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Lecture 6

L ecture 6

Root Locus Criteria
Topics to be covered include:

< Root locus criterion.
+ Root loci (RL).
+ Complement root loci (CRL).

+ Complete root loci.
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R(s)

Root locus

G(s)

Lecture 6

H(s)

Characteristic equation

»Y(s)

1+ XG(S).H(S)=0

KG(S)-H(S) = -1=>|KG(S).H (S)|£KG(S).H(S) =1£ £180(2h +1)

Magnitude and angle
conditions for drawing

the root locus

KG(S).H(S)|=1
ZKG(S).H (S) = +180(2h +1)
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Lecture 6

Root locus

Root locus, shows the position of roots of theroIIowing equation)
for different values of k

1+kf (s) =0

The highest degree of the numerator and denominator must have
the same sign.

Root loci (RL) keR™
Complement root loci (CRL) ke R™

Complete root loci keR 4
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Lecture 6

Root locus

Example 1: Find the complete root locus of the following system.

1+k

1

s°+20s+k=0

=0
s(s+20)

—

s=-10++100—k

k =100
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Lecture 6

Root locus

Why is plotting the root locus important to us?

r + € ; C; r + 10 c
— (7 mmenlpe
Y- (5) I ' ”‘- .s(.f+5)(.;+b)"[—
R(s)~ E(s) 10 C(5)
>0~ [5 —p— s+ | 1
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Lecture 6

How to plot the root locus 1+ kf (s)=0

1- Standardization: Express the system's characteristic equation
exactly in the following form(The highest degrees of the numerator and
denominator should have the same sign.):

1+kf (s) =0

Example 2: Standardize the characteristic equation of the following
system:

r + ¢ C;
:T — kG(s) —]—
kG (s)

T(s)=1+kG(s) A(s) =14+ kG(s) =0

¥
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Lecture 6

How to plot the root locus 1+ kf (s)=0

Example 3: Standardize the characteristic equation of the following
system:

r + 10 s 10

s “(“+5)(”5)T “id S(s+5)(150+ B)
L S G+ 5G+b)

10

L e

0 s(s+5)(s+b)+10=0

s2(s+5)+ bs(s+5)+10=0 s5%(s+5)+10+bs(s+5)=0

52(s+5)+10+ BB A v S8 - 5) >\"
s2(s+5)+10 s2(s+5)+10 Sz(s+5)+1%_
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Lecture 6

How to plot the root locus 1+ kf (s)=0

Exercise 1: Standardize the characteristic equation of the following
system:

R(s)~  E(s) 70 C(s)

T- Sll-5l g [T I‘

—40s i g 40s /3
sCsA25)+ 200 ( D)s(s+25)+2009_
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Lecture 6

How to plot the root locus 1+ kf (s)=0

2- Determine the number of branches and the locations of poles and zeros:
Identify the poles and zeros of f(s). The number of branches is equal to
the degree of the characteristic equation.

Ppm
‘- Hoto)s 15) s2(s+5)+10

Poles, zeros,
0 number of
branches?

R(s)»  E() n C(s)

5 o Poles, zeros,
. s(s+25) A . 4(0s o b f
( D)s(s+25)+200_ NUMDEr 0
branches?

5 Poles, zeros,
0 number of

branches?
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Lecture 6

How to plot the root locus 1+ kf (s)=0

3- Geometric locus on the real axis: Move from the right on the real
axis with k<0, and after passing each pole or zero on the real axis,
change the sign of k. The entire real axis is part of the locus (for k>0)
or its complement (for k<0).

s(s+5) & 15
s2(s+5)+10

Pole-Zero Map
I [

1+5b

1 -

3
3

b>0 b<0 b>0 3 b<0
 — =)

o

Imaginary Axis (seconds'1)

=
)
T

1
Y

X

-
, o

|
3 -2 =4 0 17 1
Real Axis (seconds'1)

(e}

]

o F
£
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Lecture 6

How to plot the root locus 1+kf (s)=0

4- Determine the starting and ending points of the root locus
branches: The branches of the root locus start at the open-loop poles
and end at the open-loop zeros.

Sisko) "
s2(s+5)+10

1+5b

Imaginary Axis (seconds'1)

3
3

o

=
)
T

1
Y

-
, 9

Pole-Zero Map
I [

b=0 x
b=+ 277 |
b=0 |
| | | | b:O ] x
6 -5 -3 -2 -1 0 12 1

Real Axis (seconds'1) : .
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Lecture 6

How to plot the root locus 1+ kf (s)=0

5- Number of asymptotes, angles of asymptotes, and intersection
points of asymptotes with the real axis

Number of asymptotes: n -n,

f _(@m+)7x 5
o e A i The angle of asymptotes with
: respect to the positive real axis
T e S ¥ P
n,—n,
Asymptotes center
Z": 0 _izi The mtersectlpn point of _
o T A asymptotes with the real axis

n,—n,
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Lecture 6

How to plot the root locus 1+ kf (s)=0

1

Example 4: Find the complete root locus for the following system.  1+k 5120 -0
s(s+

1- Standardization:  2- Determine the number of branches, poles and zeros:
3- Geometric locus on the real axis:

4- Determine the starting and ending points of the root locus branches:

k<0 k>0 ] k<0

k =00 7?7

4
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Lecture 6

How to plot the root locus 1+ kf (s)=0

1

Example 4: Find the complete root locus for the following system. 1+ kW -0
s(s+

k<0 k<0

5- Number, angles, and intersection points of asymptotes with the real axis:

Asymptotes center
n k>0 6=

" K n,—n. 2 2
;P,— é—i -20-0 ‘2;1;1' ‘
S = P =-10 k<0 6= = 0,7 15

p ‘n —n_‘ LY.
g Dr. Ali Karimpour Aug 2024
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Lecture 6

How to plot the root locus 1+ kf (s)=0

1

Example 4: Find the complete root locus for the following system.  1+k -0
s(s+20)
k = |
k<0 k=0 oo KEO k<0
3 : X

(=-® -20 ' 0 k= —oo

k =
We need a new criterion.
6- Calculation of breakaway or break-in points:
1 oK ;
K = — =0 S =break point

f (S) aS Dr. Ali Karimpour Aug 2024



Lecture 6

How to plot the root locus 1+ kf (s)=0

Example 4: Find the complete root locus for the following system.  1+k SR 0
s(s+20)
k = oo
k<0 k=0 4o kF0 k<0
X
i = —o0 20 k=100| o k = —oo
k = o0
6- Calculation of breakaway or break-in points:
1 K .
K=——— a—:O s = break point
f(s) oS
ok
k=-s(s+2) —=-25—20=0 s=-10 k=1001
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Lecture 6

How to plot the root locus 1+ kf (s)=0

Example 5: Find the complete root locus for the 1

_ 1+k =0
given system, 5(s +5)(s +10)

1- Standardization:  2- Determine the number of branches, poles and zeros:

3- Geometric locus on the real axis:

4- Determine the starting and ending points of the root locus branches:

k=00 77 A
k=00 27 k=—00 27
k=—0c0 2?7
k>0 k=0 ko k=0 k0 k=0 k<0
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Lecture 6

How to plot the root locus 1+ kf (s)=0

Example 5: Find the complete root locus for the o 1 0
Iven system. + —
;i f s(s+5)(s+10)
k = —00 ! k = Q0
k>0 k= k<0 PG:O k>0 k=0 k<0
D > e
k =0 ~10 pa 5\ 0 k=—o9
k = —oo \\\ k = o0

5- Number, angles, and intersection points of asymptotes with the real axis:

Asymptotes center
pi — Zi

5= ,Z:;‘ ; = -10-5 Wi
n_—n 3

P Z

e o
841373
LTy 2r : ar 19
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Lecture 6

How to plot the root locus 1+ kf (s)=0

Example 5: Find the complete root locus for the 1 1 0
Iven system. + =
;i / s(s+5)(s+10)
k = —0C0 k =A )
k>0 k= k<O \?‘6\=,f0/ k>0 | k§0 k<0
D e e
k= -10 ' s "o k= —of
k = —00 k = C0

6- Calculation of breakaway or break-in points:

K= : 2 =0 s = break point

f(s) 05
We need a neW Criterion' Dr. Ali Karimpzoi)r Aug 2024



Lecture 6

How to plot the root locus 1+ kf (s)=0

Example 5: Find the complete root locus for the 1 1 0
Iven system. + =
; 7 s(s+5)(s+10)
k = —0C0 k =A )
k>0 k= k<o| R‘=0 k>0 | k=0 k<0
D e e
k= -10 ' s "o k=~
k = —0CO k = 0

/- Intersection points of branches with the imaginary axis: The
Intersection points with the imaginary axis are found using the Routh-

Hurwitz method.
21
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How to plot the root locus 1+ kf (s)=0

Example 5: Find the complete root locus for the

given system.

1

Lecture 6

k=owo k>0

k=0

-10

4 7.07

k

0

—7.07

k<0

K =—c0

k =0
s(s+5)(s+10)
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Lecture 6

How to plot the root locus 1+kf(s)=0

1
T T s = 1+k =0
P Ui JL=3 s(s+5)(s+10)

rlocus(1,[1 15 50 0]); hold on; rlocus(-1,[1 15 50 0])

Root Locus Root Locus
20 - - 40
0 10 - @ 20 -
2 b
2 >
© O [ - K-- ® 0 AT
= \ £
2 2
£ 710 E7°7200
_20 = - - 13 - _40 ] - = -
-30 -20 -10 0 10 -40 -20 0 20
Real Axis Real Axis
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Lecture 6

How to plot the root locus 1+kf (s) =0

Example 6: Find the complete root locus for the given system.

(s+K)(s5+3)

1+10 >
s(s” 1)

We need a new criterion in this example.

8- Find the arrival angles and departure angles.

Departure angles.

Arrival angles.
> sZeros—» /poles =0 2
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How to plot the root locus 1+kf(s)=0

8: Find the arrival angles and departure angles.

Lecture 6

ur Aug 2024



Calculation of k on the Root Loci

1+ kf (s) =0 Condition \k\ 1
of magnitude ()

m n
[1ls+z H‘Sl—l— pj‘

Let f(s)=C-= k J=1

H‘S+ pj‘
J=1

31

o m
Cl s, + 1]
i—1
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Summary

The Root Locus procedure

Specify the equation exactly in the following form.

1) How many branches in root loci?

2) Poles and zeros of f(s)?

3) Real axis?

4) Imaginary axis?

5) Asymptotes and centered of asymptotes?
6) Break points?

7) Intersection with the imaginary axis?

8) Arival and departure angle?

Lecture 6

1+kf (s) =0
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Lecture 6

EXxercises

Exercise 2: A unity feedback ( negative sign ) control system has an

open loop transfer function S k
3 s(1+0.02s)(1+0.055)

Sketch the complete root loci, and find the corresponding k when the
root loci crosses jo axis.

Exercise 3: The transfer function of a single-loop control system are
given as: 10
G(s) = — .
s°(s+1)(s+3)
Construct the root loci of the Zeros of 1+G(S)H(s)=0 for -0o<T <o

Exercise 4. The open loop transfer function of a unity-feedback (negative

system Is: 6. (s) - g +K5)“

Construct the complete root loci of the characteristic equation for
LEt n:]" n:2 and n:3 Dr. Ali Karimpzofugr Aug 2024
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Lecture 6

EXxercises

Exercise 5: The open loop transfer function of a unity-feedback
(negative sign)
system is: G(s) = K(s +a)(s+3)
s(s® —1)
a) Construct the root loci for -co<K<oo , with a=5 .
b) Construct the root loci for -oo< o <co , with K =5 .

Exercise 6: The open loop transfer function of a unity-feedback
(negative sign)system is: 500p

=7 +10)(s+ p)

Construct the root loci for 0<p<oo

Exercise 7: Consider following system
1+ S

=0

_ 5 29
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Lecture 6

EXxercises

Exercise 8: Construct the root loci of the closed loop poles of the
following system for O<a<oo(Midterm spring 2008).

R(S) + 1 + 1 C(s)

O > — s o
S I S+ 2
a

Exercise 9: Consider following system

S2

5 ke

1+Kk 0

For k;=0, k;=1 and k,=10 construct the root loci for 0<k,<oo . -
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Lecture 6

EXxercises

Exercise 10: Find the root-locus graph for the following system.

[ [{S? i 459 I 5.(‘5'25 5
s(s+1)(s+2)

Answer :

Exercise 11: The open loop transfer function of a unity-feedback
(negative sign) system Is: 10

G

Construct the root loci for O<p<oo(Final 1391) Dr. Al Karimpour Aug 2024




Lecture 6

EXxercises

Exercise 12: The open loop transfer function of a unity-feedback
(negative sign) system Is: i
e
G(s)=K
sS(s+1(s+2)

Construct the complete root loci of the characteristic equation.

Exercise 13: The open loop transfer function of a unity-feedback
(negative sign) system with PD controller Is:
10(K , + Kys)

SZ

G(s) =

Sketch the root loci for different values of K, and K. (Let Kp=0,1,5,10.)

32
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Lecture 6

Exercises

Exercise 14: The open loop transfer function of a unity-feedback
(negative sign) system Is: i
G(s) = k(s—1)(s+5)
(s+2)(s+1)
Sketch the k versus real part of roots. (University entrance exam 1393)

ﬁ\\%} e \ ;’}.

/‘ -
st =
|
I () &
L) \ .
N Y , e M . Answer: 2

7 = [— Remark: Note that for any k

we have two roots.

33
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Lecture 6

EXxercises

Exercise 15: Consider the open loop transfer function

(University entrance exam 1393)

Which option is correct regarding the poles of the closed-loop transfer
function with unit negative feedback?

a) A circle with center -1 and radius 1 is part of the locus.

b) Only at infinity does the geometric locus of the poles of the
closed-loop system asymptotically approach the straight lines that
Intersect at -1.

¢) The geometric locus is composed of the straight lines that intersect
at -1.

d) A segment of the circle passing through the points -1 and —2 +]\/_
IS part of the geometric locus. o8 o R R4
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