6 il sl pmdens talati 5 5500 £ 12/6/2025

Ot b peplis —pow Las

Optimization methods

==

Optimality criteria Search methods
(indirect methods) (direct methods)
Constrained problem Unconstrained problem

A function f(x) of nvariables has global (absolute) minimum at x*

if f () Ef (%) (3.1)
for all xin the feasible design space S.

If f(x)<f(x)., thenx*is: a strong (strict) global minimum
If f(x)=f(x), thenx*is: aweak global minimum

© M.H. Abolbashari, Ferdowsi University of Mashhad 1/94

A function f(x) of n variables has a local (relative)
minimum at x*if f(x’)<f (x) holds for all x in a small
neighborhood N of x*in the feasible design space S.

If f(x")<f(x), then x*is: a strong (strict) local minimum
If £ (x)=f(x),then x*is: a weak local minimum

Neighborhood N of the point x*is defined as the set of
points

N :{X ‘X e S with|x —x

<5}

for some small 8>0. Geometrically, it is a small feasible
region around the point x*.

S il o 05 g (5 510,5 2/94
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If 7 (x)is continuous on a nonempty feasible set S that is closed
and bounded, then f(x) has a global minimum in S.

and
every sequence of points has /A

a subsequence that I
converges to a point in the ' b
set. A set is bounded if for any

point, xes,x'x<c ,where ¢
is a finite number.

Local A
Global e

FIGURE 3-2 Graphical representation of optimum points. (a) Unbounded domain and function (no
global optimum). (b) Bounded domain and function (global minimum and maximum exist). 3/94

A set Sis closed ) ‘m»

Consider a function fix)=-7/x defined on the set
S={x0<x<1}. Check existence of a global minimum for the
function.
Solution. The feasible set Sis not closed since it does not
include the boundary point x=0. The conditions of the
Weierstrass theorem are not satisfied, although 7 is
continuous on S. Existence of a global minimum is not
guaranteed and indeed there is no point x* satisfying
f(x*)<f (x)for all x € S.
If we define S= {X0<x<1}, then the
However, f is not defined at x=0 (hence

), so the conditions of the theorem are still not
satisfied and there is no guarantee of a global minimum for
f in the set S. 4/94
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Note that all partial derivatives are

calculated at the given point x * o4

Geometrically, the gradient vector is normal to
the tangent plane at the point x*.

Also, it points in the direction of maximum
increase in the function.

5 v f(x*)

Surface
f(x1,%x2,x3) = const.

- X>

X1
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0 1 2 3

(Sl e dazms iS5 (50,5

7/94

XX

| o o of
oxl  ox,ox, ox ,0x ,
of of .. _of

Ox,0x,  Ox; ox ,0x

of _of of

| Ox,0x, Ox,0x, ox

of  Of
ox,0x;  Ox;0x,

; i=lton,j=lton

Ox,0x

J

2
H:{ o } ; i=lton,j=lton
(nxn)

Sl (mdazma 1ol 5 (5515

8/94

12/6/2025



6 il sl pmdens talati 5 5500 £ 12/6/2025

fF(x)=x+x5+2x +3x] —x x,+2x, +4x,
Cor ]
ox, | 3x [l +4x,—x,+2
of 3x; +6x,—x,+4
| Ox, |
2 2
of =6x, +4; of =-1
OX | 0x ,0x ,
2
/AN
0x ,0x | ox 2
1 1.2) {10 —1}
’ _1 18 9/94

A function can be approximated by polynomials in a
neighborhood of any point in terms of its value and
derivatives using Taylor’s expansion.

Consider first a function f(x) of a single variable.

Taylor’s expansion for f{x) about the point x*is

)= e+ L x) LD oy

R is the remainder term that is smaller in magnitude than
the previous terms if xis sufficiently close to x*

let x-x*=d (a small change in the point x?

FGt+d)=f (x )+df(x ). 1df (x" df )2 p
2 dx’ 10/94
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For a function of two variables fx,x,), Taylor’'s
expansion at the point (x,%x,%)is

FOnr)=f o+ -2+ L, —xD)
ox, ox ,
1.0°f o’f

+ =[5 (x,—x,) +2
2[8.)(712( 1 1)

(x1_x1*)(x2_x;)
X0X,

0° .
+gf2(x2—x2)2]+R

2

S il o a5 g (5 y510,5 11/94

F 008 =f G+ X (w, —x)

Il 0
+2228 0x

i=1 j=I

(xi _xi*)(xj _x;)‘i‘R

fx)=fxH+Vf (x —x*)+%(x —x" Y H(x-x")+R
F+d)=f (x)+VfTd +%dTHd +R

A =f(x"+d)—f (x7)

Af =Vf'd +%dTHd +R

A first-order change in 7(x) at x* (denoted as of) is
obtained by retaining only the first term

Sf =VfTox Oxis a small change in x*(dx =x -x?).

il o 0ediiS g (6 y510,5 12/94
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Obtain second-order Taylor’s expansion for the function
f(ix)=3x°x, at the point x*=(7,7):

Solution. The gradient and  Accuracy of the second-order Taylor series ex-
Hessian of the function #x) pansion about (1, 1) for the function f(x) = 3xix,

. of Example 3.5
at the point x*=(7,7) are
of B3 X f(x) f(x) % Error
Vf(x)= || Sy | ® L0 10D 3000 3000 0.0
o 3x 3 L0S 105 36465 36450 0.041

L0 110 4393 4380 0280
ox 115 115 SM0 5250 080

2 1 120 120 6208 610 16X

H = 18xx, 9xp|_ 8 9 I 15 e a0 um
O 2 0 9 0 130 130 BS6E 8200 4065

135 135 99645 9400 SIS

Foe)=3+ 9T [@i=D] 1[G =D] 18 97 (r,~D] 140 140 11548 106800 7.3
B | ea-D ] 2| G- |9 ofl(x,-1| 145 145 132615 120450 9.173

_ 2 0. 1507 151875 13.5000 11111
f(x)=9%;+9xx,—-18x,-6x,+9

13/94

Obtain linear Taylor’s expansion for the function
f(X):)cl2 +x22 —4x,-2x,-4

at the point x=(1,2). Compare the approximate function with the
original function in a neighborhood of the point (1,2).

o

vr - Ox, | [2x,—-4| |2
/= of {2%—4}{2}

_ze_

linear Taylor series approximation for 7(x)is

_ x,—1
f(X)=1+[-=2 2]{ }:—2x1+2x2—1

X,—2

Sl > dazne 1diiS 5 55915 14/94
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Accuracy of linear approximation for the func-
tion f(x)=x}+x3—4x,—2x,+4 of Example
3.6 at point (1, 2)
x, x; J(x) f(x) % Error
1.00  2.00  1.0000 1.0000 0.000
102 200  0.9604 0.9600 0.042 00 204 10816 1.0800 0.1tk
1.04  2.00  0.9216 0.9200 0.174 1.0 208 11632 11600 0.275
106 2.00  0.8836 0.8800 0.407 1.0 212 1254 1.2400 1.148
110 2.00  0.8100 0.8000 1.235 100 220 14400 14000 2.778
L1z 200 0774 0.7600 1.860 100 224 1537 1.4800 3.746
1.14 2.00 0.7396 0.7200 2.650 1.00 228 1.6384 1.5600 4.785
116 2.00  0.7056 0.6800 3.628 100 232 1744 1.6400 5.877
1.18 2.00 0.6724 0.6400 4.818 1.00 2.36 1.8496 1.7200 7.007
120 2.00  0.6400 0.6000 6.250 100 240  1.9600 1.8000 8.163
102 204 1.0420 10400 0.192
104 208  1.0880 1.0800 0.735
106 212 1.1380 1.1200 1.582
108 216 11920 1.1600 2.684
110 220 12500 1.2000 4.000
B 224 13120 1.2400 5.488
114 228 13780 1.2800 7.112
116 232 14480 1.3200 8.840
118 23 1520 13600 10.640
120 240 1.6000 1.4000 12.500
S ridla) e s 10l g (591055 15/94
2 2 2
FX)=x;+2x,; +3x;+2x x,+2x,x,+2x x,
1 2 3 1
F(X)=F(x,,x,,,x )
1 n n
F(X)=522Pijxij
i=1 j=1
1 2
F(X)= E[(p11x1 +PX Xyt X X))
2
F (DX X+ PpXy o+ PyXoXx,)
2
4b 000 ok (pnlx X e pnnxn)]
y =PX
n
Y, =Zpl.jxj, i =1ton
j=1
1 n n
F(X)=52xi Zp,-jxj
i=1 j=1 16/94
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1 n
F(X)=52xiyi
i=1

F(X)=%XTy =%XTPX

P is called the matrix of the quadratic form F(x).
1
F(X):5{[])11)(12+p22x22+“.+pnnx3]
+[(P+Py)x X, + (P T P3)X X5+ +(py, +P,)X X, ]
H (P T P32)X X 5+ (Pog + D)X X 4+ (P, +P,5)x 0%, ]
+eee [(pn—l,n + pn,nfl)xnflxn)]}
F(X):lXTPX Lyrax
2 2
Identify a matrix associated with the quadratic form
1
F(x,,%,,x5)=—(2x ] +2x x, +4x,x,—6x7 —4x ,x, +5x])
Solution. 2 2 4 «x,
F(X):%[x1 X, x3] 0 -6 4| x,

0 0 5)x,

Sl i daine kiS5 55515 17/94

Since the coefficient of xx; can be divided between p;
and p; in any proportion, there are many matrices
associated with a quadratic form. For example, the
following matrices are also associated with the same

quadratic form:

2 05 1 2 4 5
1.5 -6 —6; -2 -6 4
3 2 5 -1 -8 5

Dividing the coefficients equally between p;and p;, we

obtain
2 1 2\ x,
F(X)z%[x1 X, x3)|1 -6 -2|x,
2 -2 5)|x,

il i daine kiS5 55515 18/94
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Quadratic form F(x)=x"Ax or its symmetric matrix A may be
Positive definite:
If it is always positive for any x [except for F(0)]

Negative definite:
If x’Ax<0 for all xexcept x=0

Positive semidefinite:
If x’Ax=0 for all x and there exists at least one x#0 (nonzero x)
with x’Ax =0

Negative semidefinite:
If x’AxsOfor all x and there exists at least one x#0 (nonzero x)
with X’Ax =0

Indefinite
If it is positive for some vectors x and negative for others e

Determine the form of the following matrices:

2.0 0 1 1 0
(i) A=|0 4 0]; (i) A=1 -1 0
00 3 0 0 -1

Solution. The quadratic form associated with the matrix
(i) is always positive, i.e.,

XTAX =(2x]}+4x2+3x7)>0
unless x,=x,=x;=0 (x=0). Thus, the matrix is

S il o 0ediiS g (6 y510,5 20/94
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-1 1 0
(i) A= 1 -1 0
0 0 -1
The quadratic form associated with the matrix (ii) is
since

XTAXx =(—x12—x22+2x1x2—x32)={—x32—(xl—x2)2}30

for all x, and x’Ax=0 when x;=0, and x,=x, [e.g.,
x=(1,1,0)]. The quadratic form is not negative definite but
is since it can have zero value for
nonzero Xx.

Therefore, the matrix associated with it is also

S il o 0ediiS g (6510 ,5 21/94

Theorem 4.2

Let 4, /=7 to n be n eigenvalues of a symmetric nxn matrix A
associated with the quadratic form F(x)=x"Ax (since A is
symmetric, all eigenvalues are real). The following results can be
stated regarding the quadratic form £(x) or the matrix A:

Positive definite

Negative definite if and only if all eigenvalues of A are strictly
negative, i.e., A,<0, /=7to n.
3. Positive semidefinite

4. Negative semidefinite if and only if all eigenvalues of A are
nonpositive, i.e., 4<0, /=7 to n (note that at least one eigenvalue
must be zero for it to be called negative semidefinite).

Indefinite
sojo sl s Lo 0339 p33lie dlins o Jogoma M alolae S o pilive ariB ol 51 colizl

11
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The general concept needed to develop the solution
procedure for a general mxn system of equations is known
as the v

Using the Gauss-Jordan elimination procedure, we can
transform any mxn matrix A into the following equivalent
form (for m<n): Ji 0

AN (r)
0 0

where /, is the r~ridentity matrix. Then ris the rank of the
matrix. Note that the identity matrix /;,is unique for any given
matrix.

Rt (B.32)

(m—r)xr (m—r)x(n-r)

S rilgl i dazne kS 5 55515 23/94

Rank Determination by Elementary Operations

Determine rank of the following matrix:

2 6 2 4
A=|2 4 2 2 (a)
1 2 -1 -1
The elementary operations lead to the following
matrices:
1 3 1 2 |
A~-2 -4 2 2 [miltiplyrowlbygj (b)
I 2 -1 -1
I 3 1 2 ]
add 2 times row 1 to row 2
~[0 2 4 6 ' (
and -1 times row 1 to row 3
0O -1 =2 -3

24/94

12
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1 0 0 O add -3 times column 1 to column 2;
~0 2 4 6 -1 times column 1 to column 3; (d)
0O -1 -2 -3 -2 times column 1 to column 4
1 0 _ 1
“lo 3 multiply row 2 by > and (e)
0 0 add to row 3
010 O _
o 1lo o (add -2 times column 2 to column3; ]
and -3 times column 2 to column 4 | ()
0 0]0 O

This matrix is in the form of Eq. (B.32). The rank of Ais 2, since a
identity matrix is obtained at the upper left corner.

S il o 05 g (5 510,5 25/94

U5
U6

Every nxn square matrix A has certain scalars associated with it,
called the They are obtained as
determinants of certain submatrices of A.

Let M, k=1 to n be called the leading principal minors of A. Then
each M, is defined as the determinant of the following submatrix:

M, =4, (B.26)

where A, is a kxk submatrix of A obtained by deleting the last
(n- k) columns and the corresponding rows.

For example, M =A,, M,=determinant of a 2x2 matrix obtained
by deleting all rows and columns of A except the first two, and so
on, are the leading principal minors of the matrix A.

Notation

We write D, or M, for the of order A There
are[;(’] principal minors of order 4, and we write & for any of the

q g . U1l
principal minors of order 4. ; 26/94

12/6/2025
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From:Lecture 5 Principal Minors and the Hessian, Eivind Eriksen, Bl Norwegian

School of Management, Department of Economics, October 01, 2010
http://home.bi.no/a0710194/Teaching/Bl-Mathematics/GRA-6035/2010/lecture5-hand.pdf 19t Oct., 2014.

A minor of A of order ks principal (4,)if it is obtained by deleting -k rows
and the n-k columns with the same numbers.

The of A of order k& is the minor of order &
obtained by deleting the n-krows and columns.
Theorem

Let A be a symmetric nxn matrix. Then we have:

* Ais positive definite if D, >0for all leading principal minors

« Ais negative definite if (-7)D,>0for all leading principal minors

* Ais positive semidefinite if 4,20 for all principal minors

* Ais negative semidefinite if (-7)4,20for all principal minors

+ Ais indefinite if non of the above conditions are satisfied.

Q In the first two cases, it is enough to check the inequality for all the

(i.e. for 7<= k< n).

O In the last two cases, we must check for all principal minors (i.e for each
kwith 7s k = nand for each of the [ZJ principal minors.

For instance, in a principal minor where you have deleted row 1 and 3, you

should also delete column 1 and 3

27/94

Theorem 4.3

Let M, be the Ath leading principal minor of the nxn symmetric
matrix A defined as the determinant of a Axk submatrix obtained
by deleting the last (n7-k) rows and columns of A (Appendix B,
Section B.3). Assume that
Then Ais:

Positive definite
2. Negative definite if and only if M, <0 for A odd and M,>0 for &
even, k=7to n.

Positive semidefinite

4. Negative semidefinite if and only if M,<0 for k odd and M, >0
for keven, k=7to r<n.

Indefinite
This theorem is applicable only if the assumption of no two

consecutive principal minors being zero is satisfied. 28/04

14
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Determine the definiteness of the quadratic form

Q(x ,x,,x,)=3x] +6xx,+x; —4x ,x,+8x

Solution:
The symmetric matrix associated with the quadratic form Q is
3 0 3
A=|0 1 =2
3 2 8
The leading principal minors are:
3 0 3
30
D, =3, Dzz‘o 1:3, D,=l0 1 -2/=3
3 -2 8
Since all leading principal minors are positive, Q is positive
definite. 29/94

Determine the form of the matrices given in Example

4.11.
2.0 0 1 1 0
(i) A=|0 4 0]; (i) A=l1 -1 0
00 3 0 0 -1

Solution. For a given matrix A, the eigenvalue problem
is defined as Ax=Ax, where A is an eigenvalue and x is
the corresponding eigenvector (refer to Section B.6 in
Appendix B for more details). To determine the
eigenvalues, we set the so-called characteristic

determinant to zero |(A - A/)=0.
2-2 0 0 A~2, A,=3, and A;=4.
_~ Since all eigenvalues are strictly positive, the
0 4-4 0 |=0 o " " N :
matrix is positive definite. The principal minor
0 0 3-4 check of Theorem 4.3 also gives the same
i) prrsome el 5 53510 conclusion. 30/94

15
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-1 1 0
(@) A= 1 -1 0
0 0 -1
For the matrix (i), the characteristic determinant of the
eigenvalue problem is
-1-4 1 0
0 -1-1 0 |=0 (-1-AD[(-1-21)-1]1=0
0 0 -1-4
Therefore, the three roots give the eigenvalues as A,=-2, A~-1,
and A~0. Since all eigenvalues are nonpositive, the matrix is

negative semidefinite. To use Theorem 4.3, we calculate the
three leading principal minors as

-1 1 0
M, =-1, 1\42=_11 _11=0, M,=|1 -1 0|=0
0 0 -1
Since there are two consecutive zero leading principal minors,
we cannot use Theorem 4.3. 31/94

3) 1,8,16

S il o 05 g (6 y510,5 32/94
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S8 5 Y Lld psehe

1. Optimum points must satisfy the necessary
conditions. Points that do not satisfy them cannot be
optimum.

3. A candidate point satisfying a sufficient condition is
indeed optimum.

34/94
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oS o0 S o5 4 F(XF) 9 X s
d=x-x* Af=f(x)-f(x™*)
Af=f(x)-f(x*)=0

0 oSG @lg (sl p (Ao (S bl

| a3 ym p3¥ Lol
f(x):f(x*)+f'(x*)Td+%f"(x*)d2+R Jsl 4 yo p3¥ dasl

A =f'(x*Yd +%f "(x)d> +R

Af >0

o St Y Ll
Sl (mdazma 1ol 5 (5515 .ML” ‘SQ-LQL’ ‘.\”L’s Af ‘5;’.”

35/94

(dalol) 0 psincSy milgi (gl (S Lol

x Olaz ggaze 3l Glhae 18 a5 (f (x ) d) gl alex oS LT

©)ke Jlado b g cuodle

a0

295 ite W0 CAf 425 50 9) f(x T)d dboz 3k f () # 0 5]

il o
Af 20=f"'(x")=0 (s 45 ) (slme (St Y Lal
Sl > dazne 1S 5 559105 36/94
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s S 009l 1y Jol as po p3¥ by a8 bolis

fi(x)=0
blas (bl pl 4 oS widl oo dore pasine 3300 blas

il i daine kiS5 55515 37/94

1S oo 009 |y fi(x ") =0 p3Y byd bl bl o9
1 .
Af =5f "(x")d*>+R

If foreveryd #0:f "(x ") > 0—22 3 Af >0

F(x") >0 dolas oplplo .ol b (Ao powive SO JSlas X7
prowioe bl )0 &l aS ol ()l (6LsS 5 WS o Lo |y S Ll
Syle cude gLl glals

S il o 0ediiS g (6 y510,5 38/94
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S il o 0ediiS g (6510 ,5 39/94

s Glgised 95 00yl ( f(x7) >0 ) S bys S
(oogs p3¥ byi pl 115) Cancd oo aladi opl a5 c8 5
3 ol S (G o 30 4550 45) %05 Y Ly ol

f'(x)=0

rosn o ol 0 o PG <) B S o
49 39d 0 e —f "(x")d? HekS daws g dbea | e
sbgo ade oV b2 Gl 4 f7(x") 20 byd sl s

AW

S il o 0ediiS g (6 y510,5 40/94

12/6/2025

20



8l ) Cpsdena taidali 5 500 S

WS o et gy Sjgo e S g e¥ bbb f(xT)=0 S
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41/94

f(x)
10
9 Local minima: B and C
) Local maximum: A -
'\\ 8 ’f
\ : /
\_\ /'
\ 6 f
\ /
\ 5 /
\ /
44 /
34 /
21
A
e A—
B Cc
5 4 3 2 - 1 1 2 3 4
-2

FIGURE 4-11 Graph of

f'=(2x/3)-sinx =0  (b)

f'=(2/3)-cos x

of Example 4.22.

1. x*=0; f'=-1/3<0, so this is a local maximum with f(0)=1.

3. x*=-1.496; '=0.592>0, so this is a local minimum with f(-1.496)=0.821.

42/94

12/6/2025
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.Q..»‘Lg..u.gn)\oﬁ&{xdff(X)o)@x%@U&{éfdbé\ﬁ
fx)=f&xH+VF(x")'d +%dTH(x*)d +R

5l canl Sole a6 4o s

Af (x)=Vf(x")d +%dTH(x*)d +R

S il o 0ediiS g (6 510,5 43/94

b ikl Bl Af o Gl @S (28 X o (doxe pesie S S

Af 20=>Vf(x")=0 (3.33)

Vf(x*)=0:>af6(x )=0; i=1ton (3.35)

i

Nigd o bls aiS e 00,91 1, (3.35) dolas a5 bolis

il oo ielaS 5 5 p5lo 8 44/94

22
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Wy oo Db, bl alais o a5 (3.33) ol pgo alox 4 4> g5 b
Af 20=d"H(x")d >0 (3.36)

Coda Cpame e ple SO H (X)) plema b (3.36) dolas o 00,91 (slp

.w1xm)¢f(x)@u6|ﬁ61mwsi@ﬁ onl s asb
Sl > dazme 1daiS 5 55905 45/94

) Mbw\oxjosl?mw&f(x);\
o),
OX,

1

o5 ol ol ansls e powie S x F0f (x) S

H(x*)zlzﬁjgx‘

; i=lton

Ol oo 5l

'/:|(7!><n) o MW[}MMWX*&Q})Q

il St mma sl 4 0 H (x ") e le ST

S il o 0ediiS g (6 y510,5 46/94
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f(x)=x]+2xx,+2x;—2x, +x,+8

bl abads 8551 oo &,
i:|: ! 2 :|=0:> X =(X1,X2):(ya_%)

Ox | 2x,+4x,+1

A ool 4y lae w).,l.a&yua.owtgbtas il [al.\S)m)'l
e e SO x T cplpls ol Cate ure H A g 0

= y=4.75
20
Sl (mazma 1ol 5 (5515 47/94

Minimum point T— -
41  x*=(25,-15)
f(x*)=4.75

-5-

FIGURE 4-10 Isocost curves for the function of Example 4.20. 4504

12/6/2025
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141 4y Minimum solution :f—YV JL"Q
| s ;*i(muo,ﬂ 4 % 106
2 S f(x)=x1+g+250x2
o XX,
6 . .
4 I gy G109
. ox XX,
* 6
500 1000 1500 2000 2500 3000 * i = 0, 250 - w =0
ox , XX,

x,=1000, and x,"=4 is a stationary point
(4*10°)| 0.008 1
(4000)>| 1 500

Since both eigenvalues are positive, the Hessian of f(x) at the
point x* is positive definite. Therefore, x*=(1000,4) is a local
minimum point with /x*)=3000.

H (1000,4) =

49/94

TABLE 4-1 Optimality Conditions for Unconstrained Problems

Function of one variable minimize f(x) Function of several variables minimize f(x)

First-order necessary condition: " = 0. Any point First-order necessary condition: Vf= 0. Any point
satisfying this condition 1s called a stationary point; satisfymng this condition 15 called a stationary pomnt;
it can be a local mmimum, local maximum, or it can be a local minimum, local maximum, or
neither of the two (inflection point) neither of the two (inflection point)

Second-order necessary condition for a Second-order necessary condition for a local minimum:
local mimmum: f” 2 0 H must be at least posttive semudefinite

Second-order necessary condition for a Second-order necessary condition for a local maximum:
local maximum: f” < 0 H must be at least negative semidefinite

Second-order sufficient condition for a Second-order sufficient condition for a local mmmum:
local mimmum: f” > 0 H must be positive definite

Second-order sufficient condition for a Second-order sufficient condition for a local maximum:
local maximum: f” < 0 H must be negative definite

High.e?-'—order necessary Cf)ndi!ions for a local. Soo azin g5 b g 00,5 o |, ) alfuss
minimum or local maximum: Calculate a higher N
ordered derivative that is not zero; all odd-ordered 3) 1 7 ileyd oo
derivatives below this one must be zero

Higher-order sufficient condition for a local minimum:
Highest nonzero derivative must be even-ordered and
positive 50/94
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Role of Constraints
Constrained Optimum Point

minimize  f(x)=(x4-1.5)?+(x,-1.5)?
subjectto  g{=x;+x,-2 <0, g,= -X; <0, g3= -X,<0

X3 =075 Cost function contours
* — Unconstrained
3 /f o,'s\ Optimum Point for
- [ (1515 1 | | Minimum point a Constrained

Vi

=y

— /1 x=0.1
// )= 0.5 Problem (1.5, 1.5)

Feasible g1=xy+X—2=0

region
ANANNNNNNANY %
1 3 51/94

S

M4

Ao A0

(Regular Point) (L b

G'aDJ.D.».HALQ 4o Jled 4.8 @‘9., oLl ¢ olais alags
l% 9 6)‘3.40 p.fb l.’ LSM Ql'.’.‘b‘; 30 C.».Cb L:Lo.’ Q‘ )d G».u w‘
Linear independence of the given set of vectors can be
determined form the matrix A of dimension nxk whose
columns are the given vectors. Then, if rank ris equal to

k (r=k), the given set is linearly independent; otherwise it
is dependent.

il oo ielaS 5 5 p5lo 8 52/94

12/6/2025
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oS 0 5 50 1) ol (sload b oo Jolise o
minf(X):f(xlaxza"'axn)
h.(x)=0, i=ltop
YV LYYY i
min f (x,,x,)=(x,—1.5)> +(x, - 1.5)
h(x,,x,)=x,+x,—2=0
3 )'i"“‘" Se Ol S o0 23
xzz(ﬁ(xl) Byl Cawd A K50 suiio cans

X,=@(x,)=—x+2

S il o 0ediiS g (6510 ,5 53/94

minf (x,,@(x,)) = (x, —1.5)" + (-=x, +2—1.5)°

*

izo —)x1*=1 xz :1

dx | .
* _ 2 )
w‘&mw&x m'°3*5‘5°°°)9‘ﬁ > >0‘;l5.b).w
dx
Sl (mdazma 1ol 5 (5515 54/94
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min f(x;, #(x,))
df (x,,x,) _ of n of dx, =

dx, Ox, Ox, dx,
N of (x,,x,) N of (x,,x") do 0
ox, ox , dx |
h(x,,x,)=0 @

dh _ oh Oh dx,

_|_
dx, Ox, Ox, dx,

4 _ —0h(x,x,)/ox,
dx, 5/’1()61*, xz*)/axz

S il o 0ediiS g (6510 ,5 55/94

_—8f(x1,x2)/8x2 g .
oh(x,",x,")/ox,
of (xl*"x;) Ly ah(xl*axz*) —0
ox, ox |
af(xiaxz*)_'_v Oh(x,’,x,) ~0 oY Lyl o
ox , ox ,
h(x,,x,)=0

56/94
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:m C}.}“ )Q
2(x,-1.5)+v =0
2(.x2_15)+v :0 xl*:xz*zl,v*zl
X, +x,-2=0
sl cdle b 3] glonn (slosd $1,5Y
FISY o po waid S
L(x,,x,,V) = f(x,x,)+vh(x,,x,)

OL(x, ,x, )

=0
ox, o a
.. = VL(x, ,x, )=0
OL(x, ,x, )

o, O or VA(X )+ VA(X )=0

S il o 0ediiS g (6510 ,5 57/94

oh(x,,x,") o (x, ,x,)
Ox.
Vh= : + Ox
oh(x,,x,") VI(X)= .
ox, of (x,,x,)
Oox,

VA(X)=—wWVh(X")

At the candidate minimum point,
gradient of the cost and constraint
functions are along the same line and
proportional to each other; the
Lagrange  multiplier v is the
proportionality constant.

S il o 0ediiS g (6 y510,5 58/94

29



6 il sl pmdens talati 5 5500 £ 12/6/2025

Xy _ Minimum point C
=om x*=(1,1)

\ f(x*) =05

\ FIGURE 4-19 Graphical

VI (=2 (1.5.%5) solution for Example 4.27.

‘ / Geometrical interpretation of
Feasible region: necessary conditions.

line A-B
X, +x%—-2=0

0 | 1 / 2\ 3

X

B
f(x,x,)=(x, —1.5)> +(x, —=1.5)° Nonoptimum point
h(x,,%,)=x, +x,-2=0 E(0.64,1.35) f(E)=0.75
x =(,1):pointC f(x)=0.5 -1.7

—1 \%4 :{
V(LD —{ } -0.29
-1 59/94

L(x,,x,,V) = f(x,,%,) + Vh(x,, x,)
We will see later that: The larger the value of the Lagrange

multiplier, the higher is the dividend (bonus) to relax the
constraint, or the higher is the penalty to tighten the constraint.

:asly""whg‘ﬁ ‘;lf .b).w
22 g 008 e abie wli Ll 4 e €5l o8 BB oS >0
Dgdse 08 Ak Eel dn e b alS Cyz o o8 >
098 4 bgyie 1, ) o3le ponive aliace ST:5I Y o o 4
a5 a5l pliie abii o X7 g e xS Sl 5o
SLEY ol oS cnsl e maine Sy dlis (5l
@S AL 4 cldls wiales 09>

Y & . Oh (X .
M-FZV AL)zo; i =1ton hj(X )=0; j=1top

J
Ox, = ox, 60/94
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It is convenient to write these conditions in terms of a
Lagrange function defined as

L(X,V) = f(X)+Zp:vjhj (X) = f(X)+Vh(X)

raL(X*,V*)
3 =0; i=1ton
VL y =04 T
Mzhj()(*):o; j=1top
6vj
S il oz 05 g (6910 ,5 61/94

Inequality Constraints-

(K-T) S5 -5 ¢33 L% £(3.6)
NONESPAIE VIFL IV RVE JESON SR5I N SSOIPUS HEK Vi VEL e

..59.._9 ‘b)"j"\%&*""f(x)LS‘)'?gsL’m
h(x)=0; i=ltop

g.(x)<0; i=1tom

gi(x)*+s; =0, where s.20 is a slack variable or g+s? =0
S 50 Gy 5 IS0 @ alies sl ) B1SY &6

L(x,v,u,s)= f(x)+ ivihi(x) it iui (g,-(X) 4 sf)

= f(x)+v'h(x) +u’ (g(x)+5")

il o 0ediiS g (6 y510,5 62/94
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(&b m ke p SO Uy (LU polop ) VLY colyps o]
Sl.,ul.,vl.,xj & Comd pIIY a5 clls walys ve>g
S ol

oL _of & . 08, :
— = ,—+ F—=L=0; j=1t 3.47
> 8x ;vl o ;ul o j=lton  (3.47)

j
h(x")=0; ~ltop
g, (x")+s?=0; ~ltom
u's, =0; ~1ltom
u; >0; i =1tom
(8 il oo maldS 5 (55919, 63/94

il 1) 5B 4 o)k 93 1, (3.47) doles

—%szg .+i 8g’; ' =1ton

RS Caz) Lol S e g ksl Akl jo ses e lis S
el 9908 Sl I s oS 5 an s BU sln (GelS

(8 yllyl oo waldiS 5 (55910, 64/94
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u;s, =0 b
JoSeo 098 sl by e bl laie 4

gy oo ouilgs>

aS 5,15 0929 g bypd M gl Jsere Sl D olass

ol >
fer 1wl (salunsl jogr Jlad oaims Lis Jao dgeeS
g, =0
il oo ielaS 5 5 p5lo 8 65/94

u, =0 =

G+82=0 155 asS 0050 1) o9 Joud JB L ail g, < 0wl & g0 ol o

A

s; =0 250, =0p b cnl )0

Plom> L g a8l UL?E—AQ}Q(§¢§)JLQwﬁﬂé)uiﬁL%ﬁ(5}L»lb)lgéflqd‘j
2 &S Sl b Gl porie 15 femsS oo Jgone ne 1) <ol ciley ol
e ooy o Ao 08 Conly B)b Ol b i

L=f+u(g+8)—=£=&20 5 — £ 1u(e)

a—L=%+u =0

Oe Oe

u :_g But for =0 _%: 0
Oe Oe

Lol s 69L‘*“‘°l’ 05.J Slows ).:‘).: = Ja;‘)w Slass s
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Slgam P,MMN s,y ol el VS UX aivss &Y spme

dolae dlaws feed 0 Lo g 3,00 3925 Jsgme picie (NT2M+P) o

Lyl o 51 5ka 050 Yol opl e lo 5L La:d\ Qo”—\ Cowd &y gl

Mfwaé )é (K'T)

bl oogw Lulis ST 8,50 0 (K'T) Lolys Jleel b s >
QS 03,51 1y (K-T) Loyl ples a5 wigs oo rouive alads 054l

S il o 0ediiS g (6510 ,5 67/94

w8l Jlb 8 merine 350l abali )5 g (x) solawl 93 51 >~
S5V copo b BT o 5700 ¢ g, (x) <0 Sw)
Qs.w oo)eiﬁ Sy o Ja).wL: UZ*ZOML:).QAod.b}.\).Q

Y calyd oS ST (g (1) =0 i) w3k Jud w3 31 >
il )t ol

S il o 0ediiS g (6 y510,5 68/94
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Culd azxgi ST pl 4l SU-08 Lyl 5l eolaul o >
e el G138 plaie blas 050 yo laid layloh pl a8
03 WSS 80 1) SU-0E lls  edaie alads S

oaseli SL- S Ll S oo,g0 I, buls a8 bla »
gl 50

sial Lol & ansl Jleb é golasl 0gud das 5 il
g8 0

S il o 0ediiS g (6510 ,5 69/94

owyle a4 diis Wbl ol 056l akds ST
il Gibae abaii b e e jSle o oloe

U=0 ) sl Jwé e Shox gglansls
oo)9|).3 ‘) ;L’—ulf Ja.").w aS u’bb" olfo‘

S il o 0ediiS g (6 y510,5 70/94
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el e o] gl g atllad (golsl 3525 5 amy ST A

bl atilg ed AiS o 00,50 |, STolS Lyl o5 _blis o8]
sl gy (vjl.’; &y biam M;Lo

o5 s ahaii ol o anje i iy (RalS o WS s (el LS ol L
290 3)lg 0 Joud BB 5 aml @ oS Casl e

oan5SLo bl ol e Al 48l yho el Jlad golucsls 3543 31 4zl )
Lyls 4y yol cpl a5 ciils oo dowe pesdos Gl (S oyl L (aiiily oo
I8 (S 93 4l o (S g 0¥

0wl S 4 a5 0 e HLEY s lade 4 4S5 sl pge B
S 08 S0 s b alis g Olez 09l azgs ol (S
(Jilie a8 S5 a0y walss Sglie BISY cupo (g 08 e
x/y-10<0, (y>0) A5l Sglate o o A
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71/94

3973 oo 5

L ol atliige e Slor cosbuce

Aol calae b poias ) ol e
U=0 ) wose

/

o9.._9 LY
ol galuwels L K-T bl

u>0 =)

e bl bl
L H 8 4 diwg

Ll b, loxe el
A.‘.O.E.C 72/94
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Example 4.30 Write KKT necessary conditions and solve them for

the problem: o 1 . 1 . _

min f(x)=—x —7(/) +c)x” +bex + f,

subject to a < x<d where 0<a <b < c<d and f, are specified constants
f(x) FIGURE 4-20

1 Graphical

representation for

Example 4.30.

Point A, constrained

B local minimum;
K N B, unconstrained local
A E D maximum;
£ : - C, unconstrained local
2 E : o minimum;
= E — > X D, constrained local
maximum.
g, =a-x<0; g,=x-d<0
1 1
L =§x3 _E(b +e)x+bex +fy +u(a—x +s)+u,(x —d +s3)
73/94
oL
—=x"—(b+c)x +bc —u,+u, =0 (c)
ox
(a—x)+s.=0, s/>20; (x —d)+s,=0, s5>0 (d)
us, =0, u,s,=0 (e)
u, 20, u, 20 ()

4 normal cases:
Case 1: u,=0, u,=0.

Eq. (c) gives two solutions as x=b and x=c.
for x=b: s,?>=b-a>0 ;s,>=d-b>0 (9)  Both points are candidate
for x=c: s,2=c-a>0 ; s5,2=d-c>0 (h)  of minimum points

d’f

x =b, 2 =2x —(b+c)=b-c<0 alocal maximum point

d’ - .
x =c; f2 =c-b>0 a local minimum point
d.x 74/94

12/6/2025
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u2=—[d2— bcl=—(d —c)d -b)
The KKT necessary condition is violated
Case 3: s,=0, u,=0.

X = a is a candidate minimum point

u,=a’—(b+c)a+bc=(@-h)a-c)>0

valid solution
simultaneously

does not
since x ¢
equ

75/94

Sl (mazma 1ol 5 (5515

Example 4.31 \
minimize  f(X)=X,2+X,%-3%,X,
subjectto  g=x,2+x,2-6<0.

3|
[mes Wiy f I‘ ‘ ‘»K‘ - '47
L=X12+X22-3X1X2 +U(X12+X22'6+32) 1 f AI _——3
5 \ ¥ /,//1
1 —%¢

a=2x1—3x2+2ux1=0 i"; /

o

oL
——=2x,—3x,+2ux, =0
a 2 1 2

X 5 3 .

—g=
X42+Xy2-6+s2 =0, $2>0, u >0 e
us=0 /
. |/ Caost function contours
3 possible cases: "l 4
FIGURE 4-21 Graphical solution for Example 4.31. Local minimum points, A and B
Case 1: u=0.

2x,—3x,=0;2x,-3x,=0

v *=0,x,%=0;/(0,00=0 8§2=6
Case 2: s=0.
xlzxzzx/g,uz1 X =X, == 3,14=l

2 2
-SRI, = oA
X, ==X, = =—— X=X, = U=——
2 76/94

12/6/2025
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4

FIGURE 4-21 Graphical solution for Example 4.31. Local minimum points, A and B.

s2=6+0 KKT conditions cannot be satisfied

L.x,*=0,x,*=0,u" =0,/ (0,0) = 0,Point Oin Fig. 4-21

2.x *=x,*= N =%,f (/3,4/3) = —3,Point A in Fig. 4-21

3 ¥=x,*=—3u’ =%,f (—~/3,—/3) = -3, Point Bin Fig. 4-21

77/94

Example 4.32 ¥

" Minimum at Point A

~g,=0 X* = (4/3, 4/3)
f(x*) =2/9

Feasible region

vf

A \*,Cost function contours

T T T T X
1.32—1— 2 3 4
FIGURE 4-22  Graphical solution for Example 4.32.
min?mize f(Xq,X0)=X42+X52-2X 12X, +2
subjectto  g,=-2x,-X,+4<0.
g,=-X4-2X%,+4<0.
L=X12+X22'2X1'2X2+2+U1('2X1'X2+4+Slz)+uZ('X1'2X2+4+522) 78/94

12/6/2025
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a—L:2x1—2—2ul—uz=0 b)
ox |
a—L=2x2—2—ul—2uz:O (c)
ox ,

g, =-2x,—x,+4+s)=0; s7>0,u,20, (d)

g, =—x,—2x,+4+5;=0; s;>0,u,>0, (e)

us, =0, 1=1,2 f)

Dyl 8929 Jgeme > F

l.u, =0, u,=0 o S o 5 U g a5 lacdls)
2.1,=0, 5,=0(g,=0) (igd e 4355 L5 5 anily

3.5,=0(g, =0), u,=0

4. 5,=0(g,=0), s,=0(g,=0)
Case 1:u;=0,u,=0.
Equations (b) and (c) give x= not a valid solution as it gives
s,2=-1(g4=1), s,>=-1(g,=1) from ; and (e), which implies that both
inequalities are violated, a 0 x4=1 and x,=TTs-ot a feasible design. 79/94

Case 2: u;=0, s,=0.

With these conditions, Egs. (b), (c), and (e) become

-2-U,=0, 2Xx,-2-2u,=0, -x4-2x,+4=0

minimum point. Substituting x,=1.2 and x,=1.4 into Eq. (d), we find
that s,2=-0.2<0 (g,=0.2), which is a violation of constraint g,.

point B, which is not in the feasible set.

S il o 0ediiS g (6 y510,5 80/94

12/6/2025
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Case 3: 5,=0, u,=0.

With these conditions Egs. (b), (c), and (d) give

This is again a linear s
and u,. Solving the system,

Checkin
find from Eq. (e) s,2=-0.2<0 (g,=0.2). This is not a feasible design.
Therefore, Case 3 also does not give any candidate local
minimum point.

point C, which is not in the feasible set.

81/94

Case 4: 5,=0, s,=0.

For this case, Eqgs. (b) to (e) must be solved for the four unknowns
X4, Xy, Uy, @nd u,. This system of equations is again linear and can
be solved easily. Using the elimination procedure as before, we
obtain x,=4/3 and x,=4/3 from Egs. (d) and (e). Solving for u, and
u, from Egs. (b) and (c), we get u,=2/9>0 and u,=2/9>0. To check
regularity condition for the point, we evaluate the gradients of the
active constraints and define the constraint gradient matrix A as

-2 -1 -2 -1
Vg, = _q Vg, = 9 , A= 1 (k)

Since rank (A)=no. of active constraints, the gradients vg and vg,
are linearly independent.

Thus, all the KKT conditions are satisfied and the preceding
solution is a candidate local minimum point. The solution
corresponds to point A in Fig. 4-22. The cost function at the point

has a value of 2.
S il oz i0ediiS 5 (6910 ,5 82/94

12/6/2025
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] Minimum at Point A
—g;=0 x* = (4/3, 4/3)
f(x*)=2/9
34

")

: Feasible region
My o
()

7~ B AN \-,<> Cost function contours
\ ng / \% 0

2 ] ™= g =

\ \ 0.20— / %"%y 2

064 ___ _ X %’&;}

=,

X

32-1— 2 3 4
FIGURE 4-22 Graphical solution for Example 4.32.

It can be observed in Fig. 4-22 that the vector —Vf can be expressed as a linear
combination of the vectors Vg,and Vg, at point A. This satisfies the necessary

condition of —%=iﬁ%+iu?;ﬁ; j=lton |t can also be seen from the figure
that point A is indeed a local minimum because any further reduction in the cost
function is possible only if we go into the infeasible region. Any feasible move

from point A results in an increase in the cost function. 83/94

1. The conditions can be used to check whether a
given point is a candidate minimum; it must be
feasible, the gradient of the Lagrangian with
respect to the design variables must be zero,
and the Lagrange multipliers for inequality
constraints must be nonnegative.

2. For a given problem, the conditions can be
used to find candidate minimum points.
Several cases defined by the switching
conditions must be considered and solved.
Each case can give multiple solutions.

84/94

12/6/2025
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3. For each solution case, remember to

(i) check all inequality constraints for
feasibility (i.e., g.<0 or s.>>0)

(ii) calculate all the Lagrange multipliers

(iii) ensure that the Lagrange multipliers
for all the inequality constraints are
nonnegative

S il o 0ediiS g (5510 ,5 85/94

g 93008 eie g s |y S0l o3 Ll

S o0 iy S 4 Al Sl 1) HISY &b

Lervaat,s) = f@)+ S v )+ u,(g () 57)

= f(x)+ v h(x)+u’ (g(x)+s’

S il o 0ediiS g (6 y510,5 86/94
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p m
—E—+Zv.*%+ u.*%zo;jZIton (3.47)

g, (x")+s’=0;i=1tom = g,(x")<0
ul. = 0; i=1tom — u;g,(x")=0

S il oz 05 g (6910 ,5 87/94

TABLE 5-1 Alternate Form of KKT Necessary Conditions

Problem: minimize f{x) subject to h(x)=0,i=1top; g (x)<0,j=1tom

1. Lagrangian function definition

P m
L=f+Y v+ ug 5.1)
=1 =1

[55]

. Gradient conditions

3%:0; ';).T{‘f‘ : \;*2%4» :lu,"‘g%=0: k=1ton (5.2)
3. Feasibility check
g(x¥)<0; j=1tom (5.3)
4. Switching conditions
ufgi(x*)=0; j=1tom (5.4)

5. Nonnegativity of Lagrange multipliers for mequalities
uf20;, j=1ltom (5.5)
6. Regularity check

Gradients of active constraints must be linearly independent. In such a case, the Lagrange
multipliers for the constramnts are unique. 88/94
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minimize f(x,y)=(x-10)?+(y-8)? subject to g,=x+y-12<0, g,=x-8<0.

1. Lagrangian function definition:
L=(x-10)2+(y-8)2 +u,(x+y-12)+u,(x-8).
2. Gradient condition:

oL =2(x =10)+u, +u, =0
ox

a—L=2(y -8)+u, =0
o)

3. Feasibility check: g,<0, g,<0

4. Switching conditions: u,g,=0, u,g,=0

5. Nonnegativity of Lagrange multipliers: u;,u,>0
6. Regularity check.

u,=0, u,=0 (both g, and g, inactive
4 normal cases: 1=0. U,20 (both g; and g, )

u,=0, g,=0 (g, inactive, g, active)
94=0, u,=0 (g, active, g, inactive)
9:=0, g,=0 (both g, and g, active) g9

i\

Sl (mdazma 1ol 5 (5515

Case 1: u,;=0, u,=0 (hoth g, and g, inactive).

Equations (a) give the tion_as;7 x=10, y=8. Checking
feasibility of this point gi >0, g,=2>0; thus both
constraints are viol and so this case~does not give any
candidate minimum point.

Case 2: u,=0, g,=0 (g, inactive, g, active).

g,=0 gives x=8. Equatio ' and u,=4. At the point
(8, 8), g4=4>0 which is a . Thus the point (8,8) is
infeasible and this e also does n ive any candidate
minimum points.

Case 3: g,=0, u,=0 (g, active, g, inactive).

Equations (a) and g4=0 give x=7, y=5, u,;=6>0. Checking
feasibility, g,=-1<0 which is satisfied. Since there is only one
active constraint, the question of linear dependence of
gradients of active constraints does not arise; therefore
regularity condition is satisfied. Thus point (7, 5) satisfies all
the KKT necessary conditions. 90/94
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Case 4: g,=0, g,=0 (both g, and g, active).
g,=0, g,=0 give_x=8, y=4. Equations (a) give
u;=8, u,=-4<0, whi js—a violation of the
necessary conditions: , this case also
does not give any candidate minimum points.

It may be checked that this is a convex
programming problem since constraints are linear
and the cost function is convex. Therefore, the
point obtained in Case 3 is indeed a global
minimum point according to the convexity results
of next Section.

S il oz 05 g (6910 ,5 91/94

minimize  f(X4,X,)=X,2+X,%-4x,+4
subjectto  g4=-x;<0, g,=-X,<0, g5= X, -(1-X1)*<0

L=X424Xp2-4X +4+ Uy (-Xg) FU(-X) HUg(Xo-[ 1-x, %)

STL =2x,—4-u, +u,(3)(1-x,) =0

oL @
—=2x,—u,+u,; =0

ox,
90, i=1,2,3 (b)
u,g=0, i=1,2,3 (c)
u>0, i=1,2,3

At x*=(1,0) the first constraint (g,) is inactive and the second and
third constraints are active. The switching conditions (c) identify
the case as u,=0, g,=0, g5=0.

Substituting the solution into Eq. (a), we find that the first equation
gives -2=0 and therefore it is not satisfied. Thus, KKT necessary
conditions are not satisfied at the minimum point. 92/94
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This apparent contradiction can be resolved by checking the
regularity condition at the minimum point x*=(1,0). The gradients
of the active constraints g, and g5 are given as

CEMEH

These vectors are not linearly independent. They are along the
same line but in opposite directions, as shown in Fig. 5-1. Thus x*
is not a regular point of the feasible set.

Since this is assumed in the KKT conditions, their use is invalid
here. Note also that geometrical interpretation of the KKT
conditions is violated; that is,V/f at (1,0) cannot be written as a
linear combination of the gradients of the active constraints g, and
gs. Actually Vf is normal to both V g, and VVg; as shown in the

figure.
S il o 0ediiS g (6510 ,5 93/94
Sridla] i deza inadiiS g (65l ,5 94/94
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