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Lecture 2

Content of this course

1. Fourier Series and Fourier Integral.

2. Partial Differential Equation and Its Solutions.

3. Complex Analysis. (The theory of functions of a complex variable)
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Lecture 2

Part One: Fourier Series and Fourier Integral

 Introduction to Fourier Series

O Determining Fourier Series Coefficients and Related Theorems
U Half-Range Expansions

U Different Representations of Fourier Series

O Applications of Fourier Series in Engineering

4 Fourier Integral

O Applications of Fourier Integral in Engineering
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Lecture 2

Introduction to Fourier Series

Periodic Function

A function f(x) is periodic if there exists a positive constant T such that
f(x+T) = f(x) VX

An example of an oscillatory function is:

N AN N
N VAN

|—\

W

Periodic function with fundamental period T
Periodic function with period 2T, 3T, ...
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Lecture 2

Periodic function decomposition (Fourier series)

: / ; Af
Periodic function. )

What is the basis for this space? /j//m/

Basis vectors of the vector space

Notel: It is not finite dimensional.
Note2: What is the representation of f(x)? :
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Lecture 2

Introduction to Fourier Series

Representation of a periodic function in terms of basis functions:

fit)y . Laé ols als

O

d d+T

1 2T
Fl= a05+a1 COS ?t +

2nn
cee o« Oy COS (Tt> I roen
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Lecture 2

Part One: Fourier Series and Fourier Integral

O Introduction to Fourier Series

 Determining Fourier Series Coefficients and Related Theorems
1 Half-Range Expansions

(1 Different Representations of Fourier Series

1 Applications of Fourier Series in Engineering

O Fourier Integral

O Applications of Fourier Integral in Engineering
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Determining Fourier Series Coefficients for Function$™"’
and Related Theorems

Flt = ?0 Z a;, COS <2kn ) Z b, sin (an )

By integrating both sides of the equation over one period, we have:
D 0

[ = [ i [ ofeos(BEJac e [ b (1)

d+T What is the meaning

iy 5 f(t)dt of this coefficient?
d
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Determining Fourier Series Coefficients for Function$™"’
and Related Theorems

iy = 70 z a; COS (¥t> +Zbksin(¥t>

k=1 k=1
To determine the coefficients a,, it is sufficient to multiply both

sides of the equation by cos (gt) and then integrate over one period.
a+T
j f(t) cos (mTﬂt) dt =
a
0 0
Ld-l-T%coi/Z) dt+Ld+TZ ap C€os (an >cos( >dt+fd+TZ by, su&lz/> cos(zf;nt> dt

d+T
f f(t) cos <2;l,n ) dt
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Determining Fourier Series Coefficients for Function$™"’
and Related Theorems

(t)—a0+§: ant +§:b _ ant
i — k_lakcos 7 e SIN| —

k=1

To determine the coefficients b, it is sufficient to multiply both sides
of the equation by sin (“T“t) and then integrate over one period.

d+
f Tf(t) sin (Zn_nt> (7 =
d ‘!

s ot T 2km ot 2k7r 2nm
J —siny——t | dt + J ak coS t | sin dt+j zbk sin sin| ——t )dt
a har2 T o T

d+T
j f(t) sin <2;an ) dt

R‘M8
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Determining Fourier Series Coefficients for Function$™"’
and Related Theorems

f(t)—70 z kCOS(Zkﬂ )+Zbksin<¥t)

k=1

d+T

f f@®)de

fd+Tf(t) cos Z—Et dt
7l

d+T
f f(t) sin (ZT )dt
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cture 2

Determining Fourier Series Coefficients for Functions
and Related Theorems

Example 1: Calculate the Fourier series of the periodic function f(t), which is defined over

one period as follows:
0 — 4T <1< 0
file)-= {

f(t) sint O<t<m

Pl =2,

-7 nw

AT 2nm 72 4 2nm i
G e Tf f(t) cos (T t) dt = %j f(t) cos (T t> dt = ;j sint cos(nt) dt
&2 0

d

1 1cos(n+1)t_lcos(1—n)t]n an:{ 2 n =2k

Gy === 0 e 7Te)
2 1 Do)
i 1k s 0 o = e

nsg
05 %fon sin(t) cos(t) dt = ifon sin(2t) dt=0
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Determining Fourier Series Coefficients for Function$™"’
and Related Theorems

Example 1: Calculate the Fourier series of the periodic function f(t)f(t)f(t), which is
defined over one period as follows:
— 4T <1< 0
file)-= {

sint O<t<m

(S & L{sin(1 —=n)t sin(1+n)t) _
B (Josm(t)S—ln(nt)dt>[E{ TEa s }]

(5= i

1= 2% 1
by =—| sin?(t)dt ==
1 7Tfosm() 5
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Determining Fourier Series Coefficients for Function$™"’
and Related Theorems

Example 1: Calculate the Fourier series of the periodic function f(t)f(t)f(t), which is
defined over one period as follows:

—m<t<0
0 = {Sl’nt 0<t<m
T-=21
4 2
fif =2 1
an =ym(1 —n?) D il =07 nE ]
0 n=2k+1 2
0 - an - [ 2km
) — 7+zakcos +zbksm Tt

k=1 k=1
1 | 2 2
o)== - + Esm(t) — gcos(Zt) — Fcos(élt) — o
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Determining Fourier Series Coefficients for Function$™"’
and Related Theorems

Representation of a periodic function in terms of its basis functions:

Loy sla wils

f(t)

f(t)—{ —r<t<0

sint O<t<m

f(t) =— + —sm(t) i —Cos(Zt) = %COS(‘“) i 15
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Determining Fourier Series Coefficients for Function$™"’
and Related Theorems

Approximation of a function using the first few terms of its Fourier
series

fie
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Determining Fourier Series Coefficients for Function$™"’
and Related Theorems

Dirichlet’s Theorem: If f(t) is a bounded periodic function with a finite
number of maxima and minima in each period, and it has a

finite number of discontinuities in each period, then the Fourier series
of f(t) will converge to f(t) at the points of continuity of f(t), and it will
converge to the average of the left-hand and right-hand limits at the
points of discontinuity.

Point to which the series converges
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Determining Fourier Series Coefficients for Function$™"’
and Related Theorems

Example 2: Verify Dirichlet’s Theorem

|0 —nT<t<O0
f“)_{gm OF-< Foiqt
f (o) R 2 ; 2 4
‘ ’_\H f(t) — ;+581n(t) —gCOS( t) _ECOS( )=
to
N 2 2
R —Sln(to) — —COS(ZtO) et _COS(4‘t0) Rl =2 f(tO)

T30 2 31 157
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Determining Fourier Series Coefficients for Function$™"’
and Related Theorems

Theorem: If f(t) is an even function, then:

d+T INTT 2 a+T
b j f(t)SlIl(T )dt oy = =

. I T
: ' 4 2 2NTT
b= an=?j f(t) cos Tt dt
0
19
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Determining Fourier Series Coefficients for Function$™"’
and Related Theorems

Theorem: If f(t) i1s an odd function, then:

d+T

(e
v
d

2nm 2
f(t)COS Tt dt anT

c;n =5 f £(¢) sin (27;n )dt
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Determining Fourier Series Coefficients for Functions™**
and Related Theorems

Example 3: Calculate the Fourier series coefficients of the
following function:
f(t) =4 —t? -2<t<?

Solution: Since the function is even,

b=
4 (> 2 nmt 16(—1)"*
an_ZJO(4_t)COS(T)dt: s n+0
> 16
Qg = — ; (4 —t2)dt = —
5 3

8 16 Tt 16 21t 16 3t
f(t) = § +FCOS (7) 59 2272 COS T v 32,72 COS T 2_|l_
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Determining Fourier Series Coefficients for Function$™"’
and Related Theorems

e 8 i/ 16 (nt> 16 2mt i 16 3mt T
f(t) = ey COS > S22 COS > COS

o 7il6 .0 16 21.0 16 3m.0
3 iy ﬁcos Bl Ly cos 5 ¥ 32,72 cos i

82716 1Sl
A e 7 Ay i _ .Y o f(0)=4
3 P izt ( %4 " 37 )
Calculation of the series sum using the periodic function:
8 16 L 2
SR G (il e o G 1_1+1_...:”_

3 12 22 32 D232 12
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Determining Fourier Series Coefficients for Functions™*
and Related Theorems

Exercise 1: The periodic function below Is given over one period:

oz i e Gt )
f(t)_{l 0<t<1

a) Write the Fourier series of the function.

b) Sum the first 5 terms of the series and compare it with the actual
function.

Exercise 2: Calculate the Fourier series coefficients of the periodic

function below.
)=t —1<t<1 D=2

Sum the first 5 terms of the series and compare it with the actual

function.
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Lecture 2

Part One: Fourier Series and Fourier Integral

O Introduction to Fourier Series

U Determining Fourier Series Coefficients and Related Theorems
0 Half-Range Expansions

U Different Representations of Fourier Series

O Applications of Fourier Series in Engineering

O Fourier Integral

O Applications of Fourier Integral in Engineering
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Lecture 2

Reminder

flt) .

d d+T

Euler coefficients:

m f(t)—70 Z kcos<2kn> z k51n<2kn>

DT 2nm
an=?j f(t) cos Tt dt
d

d+T
f f(t) sin <27;,n > dt

Theorem: If f(t) is an even function:

b, =0

Theorem: If f(t) is an odd function:

a, =0

] f(t) cos (2;1? ) dt

2Nnm
jf(t)sm( ; >dt ”
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Lecture 2

Half-Range Expansions

Consider the following function:

A

v

1

P

Expanding the function as desired and making it periodic

A

Yo - Yo
o5 o e
(S 'S 4 0 g
% r % - *
- L * o *
e 0 ., 0 .
Ll Ll
- - 3
“ 4 L 2 L4 L2
®smusnunns Il Sa, x tay

B =i

Determine the Fourier series coefficients
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Lecture 2

Half-Range Expansions

~ |

| p

Consider the following function:

Expand the function as an even function and determine its
Fourier series (cosine half-range expansion).

A

T
4 (z 2N 2.5 nm

b, =0 Sl ey a =—j t cos<—t>dt
n a, Tfo f(t)cos( & t>dt Al f (@) 2
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Lecture 2

Half-Range Expansions

Consider the following function:,

»

{ =

P

Expand the function as an odd function and determine its
Fourier series (sine half-range expansion).

*
2
Tay

-
Ve
-
¥ CS
.
3
.
3
*e
L2
Ya.

\

-
v

T=2p

an, =0 j f(t) sin <2¥n )dt

28 = 1T
=Ejo f(t)sm<?t>dt
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Another Fourier Series

Consider the following function:

A

Expand the function symmetrically with respect to the line t=p and

3

P

then determine the sine half-range expansion.

r

/NN

»
»

a, =10

Lecture 2

VRV

T

P

¥

f £0) sm(

2N
T

)

:4p

2p

f(t)si

b
n D),

w e E
n Zp

A

\

0

2
2 (P ol JUTE

—f f()sin|—t|dt n=2k+1
P Jo 2p

2k
29

n=

Dr. Ali Karimpour Sep 2024



Lecture 2

Half-Range Expansions

Example 4: The following function is defined over the given interval:
f(t) =t —t? e <l
The goal is to find the cosine half-range expansion.

Solution: To calculate the sine half-range expansion, we first need to
expand the function as an even function. Therefore, the period is taken
as 2.

2fpf(t) <mt> dt X
a, = — COS| — =
e . » p

1 —4
Qo ZJ (t — t%) cos(nmt) dt = { 22
g 0 n=2k+1

n=2kn+0

: 1 1 4 |cos(2mt) cos(4mt) cos(6mt)
a0=2f (t—t?)dt == ft) ==— 4 4+ 7
’ 3 4 16 36

6 2
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Lecture 2

Half-Range Expansions

Example 5: The following function is defined over the given interval:

Ay =t—t-

0<t<1

The goal is to find the sine half-range expansion.

Solution: To calculate the sine half-range expansion, we first need to
expand the function as an odd function. Therefore, the period is taken

as 2.

nr

2 (P ;
bn_EJo f(t)51n<?t>dt =1

1 8
b7 f (t — t2) sin(nmt) dt = < 1,373
i 0

sin(3mt) sin(5mt)

8
PE =S ;[sin(nt) + = + 17t

n=2k+1
ni= 2k
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Lecture 2

Half-Range Expansions

Exercise 3: The following function is defined over the given
interval:

f(t) =t —t* 0<t<1
Which is more suitable: a sine half-range expansion or a cosine half-range
expansion?

The need for and application of the desired series
Use in partial differential equations

Rate at which coefficients approach zero
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Lecture 2

Half-Range Expansions

Example 6: The following function is defined over the given interval:

f&) =t—t? 02t =)
Cosine half-range expansion.
1 —4
an=2j (t — t?) cos(nmt) dt = { 22 n=2kn #0
: 0 n=2k+1

i 1 1 4 |cos(2mt) cos(4mt) cos(6mt)
=2| t—t>)dt == LS
o0 JO ( ) 3 T n2[ G Be

Sine half-range expansion.

1 3
b ¥ 2f (t — t%) sin(nmt) dt = { ;33 n=2k+1
: 0 =
8/} sin(3mt) sin(5mt)
f(t) —F[sm(nt)+ o + 1ot +] £
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Lecture 2

Half-Range Expansions

Exercise 4: Given the function defined as follows, write the Fourier series
that includes only sine terms and converges to the function over the specified
interval.

f(t) =1 0<t<1

Is the requested series unique?

Hint: See following figures:
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Lecture 2

Part One: Fourier Series and Fourier Integral

A Introduction to Fourier Series

U Determining Fourier Series Coefficients and Related Theorems
O Half-Range Expansions

1 Different Representations of Fourier Series

O Applications of Fourier Series in Engineering

O Fourier Integral

O Applications of Fourier Integral in Engineering
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Lecture 2

Calculate the Fourier series coefficients without integration

Determining the Fourier series coefficients without integration using
the concept of jJump discontinuities

Flie
(N e e f ()

dd+te tk d:rT
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Lecture 2

Calculate the Fourier series coefficients without integration

Theorem: If a periodic function f satisfies the Dirichlet conditions and
has jump discontinuities F,,F,,...,F at points t,,t,,....,t ., where t; can
be d but t., cannot be d+T, then the Fourier series coefficients are given
by:

= Tb’ 1mF'zmt # 0
Ty R P 2
k=1
m
= T i 1 < Znnt
n T o T YT

k=1
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Lecture 2

Calculate the Fourier series coefficients without integration

Example 7: Compute the Fourier series coefficients of the following
periodic function.

E(Ey = <l g
Solution; The function and their derivatives are as follows:

i () (1)

—

Since the function is odd, therefore:

a, =0 5
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Lecture 2

Calculate the Fourier series coefficients without integration

L f'(®) ()
7/ 1 ” _——— s
: / -
// -1 ///

2Nt

b= %an+—2chos—tk

b—1 +1F t—10 12 A2 H"

"_nna" o 1cos(—nrmt) 2T == cos(nm) = ( )

7 2(_1)n+1

G2
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Lecture 2

Calculate the Fourier series coefficients without integration

Exercise 5: A periodic function f(t) is defined over one period as
follows. Determine the Euler coefficients without integration.

f(t)

f(t) =sint O<t<rz /W

- f'(t)
an=—%b,’1—% stinznTntk \ \ \ \
\ g

fiels 1 2nm
b= A —Z F, cos—t;, f''(t)

N )

w(1—4n?) 40
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Lecture 2

Calculate the Fourier series coefficients without integration

Exercise 6: A periodic function f(t) is defined over one period as
follows. Determine the Euler coefficients without integration.

N0 <t L0
SiE {t 0<t<7m
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Lecture 2

Convergence rate In Fourier series

Theorem: For sufficiently large n, the Fourier series coefficient
of a periodic function that satisfies the Dirichlet conditions
always tend to zero with a rate of at least ¢/n, where c Is a
constant.

If the function Is continuous, then the Fourier series
coefficients tend to zero with a rate of at least c/n2.

If the function has one or more discontinuities, then at least
one of the Fourier series coefficients tends to zero with a

rate of c/n.

If both the function and its derivative are continuous, then the
Fourier series coefficients tend to zero with a rate of at least
c/n3.

If the derivative of the function has one or more discontinuities,
then at least one of the Fourier series coefficients tends to zero
with a rate of c/nZ2. 42

................................ Dr. Ali Karimpour Sep 2024



Lecture 2

Convergence rate In Fourier series

Example 8: Determine the rate of decrease of the coefficients a,
and b, for the following function.

sin(t) st 1)
t) =
: /0 {t—ﬂ 0<t<1
Solution:
tz
f(t) 1 III A t
1t /,:

A =) ¥ e Lol c Minimum rate of
a8 7 5000 HO IS n2  decrease for large n
43
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Lecture 2

Convergence rate In Fourier series

sin(t) =<t <)

)=
f (6 {t—tz 0<t<1
1ep — ) cos(t) = Mty
[0 {1—21: 0<t<1

£ C Minimum rate of
Lt A3IE T - foh / — £! g AR
Ll =tpd o o FARaYE (0 g =il n3  decrease for large n
44
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Lecture 2

Convergence rate In Fourier series

£(t) = sin(t) — et =2

t — t? 0<t<l1
ey cos(t) —nT<t<O0 £1(8) = —sin(t) —n<t<0

et 0<t<1 =2 0<t<l1
Fo,
' ' 1
& C At least one of the coefficients has a rate

f''(=m) = f"(1) f£7(07) = f"(0%) 7y of convergence for large n.
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Lecture 2

Convergence rate In Fourier series

Example 9: For the periodic function f(t), the Fourier series
coefficients are determined by the following relations. Discuss the
continuity of the function and its derivatives.

nm T
i bn_n2+nn+n2
T T
n3 n?

The rate of convergence of one of the coefficients is c/n?, therefore:

f(t) is Continues

'(t) has at least one discontinuit
%
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Lecture 2

EXxercises

Exercise 7: A function is defined as follows. Write a Fourier series that
contains only sine terms and converges to the function in the defined
interval. Is the requested series unique?

f(t) = 1 0<t<1

Exercise 8: The functions f and g are given in the interval O to |. Find the half-range
sine series expansion of the function f and the half-range cosine series expansion of
the function f. (To which function does each series converge? Draw the

corresponding function.) iy G x) g(x) = x2

Exercise 9: A periodic function f(t) is defined over one period as follows. Determine
the Euler coefficients without integration. =
=S

fax) ={2
E—x 0<t<

Exercise 10: A periodic function with known Fourier coefficients is given. What can

you analyze about the continuity of the function and its derivatives?
2n 2

2 o
J (2 = 1)2+4n? 7 J@?% = 1)2+4n2 47
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Lecture 2

Different Representations of Fourier Series

Fourier Series Representation Using Only Sine and Cosine Functions

T = % i Z{ancos <2%n t> + b, sin (2%71 t)}
n=1

© a5, i 2 4 p2p a, <27m t) s b,, _ <Z7m t)]
= — /a cos| — sin | ——
2 " a2 + b2 T Ja2 + b2 T

n=1
b .
sin(yy,) = - = = cos(6;,) cos(¥y) = - 2 == sin(6,,)
a1, an+ by

>
Il
=

Ao < 2 el CHI
«J'I:b/< = z s )
On
a 2 2nm
AV f(t)=_0+z /a,%+b,%cos(—t—5n)
. 2 T 48
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Lecture 2

Different Representations of Fourier Series

Fourier Series Representation Using Only Sine and Cosine Functions

s 2 A
(t)—70 z / b%sin($t+yn) (t)—70+z an+b2cos(—t— 5,)
A
7:140 /a,%+b,%=An

2N 2N

f(t) =A,+ A, cos(——t—6,) f(t) =4, + A, sin(——t+y,)
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Lecture 2

Different Representations of Fourier Series

Exponential Fourier series:

3 I o : gl ;
cos(6) = 5(919 erts) sin(0) = 2 (e/? — e719)

it = + Yimeq{a,cos (— t) + b, sin (Zn—n t)}

2NTT ZTlTL't

f(t)—70 5:7" Pt T]+— e/ T — e‘JTt]}

F£) =24 z[ (an = 1h)e T 43 an # o) T
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Lecture 2

Different Representations of Fourier Series

Exponential Fourier series:

Bty = + Y i GO (2: ) + b, sin (— t)}

2N, 2N,
f(t)—_-l_ZI (an jbn)e] z + (an+]bn)e 7 : ]
(0 1) . 1 :
7=CO _(an_]bn)zcn E(an-l']bn)zc—n
2n7r
@Y=" e
n=—0o

ol
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Lecture 2

Different Representations of Fourier Series

Exponential Fourier series:
4 2nm,
FO = Y Gl T
n=-—oo

o 1 , 1 .
—=C0 E(an_]bn)zcn E(an'l']bn):(:—n

) e r 2nm 2tk  [(2nm
an:TJ f(t)COS Tt dt bn:?J f(t)sm Tt dt

d d

.2NTT

1 d+T
1 - C,==| fe T dt
ani(an_]bn) nez T ”
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Lecture 2

Different Representations of Fourier Series

Exponential and trigonometric Fourier series

¢ 2nm Ao - 21n - (2mn
T(E)i= z CneJTt fet)yi= 6 + Z{ancos <T t> + b,, sin (T t)}
n=-—oo n=i1
an:_] f(t)cos| ——t |dt
1 5 _jm_nt T d T
g 15
Cn Tjd f(t)e dt 5 QAT . e
b, =de F(oysin( -t de
1

Cn = E(an ~ jbn) ap =Cy +C_4 by = j(Cn — C_p)
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Lecture 2

Different Representations of Fourier Series

Example 10: Compute the complex exponential Fourier coefficients for the following
periodic function. Then, use these coefficients to find the trigonometric Fourier
coefficients.

Tt =ees s et T=22
Solution:
1 rd‘I'T _jzn_ntd

Gt e 1 Tsdt

o

1 .
i =l [ L7 e e & (—=1)"sinh(1)
bG8 1+ jnn
(—1)"2sinh(1)

a, =C, +C_p, = 7] 1 + n272

~ (=1D"2nmsinh(1)

1+ n?m?
o4
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Lecture 2

Different Representations of Fourier Series

Exercise 11: Compute the complex exponential Fourier coefficients
for the following periodic function. Then, use these coefficients to
find the trigonometric Fourier coefficients.

ft)=1 —1<t<1 s

Exercse 12: Compute the complex exponential Fourier coefficients
for the following periodic function. Then, use these coefficients to
find the trigonometric Fourier coefficients.

P =t 0<t<1 T =]
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Lecture 2

Part One: Fourier Series and Fourier Integral

O Introduction to Fourier Series

U Determining Fourier Series Coefficients and Related Theorems
O Half-Range Expansions

U Different Representations of Fourier Series

O Applications of Fourier Series in Engineering

O Fourier Integral

O Applications of Fourier Integral in Engineering
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Lecture 2

Applications of Fourier Series in Engineering

Consider the following system. Given the input r(t), determine y(t) in the steady
state.

my” +cy’ +ky = r(t)

Spring

External Mass m
force rit)
Pt Dashpot

Vibrating system
under consideration

Y
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Lecture 2

Applications of Fourier Series in Engineering

Consider the following system. Given the input E(t), determine the
current i(t) in the steady state.

” 174 R+ =1 = E'(t)
C

Electrical analog of the system
(RLC-circuit)
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Lecture 2

Applications of Fourier Series in Engineering

Example 11: Consider the following system. Given the input r(t),
determine y(t) in the steady state.

my” +cy’ + ky = r(t)

Spring y(t) = yh(t)+yp (t)
yn (1) Is easy to find.
Mass m
External ‘
foree r(0 @ Dashpot yp(t) depends on r(t)
Vibrating system r@®)
under consideration | ?\ |
‘}%;UE— \T/ t
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Lecture 2

Applications of Fourier Series in Engineering

Example 11: Consider the following system. Given the input r(t),

determine y(t) in the steady state.
{4

my

Spring

/

cy

Ky = r(t)

m=1g c=0.05g/sec k=25 g/sec’

o y"+0.05y"+ 25y =r(t)

External
force rit)
- Dashpot

Vibrating system
under consideration

rit)
2

\V
-2

L\ ! 2
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Lecture 2

Applications of Fourier Series in Engineering

Example 12: Consider the following system. Given the input r(t),
determine y(t) in the steady state.

rit)

y"+0.05y"+ 25y = r(t) R

r(t) = (cost +3i0033t +5i0055t +.. j

y"+0.05y’ +25y—icosnt A=18200
N’z

= A cosnt+B_sinnt
61



Lecture 2

Applications of Fourier Series in Engineering

y"+0.05y" + 25y = 4005 nt n=135...
/4

y, = A, cosnt+B_sinnt

4(25—n2)

0.2
n*7\(25-n%)°+(0.05)°)  Bn= nz((25—n?)? + (0.05)?)

A =

62
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Lecture 2

Applications of Fourier Series in Engineering

Example 12: Consider the fol-lovﬁng-system.-Giv-en the mput r(t),
determine y(t) in the steady state.

rit)

y"+0.05y"+ 25y =r(t) N

W \r/ t
-T2 —

r(t) = (cost+3i0053t+5i0055t+ j

= A cosnt+ B, sinnt

y(t) = Yp=1(4,, cos(nt) + B,, sin(nt))

s 7 e 2 \/Az + BZsin(nt +y,,) = Z C,, sin(nt + y,,)
C, 00531 C,=0.0088 C.=0.2037 C —00011 C, =0.00003
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Lecture 2

Applications of Fourier Series in Engineering

Example 12: Consider the following system. Given the input r(t),
determine y(t) in the steady state.

y"+0.05y"+ 25y =r(t) o
LN
r(t) = (cost + 3i cos3t + 5i cos5t +.. j 21

(&)= C, sin(nt + |
y ; n sin(nt + yy) U\ output
LN
C,=0.0531 C,=0.0088 C.=0.2037 RV & 1 B WA 3'] f
C7 =0.0011 Cg =0.00003 W _&l/_ \/ vblput
-0
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Lecture 2

Exercises

Exercise 13: Compute the complex exponential Fourier coefficients for the following
periodic function. Then, use these coefficients to find the trigonometric Fourier coefficients.

f(x) = 2e™*
-1<x<1

Exercise 14: Compute the steady-state current for the following RLC circuit.

C
IL
i

100(mtt+t?) -m<t<O

H§ L E(t)
100(rmtt-t?) O<t<m

E(t)

Exercise 15: Using MATLAB, plot and analyze the Fourier series of the following function
for the first 5 and 20 terms. flx)
2R
65
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Lecture 2

Part One: Fourier Series and Fourier Integral

O Introduction to Fourier Series

U Determining Fourier Series Coefficients and Related Theorems
O Half-Range Expansions

U Different Representations of Fourier Series

O Applications of Fourier Series in Engineering

 Fourier Integral

O Applications of Fourier Integral in Engineering
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Lecture 2

Fourler Integral

Fourier Integral

T. =000 Fourier Series -
a+T
a, f f(t) cos <Zmr ) dt: ' w7 2 M DY = L f (t) cos(wt)dt
T £l
A+T 1 !
b=z [ r@sn(Ze)ar — Bl@)="[ f)sin(atat

f(t) = T[A(a)) cos(mwt) + B(a))sin(a)t)}ja) o
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Lecture 2

Fourler Integral

Trigonometric Fourier Series

d+T d+T
=;j f(t) cos <2nTnt> dt b,, =;] f(t) sin <2nTﬂt> dt
d d
ag = an an
f(t)=7+2akcos Zbksm
k=1

Trigonometric Fourier
Integral

A@) == [ 1O cos(at)ct 3(0)= 1 1 @)sin(anot

72
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Lecture 2

Fourler Integral

Conditions for Convergence of the Fourier Integral:

a) The function f(t) must satisfy Dirichlet conditions in any finite
Interval.

b) The following integral must exist:

f_o:olf(t)ldt

73
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Lecture 2

Fourier Integral

[
==| f d (
Alw) 7 Lo el f(t) = j |A(@) cos(at) + B(w) sin(et) do

B0y [ f@®sin(et)dt :
JT ¥Y—©
If f(t) Is an even function:

2 o0 00
A(w) = ;! f (t) cos(wt)dt f(t) = I A(w) cos(at)dw
B(w) =0 :

If f(t) 1s an odd function:

A(w) =0

B(Cf))=%off(t)sin(a)t)dt v f(t)ng(w)Sm(th)éldw
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Lecture 2

Exponential Fourier Integral

Exponential Fourier Series

1 d+T _.ZTl_TL't
an—f flOe et
T d

—I" ft) = i Coe! T

n=—oo

Exponential Fourier Integral

9@ =5 [ fe ot o

fE) = j g(@)etd o
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Lecture 2

Exponential Fourier Integral

Exponential Fourier Integral

9@ =5 [ feerords 4

ﬂwafmmwww

Fourier Transform Pair

f(t):i “’[ [ f)ede e’“’tdm

g f (1) @ E(io)e do

F(jo) = _fmw%n




Fourier Transform Pair

Fourier Transform Pair

F f (1)]=F(jo)]
F[F (jo)]= f(t)l

f(t)——F(jw)

[



Lecture 2

Fourler Integral

Example 13: Determine the Fourier integral representation of the
following function.

it 1 for-1<t<1 f'itj
e 0 for|t|>1
2 0 1 t
B(w) =0
A@) =2 [ f (t)cos(at)dt - _ 2sin(w)
72._00 T

Therefore, the Fourier integral representation of this function is
obtained as follows:
f(t) = [ A(w) cos(t)de = el
7T
0

(@) cos(wt)dw
),

0
/8
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Lecture 2

Approximation in Fourier Integral

Approximating the function using the first few terms of its Fourier series

1 ’) f®
f(t) = —+ sint ——cos 2t —... 1 ys‘”t
2 3 T
—T1T 7T t
f@® _
y=sint
_1, sin
—TT | Tt
f® _
y=sint
_ 1 sint 2cos2t
Ys= gt T Ty
—TT | Tt
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Lecture 2

Approximation in Fourier Integral

2 2 q 1 -1<t<l
f(t) = [ A(w) cos(wt)de = : [ SIO) i -
) Ty @ 0 t|>1
f, ()= 2 [ SIND) o5ty dw =2
7T 0 a
Define Si(x) as: X sinu

Si(x)=| —du

How do we plot this function? U
0

80
Dr. Ali Karimpour Sep 2024






Lecture 2

Approximation in Fourier Integral

2

==

0

sin % si
(@) cos(wt)dw =? Si(x) = gl
@ pissty

fwo(t):i _[wo sin o(t +1) da)—i jw° sin w(t—1) e
4 0 T 0

Q Q

oo (t1) /- 0o (t-1) /-
f, ()= 1 j (i‘ﬂﬂjdu e j (w]du
T

; u A u

f,.(0) = = Si(@y(t+1) = Si(a,(t-1)
T T 82
Dr. Ali Karimpour Sep 2024



Lecture 2

Approximation in Fourier Integral

SIN®) (o5t deo = - (Si(B(t +1)) - Si(B(t-1)))

) T

fs(t) s % j

Si(x)

183
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Lecture 2

Approximation in Fourier Integral

“sin(o) cos(awt)dw = i (Si(8(t+1)) - Si(8(t-1)))

) T

fs(t) s % j

Si(t)

1
l51(8(1: +1)) 7B = 1)

S

syl 84
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Approximation

sin(w)
@

fs(t) s % j

cos(at)dw = %
7T

Lecture 2

In Fourier Integral

(Si(8(t +1)) - Si(8(t —1)))

T

~Si(8(t + 1)) — =Si(8(t — 1)) 2

L.
ESL(8(t + 1))//:

1.S"8 1
—Si(8(¢ — 1))

LS

| e
T

T
2

sy el 85
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Lecture 2

Approximation in Fourier Integral

SIN®) (o5t deo = - (Si(B(t +1)) - Si(B(t-1)))

) T

fs(t) s % j

s fa(t)
1 .. 1 ..
;51(8(15 +1)) - ~Si(8(t - 1)/,\
-l | ——le / \ I P | — |
—3r — 21 -7 ~1 1Y T 2T 3T t

sy =+ .86
Dr. Ali Karimpour Sep 2024




Lecture 2

Approximation in Fourier Integral

o0

sin(w)

f(t) = 72[

O ey

sm(a))

f == j

g E(Si(a)o (t+1)) - Si(e, (t ~1))
T

2 ¢ sin(w)

f(—l):f(l):;j -

cos(w)dw =0.5

1
cos(wt)dw = {O

cos(wt)dw

—-1<t<l ft)
i >1 l
-1 0 1 t
f\mv V\/\/l.l'\
’ \ Wo=32
1 Lu s vl
Sa S0 I ot
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Lecture 2

Part One: Fourier Series and Fourier Integral

4 Introduction to Fourier Series

 Determining Fourier Series Coefficients and Related Theorems
U Half-Range Expansions

4 Different Representations of Fourier Series

O Applications of Fourier Series in Engineering

4 Fourier Integral

O Applications of Fourier Integral in Engineering
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Lecture 2

Applications of Fourier Integral in Engineering

Find the particular solution of the following equation.

1for-1<t<1
y' +3y +2y=f(1) f(t):{

0 for|t| > 1

According to the previous section, the Fourier integral representation of
the function f(t) is:

i) cos(awt)dw
0,

- 5
f(t) = ! A() cos(at)do == !

Therefore, the above differential equation can be written as follows:

14 3y 42 —Zjoosm“’) (wt) d
y y y_”o —— cos(wt) dw
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Lecture 2

Applications of Fourier Integral in Engineering

2 (7 sin(w)
y' + 3y + 2y = —j cos(wt) dw
T J, W

i’ ; 2 sin(w)
dy’ + 3dy +2dy=; 7

cos(wt) dw

o
(2 = wz)a +3wh = st
T

—3wa+(2-w?)b=0

dw

dy = acos(wt) + bsin(wt)

According to these two equations, the coefficients are obtained as follows:

7 (2 — w?) 2 sinw 7 T 3w 2 sinw
C 2-w??2+9%9%1 W C 2-w??2+9%0w%1 W

a dw
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Lecture 2

Applications of Fourier Integral in Engineering

And the final particular solution is:

(2 gk a)z)cosa)t + 3wsinwt 2 sinw

d
(2 —w?)? + 9w? B

dy

2 (2 = wz)coswt + 3wsinwt sinw

it d
(O nfo (2 — w?)?% + 9w? Tl
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Lecture 2

Applications of Fourier Integral in Engineering

$f (6

t

1 1 I
\/'

tg(w)

100 .
g@) =5 [ f@eorde

Hrid " g(@)eitdo
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Lecture 2

Applications of Fourier Integral in Engineering

$f (6

1 1 I
\/'

100 .
g@) =5 [ f@eorde

0= g@edo

0]
— 00

|

= j2nm
g(w) = Z Cpe 2%o

n=—oo
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Lecture 2

Applications of Fourier Integral in Engineering

$f (6

100 .
g@) =5 [ f@eorde

. /Z\ f(t)=f g(w)e’“ dw

0]
— 00

) |

= j2nm
g(w) = Z Cpe %o
n=-—o0o

(0'e]
FO= ) fom)..
n=-—oo 94
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Lecture 2

EXxercises

Exercise 16: Show that the integral of the specified function represents:

—

0 x<0

J-Ooo cos(wxl)::_—::;‘in(wx) dw = 2 c<0

mne™ x>0

Exercise 17: Find the Fourier sine integral of the function f. f(x)z{“/z O<x<m
0 X>T

Exercise 18: Show that if f(x)f(x)f(x) has a Fourier transform, then the function
f(x—a)f(x - a)f(x—a) also has a Fourier transform, and we have: F{f(x-a)} = e™ F{f(x)}

Exercise 19: Does the Fourier cosine and sine transforms exist for the function
f(x)=e*? Why?

Exercise 20: Find the particular solution of the equation. ., .., = )

t t?<1
f(t) =
2
0 1<t 95
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Lecture 2
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