � �
� 

�; M��>� !� \���� 1,2,3 ��B�� eijk =1 � �
� !� XLB ��K�� ��B�� eijk =-1. 

22 33 21 32

13

13

111

11

11

31 23

21 22 23

32 23 21 13

2

12

1 33 31 22

31 32 33

2

a a a a a a
a

a
a

a

a

a a
a a

a
a

a a a a
a a a

a

a

a

+ +
=
− − −

1 2 3(9) ij rst r s ta e a a a=
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Permutation is an arrangement of objects in a definite order. 
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1 2 3 1 1 1

1 2 3 2 2 2

1 2 3 3 3 3

or

i i i i j k

ijk j j j i j k

k k k i j k

e

δ δ δ δ δ δ

δ δ δ δ δ δ

δ δ δ δ δ δ

=

 ]11 !$%��[ ��; .��� *�>�L� : #�����	 �$"�  

�� .�� #��� �� #��> ��� !": 
�� !Q�� !� .���	 X��=� #��� �� !T�$> 

4 �
 !" �
� �L>��" �$�� ��	 �D�^ �:� 
��" M��>� _�$�� 0� ��� ��	 �� � 

M��>� _�$����2 ��DK��Q #
 ��B ��. 
 

�
� M��>� _�$�� ��@ ��� 0� ��� 
��	 ��>! !� #���@ (�3�: 

 

	� R-�� ��@ M��>� 4��> !" ���� �B��. 

iiδ =

im maδ =

im mjTδ =

im imTδ =

im mjδ δ =

im mj jnδ δ δ =

11 22 33δ δ δ+ + =

ia

ijT

iiT =

ijδ

inδ

3

mmT

13/18 

2 2j i jiS Sδ ≠

!,��	 �F� ��� �L>��" �$�� � �������[ X���%: 
(11) 

 

 (�3�4 
�
� f(xl, x2, .. . , xn) �C��� 0�n  ��V$� x1, x2,.. . , xn A�B�� X��>��8�� #
 !� 

XLB ��0 �;��/ ���. 
 

(12) 
 

(�3� 5 

a�b �� !,=> �� 	���� �� = ��, ��, �	 �  
 = ��, ��, �	*� 
���L%� 4%�. 

 
(13) 

 

s sj j ji i t st ktk ke e δ δ δ δ= −

i

i

f
df dx

x

∂
=
∂

1 1 2 2 3 3c x y x y x y= ⋅ = + +x y
� �

ij i j i ic x y x yδ= =
14/18 ����� � �	�
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(�3� 6 
a�b �	���� �� 	����   �    	����               �;��/ ��� !" ��; !8�c� #
 

7	��@ 4%� 0�: 

 
 
 
 
 
 

(�3� 7   

iig

1 332211

111

ggg
++

332211

1

ggg ++

? 

1 2 3 3 2 2 3 1 1 3 3 1 2 2 1(14) , ,z x y x y z x y x y z x y x y= − = − = −

(15) i ijk j kz e x y=

15/18 

= ×z x y
� � �

y
�

x
�

!T�$>:  �; �	 ��	��@ #��� ��> #��> R�Q ���	��- �� � ����>� XLB !����.  

1 2 3

1 2 3

i j k

x x x

y y y
3

1

1

i iig=

=∑

3

1

1

ii

i

g
=

=

∑

����� � �	�
��
 :��������� ��������  

!$L> 2: 	� *� !5�Q �; M��>� �>��� �� *� 	�� 	��L� ��B !" 	� #
 7	�9 
M��>� ���� 4%�. !� #���@ (�3� 	�            !"n  !% !���� �;�d E�B �� 
��C� � 0� ��> .���	 ����>� Y��C� E��> 4%�. 

knnkn cba

stp mtpe e =

X�: 

���" 4��: �	 ��0 !,��	 X���% �������[ � �$�� �L>��" !,��	 0� E��8$%� ��. 

smmtpstpee δ2=

 (�3�8 

!$L> 1: \���� ��; M��>� �������[ X���% �>��� �� !� �5LB !" 	��=� ���@ 
#
 1 �-�� A�>��� ���V� ����. ��C� M��>� �/
 ����� (�� � �� (�� ���� �/
 

pst pmte e =

16/18 

stp pst tpse e e= =

sm tt st tmδ δ δ δ− 3 2sm sm smδ δ δ= − =
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����>� 7�	��@ 	� 7?�Q � 7O��C� ���C� 

7O��C� ���C� =)���C� ��0
 ��; M��>� (3     
7?�Q ���C� =)���C� ���� ��; M��>� (3     

(�3�: 
kjijki AAeB =

3 =)1 (3  =7O��C� ���C� 

9 =)2 (3  =7?�Q ���C� 
















=

=

=

kjjk

kjjk

kjjk

AAeB

AAeB

AAeB

33

22

11

1 1

11 1 1 21 2 1 31 3 1

2 2

12 1 2

3 3

13 1 3 23 2 3 33 3

22 2 2 32 3 2

3

ij jij j

i

ij j

i

i

i

i

i i

i i

i

e A A

e A A e A A

e A A

e

e A A

e A A e A A e A A

B

A A e A A e A A

e A A

+

+

+ + +

+

+

+

=

+

+

=
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������  X���� �K�� !$8; �� �� � E��" X� �	 ��0 Xg���:  

2) 1, 2 

2.1. Show that, when i, j, k range over 1,2,3, 
(a) δijδij=3   (c) eijkAjAk=0 
(b) eijkejki=6   (d) δijδjk=δik 

 
2.2. Verify the following identity connecting three arbitrary 

vectors by means of the e-δ identity. 

�� × � × �� = (��.��)�−(��.�)�� 

Note: The last equation is well known in vector analysis. 

After identifying the quantities involved as Cartesian 

tensors, this verification may be construed (interpret) as a 

proof of the e-δ identity. 
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