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Lecture 4 2

Content of this course

1. Fourier Series and Fourier Integral.

2. Partial Differential Equation and Its Solutions.

3. Complex Analysis. (The theory of functions of a complex variable)
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Lecture 4 2

Complex Analysis (The theory of functions of a complex variable)

O Fundamentals

O Analytic Functions and Differentiability
U Integration in the Complex Plane

d Complex Series

[ Residue Theory and Calculation of Real Integrals
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Lecture 4 2

Integration in the Complex Plane

Consider f(z) as follows (Analytic or non analytic)

f(2) = ulx,y) +iv(x,y)

Consider following summation

n
i z f(§r)Azy Az = Zy — Z_4
k=1

Integral in the complex plane is as follows:

B n
| r@dz=lim > rsaz
i k=1
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Lecture 4 2

Integration in the Complex Plane

In a specific case where A and B coincide, and the path of integration forms
a closed curve, the mentioned integral is called a line integral and is denoted
by the symbol below.

jA @)z jgf (2)dz

Determining the upper limit in complex integration

> @Az < ) IfEAnd = ) If Gl
k=1 k=1 k=1

if n—- o

Lf(z)dz sfclf(Z)IIdzI stMldzl =Mfcldzl

< ML
S
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Lecture 4 2

Integration in the Complex Plane

If the path of integration is fixed
B A
| r@ydz=- [ ez
A B
B B
j kf(z)dz = kj f(z)dz
A A

B B B
j () : gl - j it j e
A A A

If D is a point on the arc AB.

JABf(Z)dZ = jADf(Z)dZ + jDBf(Z)dZ
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Lecture 4 2

Integration in the Complex Plane

Another form of complex integral:

n
I = Z f&)Az,  Azy =z} — z_4
k=1

f
N

[uug, nx) + v (ug, n) ] (Axy + iDyy)

xa
Il
=

Nz

n
[u (g, M) Dxy — V(g i) Ay ] + iZ[V(.Ukrnk)Axk + u(up, k) Ayl
k=1

w
Il
=

jf(z)dzzJudx—vdy+ijvdx+udy =f(u+iv)(dx+idy)
C C C C
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Lecture 4 2

Integration in the Complex Plane

Example 1: If c is a circle with radius r and center Z,, and if n Is an
Integer, find the value of the following integral (counterclockwise).

dz

y (e

z— 27y =r1e’ dz =rie?do

jzn rie'® do 2T jo—int g
o J

rntlpi(n+1)6 rn
X 20 = n=10
0 n+ 0

Very very
Important
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Lecture 4 2

Integration in the Complex Plane

Theorem 1 (Green's Theorem): If P(x,y), Q(X,y) are continuous on a
simply connected region R with a piecewise smooth boundary C, and if
the partial derivatives 0Q/ox and 0P/oy are continuous on R and C, then:

Lde + Qdy = ffR (aai e gi)dxdy mc

where the integration is over the closed path C and R is the region to the
left of C.

Theorem 2: In any region where the [ - Pdx + Qdy Is path-independent, the
partial derivatives of the function ¢ (x,y) = [~ P(x,y)dx + Q(x,y)dy are:

do do
—_— = e — P
3y Q(x,y) P (x,y)
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Lecture 4 2

Integration in the Complex Plane

Theorem 3: If in all points of a simply connected region we have:
0Q 0P
dx dy

Then [ P(x,y)dx + Q(x, y)dy in R is independent of the path and
vice versa.

Theorem 4 (Cauchy's Theorem): If R Is a region (either simply
connected or multiply connected) with a piecewise smooth boundary

C, and If f(z) Is analytic and f '(z) is continuous inside and on the
boundary of R, then:

fcf(z)dz =0
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Lecture 4 2

Integration in the Complex Plane

Proof: We have

jf(z)dz=judx—vdy+iJvdx+udy
C C C

Assuming continuity of f ’(z) means that the following partial
derivatives exist:
ou du Jdv Jdv

dx dy Ox 0y
According to Theorem 1, we have:

dv du : du Jv
Jr@de= || =gy + i f| Go-Todety | ras=c

The more general form of the theorem is known as the Cauchy-
Goursat Theorem, where the continuity of f’(z) is not required.
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Lecture 4 2

Integration in the Complex Plane

Exercise 1: Evaluate the following integrals along the specified path.

Y a

C

¢

X

f coszdz =? 7€ eC0SZ 7 =7

f(SZLL + 3272 — 7z)dz =?

% Sinz S
z2+5z2+6 iz

f sinhz i
SHAE L

1
%—dz =?
Z

f cosz b,
z(z> + 5z + 6) o
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Lecture 4 2

Integration in the Complex Plane

Theorem 5: The line integral of an analytic function over any
simple closed curve Is equal to the line integral of the same
function over any other simple closed curve, provided that the first
curve can be continuously deformed into the second curve without

passing through any point where f(z) i1s non-analytic.
f(dz+ | f(z)dz=10
Ci Gy

jcf(z)dz 2=

X X

f(2)dz=— | f(z)dz f(z2)dz=| f(z)dz
C1 CZ C3 13
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Integration in the Complex Plane

Lecture 4 2

Example 2: Evaluate the following integral along the specified path.
Hint: Use Theorem 5 and Example 1 for assistance.

1 1
f_dz=j —dz — TF
Z e Z

jg COSZ s
z(z° +5z+6) e

CoSZz T

2 s
fclz(zz+52+6) ‘ g7

Y 4

-

=RV
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Lecture 4 2

Integration in the Complex Plane

Theorem 6: In any simply connected region where f(z) is analytic, the
following integral is path-independent:

fz Zlf (z)dz y

Proof:

................ 15
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Lecture 4 2

Integration in the Complex Plane

Theorem 7: If f(z) iIs analytic throughout a simply connected domain R,
then

F@) = [ @z
Is an analytic function throughout R. Its derivative is f(z).

Proof: Since f(z) is analytic in the simply connected domain R, the
following integral is path-independent:

F(z) =J f(z)dz

Therefore, F(z) is a function of z alone. This integral can be written as
follows:

X,y X,y
F(z)=U+iV=f udx—vdy+ij vdx + udy
X0,Y0 X0,Y0 16
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Lecture 4 2

Integration in the Complex Plane

X,y X,y
F(z)=U+iV=j udx—vdy+ij vdx + udy
X0,Yo X0,Y0

X,y X,y
Uzj udx — vdy V=J vdx + udy
X0,Y0 X0,Yo

According to Theorem 2, since the integrals are path-independent

ou ou av av
W o e e
L - =0k, oY = o Therefore, F(z) is analytic.
dy 0x ox 0y
, ou adv _
F(z)=a+la=u+w=f(z)
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Lecture 4 2

Integration in the Complex Plane

Theorem 8: If f(z) is analytic in a simply-connected domain R, then provided
that the integration path lies entirely within R,

NS )

In the above relation, G(z) Is an arbitrary antiderivative (primitive) of (z).

Proof: Since f(z) is analytic in R, from Theorem 7 we have:

F(2) = j e

F'(z) -G'(2) = f(z2) - f(2) = 0 2 F(z) =G(2) +c

F(Z)ijf(z)dZZG(Z)+C Z=ZO> c =—G(zp)

f I o) j T G<ZO)J .

0
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Lecture 4 2

Integration in the Complex Plane

Example 3: It Is required to determine the following integral:
1+7mi

o j (z2 + cosh2z)dz

The integrand is: >

f(z) = z% + cosh2z
f(z) 1s analytic everywhere and an antiderivative (primitive) is given by

G()—1 3+1 inh?2
Z—3Z leTl VA

Therefore, according to Theorem 8, the value of this integral is:
1+im

I e 1 i s olan !
| = (=23 — SHIW22) == (U stz im = ...
3 2 0 3 2
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Lecture 4 2

Integration in the Complex Plane

Theorem 9: If u(x,y) Is a solution to Laplace's equation in a domain such as R,
then in R, there exists an analytic function such that u is its real part. In other
words, there exists an analytic function f(z)=u+iv such that

Ju

(. ) j el
v(x,y) = ——dx +—dy
b dy ox

X,y

and the path of integration from (a,b) to (x,y) lies entirely within R.

Proof: We have

ou ou

2 2 ouy (==

0u+0 u=0 G(ax)_ ( 0y
dx*  dy* dx =0y

In this case, the integral of v in the domain R is independent of the path
between a fixed point (a,b) and a variable point (x,y) (Theorem 3). Now,
according to Theorem 2, we have:

dv Odu dv  Ou

dy Ox E“E 20
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Lecture 4 2

Integration in the Complex Plane

One of the most important theorems in this section is:

Theorem 10: If C, the boundary of a simply-connected domain such
as R, Is piecewise smooth, and if f(z) is analytic inside and on the
boundary C, and if z, is a point inside R, then:

1 (7@
f(ZO)_Zm' CZ—ZOdZ Q

the integration over C is performed in the positive (counter-clockwise) direction.
Proof:

Y y
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Lecture 4 2

Integration in the Complex Plane

Proof: y
f(z) (e f(2) =
C Z 3 ZO CO Z G ZO
f(2) b f(z9) +[f(2) — f(20)]
A dz
cZ— Zy Co Zi=20

2 Jlz) T izo) s

= f(2o)
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Lecture 4 2

Integration in the Complex Plane

y
f(2)dz _ )2 + f(z) = f(z) -
-z i 1y
f Lza=f (7o) w1 |f(Z)_f(ZO)I|dZ|
bR A s |1z — 7|

Since f(z) is analytic in R, so it is continuous.
lz—2zpl=p<é bF(Z) — filzp)] <€

flssiti)

CO Z_ZO

5 5 5
< f —ldzl= = dzt =t e = 2ite
C P

0 Co

1 [ f@
: Z
2Tl ) Z — Z 23

Dr. Ali Karimpour Sep 2024

f(zp) =




Lecture 4 2

Integration in the Complex Plane

Example 4: It is required to determine the values of

eZ
I = d
fczz+1 7

given that C is a circle with a unit radius centered at (a) z=i and (b) z=—1.

Solution (a): The integral is written as follows: y

I_j e? | dz
W 7

1—] e i = o R - 17
= Cz+iz—i_ Hif (2 =2RpEY= mzl_—ncos isinl) = 1. L2.
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Lecture 4 2

Integration in the Complex Plane

Solution (b): The integral is written as follows:

1—j il AT e e T R
= Cz—iz+i_ mif (zg) = 2mif (—i) = 2mi 5; = ~mlcos isinl) =~1. (2.
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Lecture 4 2

Integration in the Complex Plane

Theorem 11: If f(z) is analytic throughout a closed simply-connected

domain R, then at every interior point z, of R derivatives of f(z) of all
orders exist as follows and are analytic, where C is the boundary of R.

e =g [ Lo (O

2R ek Z 2

Theorem 12 (Morera's Theorem): If f(z) is continuous in a region R,
and if for every simple closed curve that can be drawn in R, we have:

Lf(z)dz =0

Then f(z) 1s analytic In R.
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Lecture 4 2

Integration in the Complex Plane

Theorem 13 (Inequality Theorem): If f(z) is analytic inside and on a
circle C with radius r and center z,, then:

" (z0)] =

where M is the maximum value of [f(z)]| on C.

In the special case for n=0, we have:

|f(Zo)| =M
Proof:
n( f(z)dz f@lldzl _n! M
7720l = anJ (z=z)"| ~on oz = zo|?H1 = %rnﬂjcldzl
I
e et A ()l <=

XS n+1 n
2T r i
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Lecture 4 2

Integration in the Complex Plane

Theorem 14 (Maximum Modulus Theorem): The modulus of a non-

constant function f(z) cannot have a maximum in a region where the
function Is analytic.

The maximum modulus of a non-constant function f(z) in a region
where the function is analytic, is located on the boundary.

The minimum modulus of a non-constant function f(z) in a region where the
function is analytic and does not become zero, is located on the boundary.
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Lecture 4 2

Integration in the Complex Plane

Example 5: Consider the function f(z) = z* + 2. The goal is to find the
extrema of |f(z)| on the closed region |z| < 1

Since f(z) 1s analytic within the given region and does not become zero, the
extrema will be located on the boundary.

Let y =sinf , x = cosf

1f(@)] = |22 + 2| = |x? = ¥ + 2ixy + 2| = /(x2—y2 + 2)2 4 (2xy)?

= \/(cos26 + 2)2 + sin?20 = V4cos26 +5

dlf(z —8sin26 T 37
f@l _ Ny g ‘\>
do 2+/4cos20 + 5 2 ;

|

Theorem 15 (Liouville's Theorem): If a function f(z) is entire (analytic

everywhere) and bounded in the complex plane, then f(z) is a constant function.
29
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Lecture 4 2

Exercises

Exercise 2: Find the value of the integral along the given | g
path:

eZ
i LZZ + 1 b
Exercise 3: Determine the value of the integral along the
circle centered at the origin with radius 2, f COSZ

dz =?
z(z* + 4z + 3) B

Exercise 4: Determine the value of the integral along the unit circle centered
at the origin, oriented counterclockwise.
% tanzdz =?

oriented counterclockwise.

Exercise 5: Determine the value of the integral along the three paths: red, blue,
and green. i

1+mi
j (e? + sinh2z)dz
0

30
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Lecture 4 2

Complex Analysis (The theory of functions of a complex variable)

O Fundamentals

O Analytic Functions and Differentiability
O Integration in the Complex Plane

d Complex Series

[ Residue Theory and Calculation of Real Integrals

31
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Lecture 4 2

Complex Series

Consider the following infinite sequence:
ZyyZoiransddsig

The sequence converges if for every € > 0, there exists a positive
Integer n, such that:

|z, —z| < ¢ Y n>ng

If a sequence is not convergent, then it is divergent.

EXxercise 6: Show that every sequence has at most one limit.

Theorem: Suppose for the sequence z,,2,,Z,...Z,, .... We have:

. s i Ol |
In this case: > n T Un

limz, =z < limx, =x, lim y, =y 2
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Lecture 4 2

Complex Series

Suppose the following expression Is a series where the terms are
functions of a single complex variable z:

fl(Z) i fz(Z) R fn(Z) g
Partial Sums of the Series Is:

5:(2) = f1(2)
S,(2) = f1(2) + f,(2)

Sp(2) = f1(2) + f2(2) + - + f,(2)

The series converges to S(z) if:
33
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Lecture 4 2

Complex Series

Consider the following definition:

the remainder after n terms in S(z).
5(z) — Sn(2) = Ru(2)

Definition of Convergence: A series Is called convergent if the limit
of |R,(z)| as n approaches infinity is zero.

Definition of the Region of Convergence: The set of all values of z
for which the series is convergent is called the region of convergence
of the series.

Definition of a Divergent Series: A series that Is not convergent is

called a divergent series. 2
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Lecture 4 2

Complex Series

Theorem: A necessary and sufficient condition for the convergence of the
series of complex terms below Is that the series composed of the
real parts and the series composed of the imaginary parts of these terms

each converge

@+ f(2) + o+ ful@) + -

Moreover, if following series (real parts and the imaginary parts of

original series):
> Re(f), > mfy)
n=1 n=1

If the real part and imaginary part of a complex series converge
respectively to the functions Re(z) and Im(z), then the given series
Re(z) + 1lm(z) also converges. 35
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Lecture 4 2

Complex Series

Theorem (Ratio Test): For the series
i@ + fo@) + -+ ful@) + -

Suppose: fura (2)

fn(2)

In this case, the given series:

lim

n—00

= |r(2)]

0<|r(2)|<1 the series converges.

J @] >1 the series diverges.

IS the boundary of convergence,
and the ratio test is inconclusive there.

Dr. Ali Karimpour Sep 2024
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Lecture 4 2

Complex Series

Example 6: Determine the region of convergence of the following series.

1+lz+1+1 z+12+1 Z+13+
227z—1 32\z-—-1 42\ z -1

Using the ratio test, we have:

n — oo
_—

g z+ 1\"

‘fn+1(z) el )2 (Z = 1)

fu(2) 1 (z+1\"*
n2 (Z — 1)

z+1
<0 s
z—1

A e |

1 | 1

n? z+1
(n+1)2z-1

z+1
z—1

The region of convergence of
the series

37
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Lecture 4 2

Complex Series

Example 6: Determine the region of convergence of the following series.

1+1z+1+1 z+12+1 Z+13+
227 -1 .,32\z=1 42\ 7z L1

Using the test on the boundary of the imaginary axis is problematic:

lz+ 1| = |z — 1]

In this case, the series on the imaginary axis has an absolute value of:

1 1 1

1+22+32+42

This series Is absolutely convergent, so...

38
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Lecture 4 2

Complex Series

Uniform Convergence Definition: A series of functions f.(z) in a

region R, whether closed or open, converges uniformly to a function
S(z) If for every positive integer ¢, there exists a corresponding integer

N such that, independent of z, for every z in R, we have:

Yn>N . — - |8z2) =S, ()| < €
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Lecture 4 2

Complex Series

Theorem (M-Test or Weierstrass Test): If there exists a sequence of
positive constants M, such that for all positive integers n and for all
values of z in a given region D, we have:

|fn(Z)| <M,
and If the series:

My +My+ Mz + -+ My, + -

converges, then the original series

fl(Z) +f2(Z) 7 R +fn(Z) A

converges uniformly in D. 2
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Lecture 4 2

Complex Series

Theorem (Taylor Series): If f(z) iIs
analytic throughout a bounded region
enclosed by a simple closed curve C, and

If zand a are both inside C, then: c

, e G (z—a)*?
f@=f@+f(@G-a)+f(Q)—F—++ " (a) R
In which A FAelds

Kn = 2mi Jo (t—a)™(t —2)

Proof: We know that (according to Theorem 10 in the Integral Section):

1  f(t)dt

f(z) =
41
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Lecture 4 2

Complex Series

Proof: (continue)

1 [ f(t)dt

Y f (Ddt 3 A ralieyde -7 1‘1_“
——

f(z) =

Pl o =i dt
L R Ay 1 5 Y £ 1_t—g
: S AL~ .
1—-u i
| Gl o St ity B 77 an (i:g)n
f(Z)=2niCt—a1+t—a+(t—a) +m+<t—a) +1_Z_adt

42
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Lecture 4 2

Complex Series

Proof: (continue)

1 [ f(t)dt

f(Z)ZZni S s
T f flo)de oy o (edtyet 1‘1_“’
(2= = 5— ——dt
P D T B A ¢ R A
t—a
¢ =+ u’ -+ 5
1—u e Fu

7= 1=

1 f(t)— ? 7 (Z_a)n
Z—Qa Z— a Zmrsa 3

, +( )+---+( ) Mo (s
2mi Jot—a e

ok n-1 7o n
) = ) P oy o+ porigy < 8T el [ f@at
C

+ / n —y
(n—1)! 27Tl (t —a)™(t 432)
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Lecture 4 2

Complex Series

Theorem: Taylor Series

(z= a) (z —a)’

f@ = f@+f @G-+ @ ——4+ () —

In every point inside any circle centered
at a, where f(z) i1s analytic within the circle, C
the Taylor series converges to f(z).

Proof: In the previous theorem, we saw that:

Czr—ay
2!

(z—a)™?

(n—1)!

+ -+ f1(a)

f@)=fla+f(@z-a)+f"(a) + Ry,

We need to show that as n becomes sufficiently large, the term R, tends

to zero.
44

Dr. Ali Karimpour Sep 2024
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Complex Series

Proof: (continue)

S (g f®)dt
é’ AP WI2n (= a)y Ut =.2)
iz A f@®)dt
ity

Rn 21Tl it ) (77

It = al =n t—z|>nr, —n 1z—al <n
I _|z=a)" f(t)dt _lez=al" £ (©)]ldt]
| TL(Z)l 4 Zn.l c (t_a)n(t_z) =7 |27Tl| Czlt_alnlt_Z|

<ﬁ M|dt]| u(m (e oy
2 Fe e ) = N A~ T4

45
Dr. Ali Karimpour Sep 2024



Lecture 4 2

Complex Series

m|f a is zero, the series i1s called the Maclaurin series, and the
statements mentioned also apply to it.

m Definition of Radius and Circle of Convergence: The largest
circle that can be drawn around the point z=a such that the
Taylor series f(z) converges everywhere inside it is called the
circle of convergence, and the radius of this circle is called the
radius of convergence.

® [n the special case where ais the nearest singularity
such that f(z) approaches infinity as z approaches a, Ao la—allc
then the radius of convergence is equal to |a — a].

a

= |f the function is not analytic but bounded at the point a, then the
radius of convergence may be greater than |a — a|. Refer to the

footnotes in your reference books for more details.
46
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Complex Series

Theorem: If f(z) is represented by a series in the neighborhood
of z=a in the following form, then this representation is
unique. 00

an (z —a)"
2

n=1
Theorem (Binomial Theorem): The following series converges
under the given conditions.

nn=1 n(n=—2)(n —2
(s+t)"=s"+ns" 1t + (2' )S"‘2t2+ ( 3)'( )

Absolutely crucial: w

Is| < |t VneZ and n>0

Sn—3t3 + o

47
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Complex Series

Example 7: Find the Taylor series expansion of the following

function around z=1. 3
f(z) = (2= 22)
B2t L e
zZ 3—2z

Using the binomial theorem:

nn—1) e nn—1)(n—2)

2' 3' Sn_3t3 +"°

(s +t)"=s"+ns" 1t +

1+Gz-D]'=1-z-D+GE—-1)%— -+ (D" (z-1D"+ -

R—G-1D]'=21+22z-1)+23Ez-1)2%+-+ 2"z 1)" + ...

48
Dr. Ali Karimpour Sep 2024



Lecture 4 2

Complex Series

Example 7: Find the Taylor series expansion of the following
function around z=1. 3

1+ -] '=1-zz-D+@Z-1D° =+ (D"(z-D"+ -

2—-GZ-1D]'=21+22z-1)+23-1D?+ -+ 27Dz 1" + ...
z—1| < 1

| i ?? z—1| <1
Z_

3.0 3 1
FO=2-2G-D+2-1P -+ [2 + (_1)n] (7 i

The radius of convergence is given by:
—
z—1| < 1 §
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Lecture 4 2

Complex Series

Theorem (Liouville's Theorem): If f(z) is bounded and
analytic for all values of z, then f(z) Is constant.

Since f(z) 1s analytic everywhere, the series below converges
at all points in the complex plane:

f"(0)

Zn _|_ £
n!

f(2) = f(0) +f(0)z + -+

Now, if C is an arbitrary circle centered at the origin with an
Infinite radius, from Cauchy's inequality we have:

i FU9H0) = 0

IF™ )] <

n! M,
n

f

f(z) = f(0) 50
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Complex Series

Laurent Series Expansion: In many applications, it IS necessary
to expand a function around points where the function is not
analytic at those points or in their neighborhood. Clearly, in such
cases, the Taylor series method cannot be used, and a new type of
series, known as the Laurent series, is required.

Theorem: If f(z) Is analytic and bounded within a closed region R
between two concentric circles, then f(z) can be represented by a

series In every point of the annular region bounded by the two
concentric circles.

(0/0)

f(z) = i an(z —a)"
@ = Cl C,

1 f(t)dt

VT o R L)

Ay =
ol
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Complex Series

Proof: According to Cauchy's integral formula, for
any z belonging to the annulus, given that f(z) is
analytic, we have:

ey dl
/@) - 2mi), t—z
g f)dt 1 f(t)dt
f@)_thjt—z-+th ot
i fdt 1 f(t)dt
f@)_thjt—z-+muC 7=k
1 f(t)dt 1 1 f(t)dt 1
fl(Z)= z—adt+ﬁc Z—al_t—adt

Ca Z—a 52
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Complex Series

53
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Complex Series

Proof: (continue)

f () Z—a Z— a\""
=— 1+ +---+( )
) 211 c,t—a —a 2l 5
t U770 i 1
o [ 1+ +~+(
2l ). Z — a Zi7ra Z =
Ao A a4

f(t)dt : Z—a

¥ (z—a 27nf el ey (z — a)"Zm

Z—a\"|
| (t—a)
R
1_
t —a

f(t)dt

8 1]
Al

(t—-a)"+1

-n

Lecture 4 2

)n—l
+ | d¢
=g e
Lo z=—a)" Y1 f(dt
2mi ekt = a)" =

j (t —a)* 1f(t)dt|+ Ry

o4
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Complex Series

Proof: (continue)

f(z) = Ry, + G —_2)" tot—tag+taz—a)+ -+ an1(2 - )" 4Ry
ez (z—a)" f(t)dt 7, 1 (t —a)*f(t)dt
et T c, (t —a)*(t —z) B, Zni(z—a)”jc Z—t
llm R’I’ll T 0 ) llm an e O
n—oo n—oo

1 f(t)dt

TR

f(zy=4% g + Qg iz = a)rladay o (z =) ) A
(ZA )" z—a 55
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Complex Series

Proof: (continue)

ot 1 (t —a)*f(t)dt
" 2ni(z — a)” ¢, z—t ‘ 52
&
7 1 (t —a)"f()dt| _ 1 It — al™f(®)]|dt]
Boal = iz —ay ), 2=t | Pmllc—al), Izt
lt—al=nr |z—-al=p P> et = p =y

1 r, "M |dt| r\" 7
|Rp1l < J = gL R, =
S APl p Ty T Sl 0
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Complex Series

Proof: (continue)

Y
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Complex Series

Example 8: Find all acceptable Laurent series expansions for the following
function around z=—1 and determine the radius of convergence for each.

fz) =

Solution:

(7)) = —3+ [(z+1)—1]" +2[(z+1) - 3]1

z+1

T, %
(z+1)z(z—2) /%/\Z
7 =5 1 2
f(Z)_Z-|'_1+E+Z—2 /\z/
//// %

nn-1 nen = Ron 2
(s+t)"=s"+ns" 1t + ( = )Sn—ztz 4 ( 3)'( )S"‘3t3 o
[(z+1D)-1]1"'= Z+D)1+@E+1D)2+@EZ+1)3+ -
[(z4+1)-3]"1= z+1D) 1 +3(z+1)2+9(z+1)73+ -
7 19
o lz+ 1| > 3

)= e ey ;
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Complex Series

) % +[z+1D) =1t +2[(z+1) - 3]

1
f(2) =Z_+—1+[—1+(Z+1)]"1+2[—3+(z+1)]_1 X g
0<|z+1| <1 0<|z+1| <3

In this case, the use of the binomial series expansion is valid for the
convergence radius 0<|z+1|<1.

nn—1) iz e Din=—2)

(s+t)*'=s"+ns" 1t + 23 = s34 r..
-1+ GZ+D] =D -+ -(z+1)2%—--

[-3+(Z+1D] 1= (=31 —%(z +1) —2—17(2 + 1) + -
f(z)=Z_+—31—§—%(2+1)—%(z+1)2... 0<|z+1| <1

59
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Complex Series

- Zy= Z+—1+ [(z+ 1) —1]" 1 +2[(z+1)—-3]1 y )
Fl) =g ) — 1] Lo A A //%%///‘
zAA '7////77
z+1|>1 0<|z+1| <3 /%/

In this case, the use of the binomial series expansion is valid for the
convergence radius 1<|z+1]|<3.

nn—1) nn—1)(n—2)

(SHE)T=/s" tns" It 4 oS 2 4 = i O
(z+1D-1]1= @+ '+E@+D?+@Z+1)3+.-

1 1
[-3+(+ 1] = (—3)_1—§(Z+1) —2—7(2+1)2+---
(z) = -+ b 7 : 2( +21) o |7 A1 05
i et T e L ?

60
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Complex Series

e Titn +[-1+G+D] P +2[(z+1)-3]1

1>|z+ 1] z+ 1| >3

Unacceptable

61
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Complex Series

77z — 2

Lecture 4 2

f(Z):(Z+1)Z(Z—2)
19

f(Z):(Z+1)2+(Z+1)3+"' |z + 1] > 3 C>

f(z)=Z_+—31—§—%(2+1)—§(2+1)2... O <7 A
N
N

- 1 2 22
f(Z)—"°+(Z+1)2—Z+1—§—§(Z+1)— 1T <|z+4'1] <3

A




77 — 2

LR (z+ 1)z(z - 2)
|

@ =t

Lecture 4 2

Integration by Complex Series

g 19 TN
L v (1)
DR,
\xﬁ_ﬁ - _//
o 11 29
f(Z):?—g—?(Z‘Fl)—E(Z‘Fl)Z /—\
principal part f(z) U

, A . residue f(z)

(S el

A LM s

(z + 1)2

dz = 2mi(—
le(z) z = 2mi(~2) 5/
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f(z)dz =?
C1



77 — 2

LR (z+ 1)z(z - 2)
|
i
S
|

Lecture 4 2

Integration by Complex Series

residue f(z)

AR 11(z+1)—¥(z+1)2

z+1 3 9 2

principal part f(z)

f(Z)="'+( +11)2_ il_g_%(z+1)_... \
- Z Z m/

fc f(z)dz =? f(2)dz = 2mi(=3)

Cq
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RS (z+ 1)z(z - 2)
I\

Lecture 4 2

Integration by Complex Series

—3 el 0L 2
f(2) =?—§—E(Z+1)—ﬁ(2+1)2
1 2 2
dbdie - mvwe e
f(z)dz =? f(z)dz =0
C1 Cy

A
N
.

D
4

65
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Integration by Complex Series

a._
[C2Yi=50% o ;n)m T + Ao iz — 21 ) F it (2= 20 &
1
\ J
|
principal part f(z) @
Cy

The point z, is a pole of the function f(z)

a_, Is the residue of f(z) around the point z,.

f(z)dz = 2mi(a_,)
Cq 66
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Exercises

Exercise 7: Show that every sequence has at most one limit.

Exercise 8: Find all acceptable Laurent and Taylor series expansions
for the given function around the point —2 and determine the radius of

convergence for each.
Fa Ad

g (z+1z(z—-2)
Exercise 9: Find the Taylor series expansions of the following functions
around the given point and determine the radius of convergence for each.

a) f(z) = cosz zy =20
b) f(z) =sinhz zy=m )sf(z) =Ser=ssize = 1)

Exercise 10: Find the Laurent series expansions of the following functions
around the given point and determine the radius of convergence for each.

ays§z) = tanzcizs =1 b) f(z) = tanz Z2 T

1—e?

Zyg =0 67
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Complex Analysis (The theory of functions of a complex variable)

O Fundamentals

O Analytic Functions and Differentiability
O Integration in the Complex Plane

d Complex Series

1 Residue Theory and Calculation of Real Integrals
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Residue Theory and Calculation of Real Integrals

Example 9: If C is a circle with radius r centered at z; and n is an
Integer, find the value of the following integral (counterclockwise):

y

Very very
Important

69
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Residue Theory and Calculation of Real Integrals

The goal of this section is to: ff(z)dz =7
C

Case (a): The function f(z) is analytic inside and on the closed contour C.

According to Cauchy-Goursat Theorem jcf(Z)dZ =0

Case (b): The function f(z) is analytic at all points inside and on the
closed contour C except at a finite number of points.

Dr. Ali Karimpour Sep 2024
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Residue Theory and Calculation of Real Integrals

The goal of this section is to: ff(z)dz =7
C

Case (b): The function f(z) is analytic at all points inside and on the
closed contour C except at a finite number of points.

j f(z)dz=]| f(z)dz+ | f(2)dz+ | f(z)dz
C C1 C3

Cy

/1
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Residue Theory and Calculation of Real Integrals

The goal of this section is to: jf(z)dz =7
C

Case (b): The function f(z) is analytic at all points inside and on the
closed contour C except at a finite number of points.

j f(z)dz=| f(z)dz+ | f(z)dz+ | f(z)dz
C C3

C1 Co

f(z)dz =7
Cq 72
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Residue Theory and Calculation of Real Integrals

The goal of this section is to: jf(z)dz =7
C

Case (b): The function f(z) is analytic at all points inside and on the
closed contour C except at a finite number of points.

f(z)dz =?
C1

S e e

(z — z,)™ 7 — 7 +ag+a(z—2z)+ -+au(z—2z)" + -
¥ 1

f t{z)dz =2rita.7)
c

1
residues

73
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Residue Theory and Calculation of Real Integrals

: f(z)dz =? @

Cy

a7 a_q
z) = ..+ oot
f(2) (z —z)™ Z— 7z

F il S ) A a2 )

Region of Validity of the Series Principal Part of f(z)

Pole or Singularity of Order m Essential Singularity

Residue of f(z) around the point z,

f(z)dz = 2ni(a_,) residues
C1

74
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Residue Theory and Calculation of Real Integrals

Example 10: Determine the type of the pole of the following
function at z=1 and find the residue.

f(z) = e

Solution: First, obtain the Laurent series expansion of f(z)
around z=1.

Y 1 AN, g 1 =
f(z)_z(z—l)z_(z—l)zz =(Z—1)2(1+Z_1)

i _11)2 {(1)‘1+(—1)(1)‘2(z — e (_1;(!_2) M2z =12+ }

1 -1
f(z)=(Z_1IZ_]IZ_1+1—(Z—1)+~- z—1| <1
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Residue Theory and Calculation of Real Integrals

Example 11: Determine the type of the pole of the following
function at z=0 and find the residue.

Aoy e

Solution: First, obtain the Laurent series expansion of f(z)
around z=0.

7% e
Z— o 00
e —1+Z+2!+3!+
. 1 1 1
ez =1 | ik vy

z 21z2 3173
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Residue Theory and Calculation of Real Integrals

Example 12: Determine the poles of the following function,
find their types, and compute the residues.

1—e?

Z

f(2) =

Solution: It is clear that the function should be examined at z=0

1 e
f(Z)=E{1—(1+Z+2!+3!+"‘)}

Z2

f(Z)Z_l_zz! L

’r
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Residue Theory and Calculation of Real Integrals

Theorem: If C is a closed contour and f(z) is analytic inside and on
C except at a finite number of points z,,z,,... inside C, then

ff(z)dz e e
C

r,,r,,... are the residues of the function f(z)at the singular points

Proof:

f fl(z)dz=| f(2)dz+ | f(2)dz+ | f(z2)dz
C Cn

C1 )

ff(z)dz = 2RIy 2Mir A A 2Tty
C

78
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Residue Theory and Calculation of Real Integrals

Example 13: Compute the following integral around a circle of
radius 1.5 centered at the origin, in the counterclockwise direction:

j —3z+4 ]
2z-D@Ez-2)"

Solution: The given function is analytic on the contour C except at
z=0 and z=1 Thus:

Jf(Z)dZ - 27Ti(7‘1 + 7"2)
C
—3z+4 _2+ 5 i =i
e e )
.O I ; Z( 7 A2 7 2 Z
ff(z)dz =2mi(2—-1) = 2mi
C C
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Residue Theory and Calculation of Real Integrals

Method for Computing the Remainder(a_q):
1- We have pole of order 1

f(Z)—

S +ag+a(z—2z)+:+a,(z—2z;,)" +
1

ay = Jim (- 2)f()

2- We have pole of order 2

f(Z) = C +a0+a1(Z—Zl)+“‘+am(Z—Z1)m+

al—hm(f4z—a)f@ﬁ

Z—7Zq
80
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Residue Theory and Calculation of Real Integrals

Method for Computing the Remainder(a_q):

2- We have pole of order m

R a_m o o (s a_l
A e

Hian oz e b= iz =2 )" F

1
o lim ( e 1<z—z1>mf(z>)

(m—1)!z-z,

81
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Residue Theory and Calculation of Real Integrals

Example 14: Determine the residue of the following function at the origin
(z=0):
1=z

1 —cosz

f(z) =
Solution: First, assume that z=0 is a simple pole (pole of order 1).

ay = Jim ((z - 2)f (@)

g Z{Eeoz) z(1+ z) Z(P+ 7) Z)El
gl 1—cosz Zes oz TBe 7 Tz 73
kol D pas ) S e ot

a_q = Li_r)r(l)(zf(z)) Not acceptable
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Residue Theory and Calculation of Real Integrals

Now, assume that z=0 is a pole of order 2.

d
a-, = lim (E (zi= O)Zf(Z)>

z+1 2 7 z+1
(@) = —— o e
Y 2 24

83
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Residue Theory and Calculation of Real Integrals

Method for Computing the Remainder(a_,):

Suppose f(z) is given as the quotient of two analytic functions:

p(2)
z) = —=
f(2) ()
1- We have pole of order 1 oy (z1)
q'(z1)
2- We have pole of order 2 _2p'(z1) 2p(z1)q" (z1)

LT @) 30" (z)

84
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Residue Theory and Calculation of Real Integrals

Example 15: Determine the residue of the following function at the origin

i IR ree

1 —cosz

f(z) =
Solution: First, assume that z=0 is a simple pole (pole of order 1).

SN Z1) AT
GSligz) o sing

Not acceptable

Now, assume that z=0 is a pole of order 2.

] 2p'(21) & 2p(21)q"" (z1)
gl () e (7))

Z 2(1 + 0)sin0

" cosO0  3(cos0)?

85
Dr. Ali Karimpour Sep 2024



Lecture 4 2

Residue Theory and Calculation of Real Integrals

The goal of this section is to: foof(x)dx I

Suppose f(x) has no poles
on the x-axis.

y

— o C v's)

e s R id ff(z) i
fc f@dz = | fedx+ [z = 2T e S )

If the denominator of f(z) has a degree that is greater than the numerator
by at least two, then:

(0.0)
= .~ The residues of f(z) in
j_oof(x)dx = 2mi( the upper half-plane )
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Residue Theory and Calculation of Real Integrals

Example 16: Compute the following integral:

<V et . The residues of f(z) in
I=0.5 I x4 4+ 5x2 4+ 4dx = m( the upper half-plane )

The function has poles at i and 2i in the upper half-plane. Therefore:

I—foo e e S T e
S ol xt F hxadsd ceaiie vl (G 4

87
Dr. Ali Karimpour Sep 2024



Lecture 4 2

Residue Theory and Calculation of Real Integrals

The goal of this section is to: * p(x) ® p(x) %
SO i BTN O =
e ghx) _o0 4 (%)
Suppose q(x) has no poles y
on the x-axis.
C1
- C o) X
p(Z) j = p(x) ' p(Z) ; .. The residues of 22 iz
JC q(z) g f_oo q(x) o Jc1 q(z) o 9ZE 2l i, upper haifGlane )
If g(x) has two more roots than p(x), then:
Joo p(x) G 2ri( The residues of %eiz )
P in th half-
_Ooq(x) in the upper half-plane 4
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Residue Theory and Calculation of Real Integrals

The goal of this section is to: © p(x) © p(x) o
——cosxdx =? —=sinxdx =?
_ q(x) s ala)
Suppose g(x) has no poles on the x-axis.
If g(x) has two more roots than p(x), then:
5 Meixdx et The residues of pg—z)eiz
alix) = 2mi( in the upper halfq-p?ane
= @ d iy ., The residues of pg—?eiz
eg(x) cosxax = Re{2mi( in the upper halfq—pRane )}
& @ inxd 5 .. The residues of p(—?eiz
Zigx) P i Im{znl(in the upper halfq—pRane )}
89
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Residue Theory and Calculation of Real Integrals

Example 17: Find the value of: © q
J cosmxdx

1+ x2

Since q(x) has no roots on the real axis and has two more roots than p(x),
then:

S ¥ ~ The residues of
.[oo]. R o #cosmx inthe

upper half-plane

=Te
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Residue Theory and Calculation of Real Integrals

21T
The goal of this section is to: J R(sin6, cosf)do =?
0

Suppose R does not have any poles in the interval of integration.

Consider the following variable substitution:

7=l

Then we have;:

Zih 0 ZogrZ
sint =
Z 21

SR 2T LA TN
j R(sin®, cos0)dl = f R o .
5 c 21 2 1z

where C iIs the unit circle.

cosO =
Finally

Lecture 4 2
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Exercises

Exercise 11: Compute the following:

—1<ax<l1

jZ” cos20d60
o =20 c0s84-a4

Exercise 12: Compute the following:

2T doé
=Ai<ta, <¥d
fo 1+ asinf i

92
Dr. Ali Karimpour Sep 2024



Lecture 4 2

References

Q Advanced Engineering Mathematics , E. Kreyszig

0 Advanced Engineering Mathematics, C. R. Wylie

O Complex Variables and Applications, J. Brown and R. Churchill

93
Dr. Ali Karimpour Sep 2024



	Slide 1: Engineering Mathematics
	Slide 2
	Slide 3: Complex Analysis (The theory of functions of a complex variable)
	Slide 4: Integration in the Complex Plane
	Slide 5: Integration in the Complex Plane
	Slide 6: Integration in the Complex Plane
	Slide 7: Integration in the Complex Plane
	Slide 8: Integration in the Complex Plane
	Slide 9: Integration in the Complex Plane
	Slide 10: Integration in the Complex Plane
	Slide 11: Integration in the Complex Plane
	Slide 12: Integration in the Complex Plane
	Slide 13: Integration in the Complex Plane
	Slide 14: Integration in the Complex Plane
	Slide 15: Integration in the Complex Plane
	Slide 16: Integration in the Complex Plane
	Slide 17: Integration in the Complex Plane
	Slide 18: Integration in the Complex Plane
	Slide 19: Integration in the Complex Plane
	Slide 20: Integration in the Complex Plane
	Slide 21: Integration in the Complex Plane
	Slide 22: Integration in the Complex Plane
	Slide 23: Integration in the Complex Plane
	Slide 24: Integration in the Complex Plane
	Slide 25: Integration in the Complex Plane
	Slide 26: Integration in the Complex Plane
	Slide 27: Integration in the Complex Plane
	Slide 28: Integration in the Complex Plane
	Slide 29: Integration in the Complex Plane
	Slide 30: Exercises
	Slide 31: Complex Analysis (The theory of functions of a complex variable)
	Slide 32: Complex Series
	Slide 33: Complex Series
	Slide 34: Complex Series
	Slide 35: Complex Series
	Slide 36: Complex Series
	Slide 37: Complex Series
	Slide 38: Complex Series
	Slide 39: Complex Series
	Slide 40: Complex Series
	Slide 41: Complex Series
	Slide 42: Complex Series
	Slide 43: Complex Series
	Slide 44: Complex Series
	Slide 45: Complex Series
	Slide 46: Complex Series
	Slide 47: Complex Series
	Slide 48: Complex Series
	Slide 49: Complex Series
	Slide 50: Complex Series
	Slide 51: Complex Series
	Slide 52: Complex Series
	Slide 53: Complex Series
	Slide 54: Complex Series
	Slide 55: Complex Series
	Slide 56: Complex Series
	Slide 57: Complex Series
	Slide 58: Complex Series
	Slide 59: Complex Series
	Slide 60: Complex Series
	Slide 61: Complex Series
	Slide 62: Complex Series
	Slide 63: Integration by Complex Series
	Slide 64: Integration by Complex Series
	Slide 65: Integration by Complex Series
	Slide 66: Integration by Complex Series
	Slide 67: Exercises
	Slide 68: Complex Analysis (The theory of functions of a complex variable)
	Slide 69
	Slide 70
	Slide 71
	Slide 72
	Slide 73
	Slide 74
	Slide 75
	Slide 76
	Slide 77
	Slide 78
	Slide 79
	Slide 80
	Slide 81
	Slide 82
	Slide 83
	Slide 84
	Slide 85
	Slide 86
	Slide 87
	Slide 88
	Slide 89
	Slide 90
	Slide 91
	Slide 92: Exercises
	Slide 93

