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lecture 7

Lecture /

State feedback and state
estimators

Topics to be covered include:

Pole placement with state feedback.
Tracking and regulator problem

Robust tracking and disturbance rejection
State estimation

Reduced-Dimensional state estimator
Feedback from estimated states
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What you will learn after studying this section

State feedback idea

Pole placement possibility
Pole placement techniques

Output regulating

Robust output regulating

State estimation

State estimation techniques

Reduced order state estimation

Separation theorem 3
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Pole placement with state feedback

X = AX + bu

y =CcX+du

State feedback ?

U=r—Kkx
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Pole placement with state feedback

: What are the eigenvalues?
X = AX+bu
y = cx+du roots of sl - A[=0

Let u=r-kx where k 1s an 1xn vector

X = AX+b(r —kx) X=(A-bk)x+Dbr

—

y =cx+d(r—kx) y=(c—dk)x+dr

New eigenvalues? roots of [sl-A+bk|=0 .
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Pole placement with state feedback

Example 1: Consider following controllable and observable system.

T i el
X_3 il kz]’; 18-k 1-k | |1

L olx State feedback y=[ 2]x
The state feedback equation
=—2%#0 :
IS controllable for any k.

Of

= 4k, —10- 2k, Observability depends on k.

L i d Zk}

Is it a general rule? :
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Pole placement with state feedback

Theorem 1: The pair (A—bk,b) is controllable with a 1xn vector K if
and only if the pair (A,b) is controllable.

Proof: We must show that the controllability of the two systems is
equivalent.

X = AX + bu X=(A-bk)x+Dbr
y =X+ du y=(c—dk)x+dr
C =[b (A-bk)b (A-bk)’b .. (A—bk)"b] Suppose n=4
1 —kb —k(A-bk)b —k(A—bk)b’
C=lb Ab ab ap]> b T TKAZDKD
l 10 0 1 kb
C 0 o0 0 1

p(Cf ) = p(C) Dr. Ali Karimp;r Aug 2024
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Pole placement with state feedback

i O R i S i 5,
y = CX+ du state feedback y =(c—dk)x+dr

Is it possible to assign the eigenvalues arbitrarily?

Theorem 2: If n-dimensional equation (1) is controllable, then by
state feedback u=r-kx, which k is a 1xn constant vector with real
elements, we can arbitrarily assign eigenvalues of A-bk. Note that
eigenvalues must consider as complex conjugate if complex.
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Pole placement with state feedback

lecture 7

Example 2: Is it possible to assign the eigenvalues of following system
In arbitrary places?

Y e =l Ab AD]=

sl 116
B 08
Vi ri Al

=-21 —» System is controllable

00 =8| |17
X={1 0 =14 |x+|2
a7 | i
1 0 -16
‘C‘:Z 1 —28
0 2 -13

SO,

9
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Pole placement with state feedback

Example 3: Is it possible to assign the eigenvalues of following system
In arbitrary places?

| (11 1
x(t) = o X(t)+{0}u
11 17 1 —dy 1=k
A, = A-BK = L Tk k] =
! Tloal o L \ )

det(sI — Ay)=(s—14+k1)(s—2)=0

s=2 1Is a fixed mode.
s=2 Is not controllable. 10
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Pole placement with state feedback

Example 4: Consider following system.

=

10
0 20
D0 -3

o

X+

1
2
0

—> System is not controllable

1) Is it possible to assign eigenvalues on arbitrary location?

11) Is it possible to assign eigenvalues on -1, -2, -3?

[11) Is it possible to assign eigenvalues on -1+j2, -3?

V) Is it possible to assign eigenvalues on -1-j2,-1-)3 -3?
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Pole placement with state feedback

1- Direct method.

2- Use of similarity transformation.

3- Use of Lyapunov Equation

12
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Pole placement with state feedback

1- Direct method

g Letu=r—[k k, ..k ]x
=185
y = cx+du i

Find : ‘SI -A+ bk‘ = Desired characteristic equation

Polynomial of Polynomial of
Degree n Degree n

Then determine k, ks, ..., k, from above equation

13
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Pole placement with state feedback

2- Use of similarity transformation

X = AX+bu W = Px 0 1 e S
g 0 el 5
q=[0 0---1]C* Sl q.A W O ............ O ........ O ................ 1 wal lu
gqA™ o L s s S T S M A
Characteristic equation of systemis: s" +a_,s"*+a_,s"*+..+a5s+a,
0 1 v o
0 0 1 0
A—6|2 A

DB ?

Desired characteristic equation is: s" +b, ,s"* ?+..+bs+by o aiKaimpoir A 2024



lecture 7

Pole placement with state feedback

N

U=r—kw =r—kPx =1 —kx ——  k=kP%

pour Aug 2024
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Pole placement with state feedback

Example 5: Assign the eigenvalues of the following system to —24j, if possible.

11 -1 1 1 0 Cl=-120
X= fn ek | C O
bl 1L 1 —1|  Systemis controllable
First 0 It IS possible to assign the poles on -2+ .
mginod. 1 -1| [1 1-k, -1-k |
A—Dbk = —| Ik, k.]= ° '
0 -1 |1 -k, 1=k
s-1+k, 1+k
sl — A+bk|= =%+ (K, +k,)s—1—k,

K, S+1+Kk,

s*+(k, +k)s—1-k =(s+2+ j)(s+2—j)=s*+4s+5 — k=[10 -6]
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Pole placement with state feedback

Example 5: Assign the eigenvalues of the following system to —2j, if possible.

1 -1 1 1507 z
X = e e Cl=-120
_O _1_ _1_ 1 -1 System is controllable
So It Is possible to assign the poles on -2+ .
Second
method. 7 i _1 _1_
o | q2l0 U o
QA - 0

System characteristic equation: s°+0s-1
Desired characteristic equation: (s+2+j)(s+2-))=s*+4s+5

k=[b,—a, b-al]=[5-(-1) 4-0]=[6 4 — k=kP=[10 -6]

- ! 17
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Tracking and regulator problems

Is the system track input response?

Steady state error to unit input?

Consider following system:

a6 YO) __BS +PS +fs+p

rs) s‘+as’+as +as+a,

Step response Is:

If u(t)=unit step — y(t)

L =g0)=Lt
a4

Solving the problem by:
u(t) = pr(t)—kx(t) 18
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Tracking and regulator problems

u(t) = pr(t) —kx(t)

Transfer function Is:

y,(8) _ o PS+PS +Bs+P,

gf (S) — 4 3 2 — pg (S)
r(s) S'+aS’+a,S +as+a,
And now
If u(t)=unit step — y(t) = pﬁz pPg(0)
a4
1 a,
P

“g9(0) B i
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Tracking and regulator problems

Summary:

If the pair (A,b) Is controllable, there exists a state feedback
u = r — kx where the eigenvalues of the new system matrix
A—bk can be assigned arbitrarily. Additionally, if
c(si —A)~1b has no zeros at the origin, then in addition to
state feedback, there exists a feedforward gain p such that the
resultant system follows any step input asymptotically.

20
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Tracking and regulator problems

Example 6: Assign the eigenvalues of the following system such that the
damping ratio of new poles is 0.707 if possible.

7 g
X(t) = L Z}X(t) J{ 0 }” System is controllable
y=[ Ox(t)

The new poles must be on the line £&=0.707, so we assign them at 2+2j.

k=[-7 —21]
o pe R ol
u:r_[_7 _21])( X(t)—|:1 2:|X(t)-|—|:oj|r

y=[1 OJx(t) v
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Tracking and regulator problems

System analysis:

1 -1 At o
>'<(t)={1 Z}X(t){o}u u=r—-[-7 -21)x X(t):{f ZZO}X(J[)J{Ol}

y=[1 O]X(t)l y=[ 0Jx(t) 1
y(s) —s+2 y(s): —S+2
r(s) s —3s+1 r(s) s +4s+8

Draw backs ?

e SSerror

015 I | | | | | | I
s=0 0 0.5 1 15 2 25 3 35 4 45 94

Titne [2ec)
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Tracking and regulator problems

Solving the ss problem: 194 =]
o7~ 07|y 5P| o]

kg L R L

X(t) = {_ ? —220}((0 + {_Ol}r X(t) = {_ = 20}x(t) + {_ 4}
y=[1 0Jx(t) l y=[1 O0Jx(t) 1
s y(s)  A(=s+2)

r(s) § +45+8 r(s) s*+4s+8

7L
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Robust Tracking and Disturbance Rejection

X = AX+bu +bw

y = CX

I’a-i-

X, Y u-r
Ope

W

u

X, =r—y=r-—CcxX

24
Dr. Ali Karimpour Aug 2024



lecture 7

Robust Tracking and Disturbance Rejection

x ] [A+bk bkJx] [0] [b
X = AX+bu+ bw u=[k ka][ﬂ x | —C 0 X / 1 & 0 i

y = CX > <
state feedback :C 0][ } (1)
X

y:

Theorem 3: If the pair (A,b) is controllable and the transfer function
c(sI —A)~'b has no zeros at the origin, then the eigenvalues of
system (1) can be assigned to arbitrary position.

25
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Robust Tracking and Disturbance Rejection

Example 7: The equation for the longitudinal motion of an aircraft is:

- —~0.0507 —3.861 0 -9.81] 0 1
_ —0.0017 -0.5164 1 0 —0.717 0
X(t) = X(t) + u(t) +| |w
—0.000129 1.4168 —0.4932 0 —1.645 0
E 0 0 1 0 | =0 0
y®)=[1 0 0 Ok

Design a state feedback controller to assign the eigenvalues to -0.9, -1,
-1.6, -2, and -2.5

26
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Robust Tracking and Disturbance Rejection

Step response

Tracking without Disturbance, state: &=, Tracking without Disturbance, state: X,

1 0.071
0
0.5
-0.01
0 : -0.02 :
o ] 10 0 5] 10

Tracking without Disturbance, state: »,  Tracking without Disturbance, state: X,

0.02 0
0 {001

0.0z 1 00

0042 - 008 ; =

27
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Robust Tracking and Disturbance Rejection

Step response of input and disturbance:

Tracking with Disturbance, state: ¥, Tracking with Disturbance, state: &,
1.5 0.06
0.04
1
0.02
0.5
0
0 : -0.02 :
0 5 10 0 ] 10
Tracking with Disturbance, state: Tracking with Disturbance, state: =,
0.15 0.2
0.1 1 0.15
0.05 1 0.1
0 0.05
-0.05 ; 0 :
0 5 10 0 5 10 28
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Stabilization

Stabilizable system?

29
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Use of state estimation to use in feedback loop

|‘ { d
' X y

I’+Au_ b X J. C
. 1

X Estate
i K |' Estimator

>

States are not available!

A

Condition for R

30
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Open loop state estimator

X = AX +bu

% = AR + bu
. e(t) = x(t) — R(t)
& =X—2X
: bA?X_j _ch_y. — Ax+bu— AR—bu
A &(t) = Ae(t)

ﬁbﬁ@tj‘ I)A( e(t):eAteo
A Drawbacks? c
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Close loop state estimator

- :bA?X—J‘ —ch y:
A

________________ :

| |<__?<i_:_
: c]
. . l

5ot [
l
| y !
V= ___ l

R=AR+bu+l(y—ck) — R=(A-Ic)R+bu+ly
32
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Estimation error

e(t) = x(t) - X(t)
6 =X—X=Ax+bu—(A—Ic)X—bu—I(cx)
=(A—lc)x—(A—Ic)%
=(A-Ic)(x—X)

é(t)=(A-lc)et) = e(t)=e""g,

In what situation can we place eigenvalues In arbitrary locations?

33
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State estimator

Theorem 4: Consider the pair (A,c). All eigenvalues of (A-Ic) can be
assigned by a real vector | in suitable locations if and only if (A,c) Is
observable.

Proof:

(A,c) observable < (A',c’) controllable

(A',c’) controllable < All eigenvalue of (A'-c'k) can be assigned
aribitrarily by selecting a constant vector k

(A'-c'K) =A-ck'= =K

34
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Use of state estimation to use in feedback loop

1

X X Estate
i K |' Estimator

% = AR +bu +1(cx—cX)

35
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Use of state estimation to use in feedback loop

36
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Use of state estimation to use in feedback loop

U=r—kg X = AX —Dbkx +br
state feedback % = (A=Ic)R +b(r — k&) + lcx
X A — bk X| |b
vl = 10 s I
X Ic A-lc-bk| x| |b
_[c 0 X Separation Property:
7 X Using a state estimator does not

: have any side effect on the
{X} “ {A‘“ bk~ bk }{X} 2t [b}r eigenvalues of the state feedback.
Ic 0| Additionally, the eigenvalues of the
< state estimator do not change with
y=[c 0]{ }

this connection.
37
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Exercises

Exercise 1: Prove theorem 3.

Exercise 2: In the following system suppose (A,b) is controllable, and the transfer
function c(sI — A)~1b has no zeros at the origin. Show that the output is zero at steady
state if there is a step input in disturbance w.

W
r—f>9—x>_[ bAGEX J' e @y:

Exercise 3: In the above system suppose (A,b) is controllable, and the transfer function
c(sI — A)~1b has no zeros at the origin. Show that the output follows a step in ?Egle
reference r in steady state e
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Exercises

Exercise 4: Consider the following state-space model, which corresponds to a
suspension system.

07 AT D b
Xx=/980 0 —208|x+| 0
0 0 -100| |100 yI

y=[1 0 O0fx (m)

a) Place the eigenvalues of the system at -2+2j and —10 using appropriate
state feedback.

b) Plot the system response to arbitrary non-zero initial condition.

c) Design a state estimator for the system.

d) Repeat part (b) for new system with same initial condition.

e) Plot the real states and the estimated states in the same figure.

39
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Exercises

Exercise 5: Consider the given state-space model. x| [0 1 0 | x 1
X, =10 O 1 |[x,|+]| -8
(X | |0 —24 10| x; | [106

a) Place the eigenvalues of the system at -1+2j and R
—5 using appropriate state feedback. y=lL 0 o] Xl
b 172

b) Plot the system response to arbitrary non-zero initial conditioR. -

c) Design a state estimator for the system and place its eigenvalues on
-10, -10, and -10.

d) Repeat part (b) for new system with same initial condition.

e) Plot the real states and the estimated states in the same figure.

f) Design a reduced order state estimator for the system and place its eigenvalues on
-10, and -10.

g) Repeat part (b) and (e) for the new system with same initial condition.  “°
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Exercises

EXxercise 6: Consider the given state-space model.

a) Place the eigenvalues of the system at -1 and -2 using vy =

appropriate state feedback and the direct method.

lecture 7

L pod

Ll b

i X
1 1{ 1}
X2

b) Place the eigenvalues of the system at -1 and -2 using appropriate state feedback

and the similarity transformation method.

c) Place the eigenvalues of the system at -1 and -2 using appropriate state feedback

and the Lyapunov equation method.

Exercise 7: Consider the given state-space model.

Place the eigenvalues of the system at -1+1j and -2.

1 1 -2Tx] [1

41
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Exercises

Exercise 8: Consider the given state-space model. -~ =~ - __

11 -2] [1
Xx=[0 1 1 x+|0}u
00 1] |1
y=[2 0 Ol

Design the state feedback and feedforward gain so that the system's eigenvalues are
placed at —1%j1 and —2, and the system tracks a step input with zero error.

Exercise 9: Consider the given state-space model. 21 0 0] (O]
102 0 O 1
. _ : X = X+ |
a) Is it possible to place the eigenvalues of the system 0 0 -10 1
at—1, -1, -2, and -2 using state feedback? 00 0 -1 1

b) Is it possible to place the eigenvalues of the system at —1, -2, -2, and -2 us_ing state
feedback?

c) Is it possible to place the eigenvalues of the system at —2, -2, -2, and -2 using state

feedback?

42
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Exercises L ol

Exemwl}
+ u

Ak

Design a full order state estimator and reduced order state estimator for the system and
chose its eigenvalues from the set {-3, -2+2j}.

Exercise 11: Consider the following transfer function.
(s-=1(s+2)
(s+1)(s—2)(s+3)
Is it possible to convert it to following transfer function through state feedback?
s—-1
(s+2)(s+3)

Is it the resultant system BIBO stable? Is it asymptotically stable?

g(s) =

gf(s):

43
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Exercises

Exercise 12: Consider the following transfer function.
(s-1)(s+2)
(s+1)(s—2)(s+3)
Is it possible to convert it to following transfer function through state feedback?

g(s) =

1
S —_ ——
gf() S+ 3

Is it the resultant system BIBO stable? Is it asymptotically stable?

-6 -5
a) Place the eigenvalues of the system at -1+2j using appropriate state feedback.

Exercise 13: Consider the given state-space model(Final 2013). { 0 1 } {o}
= X+ u
1

b) Design a state estimator for the system and place its eigenvalues of estimator at
-10, and -10.

c) Draw block diagram of resultant system.
44
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Exercises

Exercise 14: Consider the given state-space model(Final 2013). 0 1 0
X= X+ u
-6 -5 1
a) Is it possible to assign the eigenvalue of the system at arbitrary locations by state
feedback.

b) Place the eigenvalues of the system at -2+2]j by state feedback if possible.

45
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Answers to selected problems

Answer 6: [4 1]

Answer 8: u=pr-kx, p=0.5, k=[15 47 -8]

Answer 10: Second order state estimation.

First order state estimation

Answer 11: yes, yes, and yes

ol

=

il

-2 2 0.6282 1
Z+ u+| |y
Hond =t —0.3105 0
[-12 =275 ;
| 19 32
-3z+(13/2)u+y

s

46
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