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� �
�� 
� �� ����� ������ ���� ������ ��� ��� 
�  

� ! �� �" #$ 
� %	 &'���� ����( )�.  
��� ��+,!� -� . � ���. /���� 
� ��" ��$ )�. 

/� ��01 
� -��3� )���45� �" �6� ����%� 
� &"��7� �� 8���� 1, 2, 
3 �9:��. ;�1 ��9�: 

(1) 
/� ��=��� � >5 ?��5 ������ '� /� ����� ���.��� (in honor of 

Cartesius, i.e., Descartes) ���3�� x1, x2, x3 
� /� �����  
������ )� @+               �:��. 

;�1 " : )� ��=��� A B3� 

(2) 

" 
� 
�:�" � 
C=� (x1,x2,x3) �               /� 
� /� �D� E ��� 
�9:��. 

),,( 321 θθθ
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/� #�@�� -H 
� ��� 
I�J� #$ ��� ?�����I�"dx1, dx2, dx3  �9:�� )� �" �6� 
����%�. '� �K�$ 
� ������x1, x2, x3  ���.��� ���3�� L��� � ! #�@��ds  '� 
&�+�5 M� N�O�1 
� ��" ��$ )�: 

 

(3) 
 
'� 
�"�3� (2)                             �� A��� &�+�5 ?�����I�" )� @3� ����": 

 

(4) 
 

'� ���P%��
dxi  '�(4)  �" (3) ����": 
 
 
 

 

(5) 

��9� Q��3. ��' ?B: 
� ��                      ��� . �(�: 
1 2 3( , , )kmg θ θ θ

1 2 3
( , , )
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i i

k m

x
g

x
θ θ θ

θ θ
=
∂ ∂
∂ ∂

1 2 3

1 2 3

i ki i i i
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x x x x
dx d d d dθ θ θ θ

θ θ θ θ
∂ ∂ ∂ ∂

= + + =
∂ ∂ ∂ ∂

2

k

k mi i

m

x x
ds d dθ θ

θ θ
∂

=
∂

∂ ∂

��	 �" ���P%��
 ��� R�" ����  

8���� k 
� m ���S. T����   

2 i i ji

ijds dx dx dx dxδ= =
∗

 *����@� V�7�. �� W���. 

1 2 3( , , )i ix x θ θ θ=
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(6) 
 
(7) 
 
 

 
�� 

 . 
� Q��3. (5)                                   ����": 
 

(8)       
 

������9� ��� .gkm  �>�� 
� k �  m�9���=��. ��� .gkm  �� � ���. /���� 
)���45� �" ����� ������                �9��� )�. 

2 k m

kmds g d dθ θ=

2 1 2 1 2 1 3
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# 9�� ;�1 ��9�               /� ����� ������ )� @+ ��%�" �:��. �(� 

(9) 
��=��� '� ���� 7�               
�               L�:�� ����": 

 

(10) 
 

������9� '� 
�"�3� (6) (                             ) ����": 
 

(11) 
 

�(� ���>+ ��' �� Q��3. ��9�: 
 

 (12) 
 

&�%�$ 
�"�3� (11) �� #� . )� 
� ?B: ��' �: � 
� �9��� 
�"�3� (3) �� (6) ���. 
 

(13) 
�� ��� LA���       ��  ��� 
I�J�  � ���.  /����  )���45�  �"  �����  ������ 

              �9� ( )�. 
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 .! � Problem 2.3 :(������ �� )>C5 ������ �" -H &��X( مثال
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θ θ θ θ
θ θ θ θ θ θ
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

= = + = + = − + =
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x x x x
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= + =
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= + = + = + =
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

2 1 2 1 2 2 1 2 2

11 12 21 22

1 2 2 2 2 2 2

11 22

( ) ( )
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= = + + +

= + = +
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1 0

0
ijg

r

 
=  
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������1 ?� 7. �%�" 
�I� �" �. � &"�� ?G �� ��' ?Z���:  2) 5,6 
2) 1,2   ��� ���@.)4>5: 

x x y y

r r r r

∂ ∂ ∂ ∂
+ =

∂ ∂ ∂ ∂
2 2cos sin 1θ θ+ =
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)  پادوَردا(کنتراورینت اسکالرھا، بردارھای  2.4-
(Contravariant) وَردا(، بردارھای کوارینت ((Covariant) 
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��� ���. ).��@� �9��� 
� �B@� ��� ���9	 8���� 
�:�" �9:�� � �� [�� 
)����� 
�:��� �9:�� � �� A��� "��3. \��� 8���� )
� "��3. �� #$ �� �691�^ 

'� 
B9�� _�� �� ����X L�9:�� /�� (Rank)  )�� 
>.��( � ���. �9� ( )�( 
� /�� 
L�I^ L/� �" � .... ���=. �� : )�. 

 

a �(Type)  ��� ���.: 
a � � ���. ���� /�BI. "��3. ��� 8���� _�� � ����X #$ 
� ��� "�� )�. 
� #� 9+ 

��O�      ��� . )� /� � ���. 
>.�� )/��( 5 �:�� � a � #$ �" 
>.��  

�9������9� (contravariant))����" �"  8���� _�� (superscript)( � 3 
>.��  
�9��� � (covariant) )����" 
� 8���� ����X(subscript)( �:�� �(� d>! 

���� 5 )^�H ��=��� ���� 
� #$ ���� 5 �" 
��"� ��� H ��$. 

ij

k lmR
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/� 
�"�3� �� �� ���. �9� ( )� �(� 
@� �,@
 (Terms)  #$ �� ���. '� /� a � � /�� 
�9:�� � �" #$ ���� 5 )����� ���+� &�: �:�� )93� ��� 8���� "�'$ �" 
@� �,@
 " 
� 

�:�" �9:�� � �(� 8���� _�� �� ����X �9��� �" 
@� �,@
 
�  #�@� ?B: �9:�� �  

��� 8���� )��" �" �� 
4@
 \�� '� �" ��� ���e &�F� �9:�� )
� Q��3. 8���� )��" ���(. 

� #� 9+ ��O�:  
 
 

/� 
�"�3� �� ���. ��� ���' �" #$ �,@
 f�! ���� � g	 �� �" )���� ���. '� /� a �  
� /�� �9��� � ���� 5 )����� �" #$ ���+� &�: ���. )93� �,@
 )���� ���. '� a �  

E 4�� � /�� r=p+q �9��� 
� ��� 8���� "�'$          �" �" f�! 8���� _�� �  
��� 8���� "�'$           �" �" f�! ����X � ��� 8���� )��"          �            �" 
4@
  

f�! g	 �� R��� �" ��� ���e ��� &�:. 
'� )1�! 
�"�3� 
 
'� �6� )����� V�7^ ��� )�� 
�"�3� �� ���. ����! ���'        /� � ���. ���� � �� 

A��� ���� 5 ��� ���. ��=��� ���� )@�! 

1
( )

2

i i
g gg

g
x x x

σβ αβσ ασ
αβ α β σ

∂ ∂∂
Γ = + −

∂ ∂ ∂

1

1 1

1

1

1 1

1

 terms  terms

p

p

q qp

q

p

q

mm
k k

km m

p q

k
t t

αα
α α
β β ββ

θ θ θ θ
θ θθ θ
∂ ∂ ∂ ∂

= ⋅
∂ ∂∂ ∂

⋯ ⋯

⋯ ⋯

������� �������

⋯ ⋯

1 p
α α⋯

1 q
β β⋯

1 p
k k⋯1 q

m m⋯

i

αβΓ
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/� ����� �� ���B�� )� ���. 
>.�� �I^( �9� ( )� �(� �D9. /� 
I�J�    �� i�Gθ i  
� /� 
I�J�      �� i�G     
�:�" � �" E�=� E ��� '� �6� �"�+     �      ����� 

�9:��. 

(1) 
 

/� ����� �� /� #���� ��"�� �9������9� (contravariant) �� #���� �� ���.  
�9������9� '� /�� (rank) /� �9� ( )� �(� 
� 
I�J�      �� i�G θi � 
� 
I�J� 

  �� i�G     
�:�" �:�� � ��� 
I�J� �� #$ �� &�+�5 ��' 
� �� E ��� �� :: 
 

 (2) 
 

/� ��"�� �9������9� �� /� 8���� _�� (superscript) j�F� )� " : 
� 
� #$  
8���� �9������9� �9� ( )�. 

/� ?�����I�" �9���dθ i  /� 
� @� '� ��"�� �9������9� ���: 
 

(3) 
 


� #� 9+ ��O�: 

L������9� /� ��"�� �9������9� ��� �(� �9��� /� ?�����I�" ��=��� ����.  

1 2 3 1 2 3
( , , ) ( , , )φ θ θ θ φ θ θ θ=

φ iθ φ

iζ iζ
iθ

1 2 3 1 2 3( , , ) ( , , )i k

k

i

ζ θ θ θ ζ θ θ θ
θ
θ
∂

=
∂

i
i k

k
d d

θ
θ θ

θ
∂

=
∂

Ξ ξ xi  [ks] 

Ζ ζ zeta [zd]A 

φ
φ

d dx dy dz
x y z

θ θ θ
θ

∂ ∂ ∂
= + +
∂ ∂ ∂
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/� ����� �� #���� ��"�� �9��� � (covariant) �� /� #���� �� ���. 
�9��� � '� /�� (rank) /� �9��� )� �(� 
� 
I�J�ηi  �" �����  θ i� 
� 


I�J�    �" �����      
�:�" �:�� � ��� 
I�J� �� #$ �" ��� �" ����� �� &�+�5 
��' 
� �� E ��� �� ::  

 

(4) 
 

/� ��"�� �9��� � �� /� 8���� ����X j�F� " : )� 
� #$ ��  8���� �9��� �  

�9� ( )�. #��"��( /� ?�����X (potential) ���B��φ  �9��� (4) ��=��� ���� )�. 
 

(5) 
 

L������9� /� ��"�� �� �9��� � �9� ( �(� �9��� #��"��( /� ?�����X ���B�� 

��=��� ����. 
� #� 9+ ��O� ����": 
 

)�� ���� ?�����I�" ���:�": 

iη

1 2 3 1 2 3( , , ) ( , , )
i

k

i k

θ
η θ θ θ η θ θ θ

θ
∂
∂

=

or
i ii

k

k

φ φ θ
θ θ θ

φ
θ

∂ ∂ ∂
=
∂

∂
∂ ∂∂

Η η eta 

iθ

T T x T y T z

x y zθ θ θ θ
∂ ∂ ∂ ∂ ∂ ∂ ∂

= + +
∂ ∂ ∂ ∂ ∂ ∂ ∂

T T T
dT dx dy dz

x y z

∂ ∂ ∂
= + +
∂ ∂ ∂ 12/13 

U1



Slide 12

U1 Scalar potential describes the situation where the difference in the potential energies of an object in 
two different positions depends only on the positions, not upon the path taken by the object in 
traveling from one position to the other. It is a scalar field in three-space: a directionless value 
(scalar) that depends only on its location. A familiar example is potential energy due to gravity. 
(https://en.wikipedia.org/wiki/Scalar_potential) (Aug. 2017)
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��H. ��� ���. �� ���� 5 #�F��=��� j�F� �� : )�.   
�����S��   �   �" ���G )4� �9��� ��"�� �9������9� ��=��� �9��� )@�  

)
� 
�"�3� (2.3:9)                         

 . ����@�(. L������9� �9	��  
?�����I�"      /� ��"�� �9������9� L��� 
+ @K� �����S��   �9���  

/� ��"�� ��=��� �9��� )@� � ?7� ���5 ��1�( 8����   #��� ��@��  
��� � ��� . )� ����X �� 
�: � " :. �" �=�=G �� #$ R�� ������  

�9��� �9��� rL θ�� z. 
)��@. -���� ��' #��B� � ��� V�7^. 

iθ

iθ iθ

idθiθ
1 2 3( , , )i iθ θ θ θ θ=

i

ik

k

kik

k

i

k
d d d d

θ θθ
θ θ θ θ

θ θ θ
∂ ∂∂

= = =
∂ ∂ ∂

 � ���. �:�� 
�:�" 8���� /� 
� ������X �� ��$ 
>.�� �� � /�

T��� �D� #$ �" 8���� ��1�( ���5 ?7� � T��� ��"�� 

1 2 3

1 2 3

, ,

, ,

x y z

r z

θ θ θ

θ θ θ θ

= = =

= = =
1 1

1 1

2 2

2 2

xθ θθ θ
θ θ θ θ θ
∂ ∂∂ ∂ ∂

= = = =
∂ ∂ ∂ ∂ ∂
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