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Voltage Generation in Electrical Machinery
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AC Machines (Two poles one phase)

Silent pole

Rotor

Stator

Field

 winding

Flux

    path



Dr. Ali Karimpour June 2024

Lecture #2

6

Voltage Generation in Electrical Machinery

AC Machines 

(Two poles three phases)

          Silent pole

AC Machines 

 (Two poles)

  Cylindrical
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AC Machines (Four poles one phase)

Silent pole

𝑛 =
120𝑓

𝑝
𝑓 =

𝑝𝑛

120
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AC machine basic idea

P=2 P=4 P=6 P=8 P=10 P=12

f=50 Hz

f=60 Hz

3000 rpm

3600 rpm

1500 rpm

1800 rpm

1000 rpm

1200 rpm

750 rpm

900 rpm

?? rpm

?? rpm

?? rpm

?? rpm

𝑛 =
120𝑓

𝑝
𝑓 =

𝑝𝑛

120
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𝑓 =
𝑝𝑛

2 ∗ 60
=

𝑝𝑛

120

𝑛 =
120𝑓

𝑝

stator pitch = 𝜋𝑒𝑙𝑒 =
𝜋

3

𝑚𝑒𝑐

𝑑𝑒𝑔𝑒𝑙𝑒 =
𝑝

2
𝑑𝑒𝑔𝑚𝑒𝑐

Salient pole machine

Voltage Generation in Electrical Machinery
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View of the 200 MVA bipolar generator at the Shirvan power plant, Iran
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Specifications of the 2-Pole 200 MVA Generator for Shirvan Power 

Plant, Iran
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Specifications of the 2-Pole 200 MVA Generator for Shirvan Power Plant, Iran
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Specifications of the 2-Pole 200 MVA Generator for Shirvan Power Plant, Iran
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Rotating MMF Waves in AC Machines
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𝑁𝑎𝐼𝑎
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Rotating MMF Waves in AC Machines
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Rotating MMF Waves in AC Machines
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AC machines with one phase
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Rotating MMF Waves in AC Machines
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AC machines with one phase

𝐻𝑎 =
4

𝜋

𝑘𝑤𝑁𝑎

2𝑔
𝐼𝑚

1

2
cos 𝜃 − 𝜔𝑡 +

4

𝜋

𝑘𝑤𝑁𝑎

2𝑔
𝐼𝑚

1

2
cos 𝜃 + 𝜔𝑡

Rotating MMF Waves in AC Machines
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AC machines with one phase

𝐼𝑎 = 𝐼𝑚cos(𝜔𝑡)

Rotating MMF Waves in AC Machines
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Rotating MMF Waves in AC Machines
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Rotating MMF Waves in AC Machines
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Rotating MMF Waves in AC Machines
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Rotating MMF Waves in AC Machines
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Rotating MMF Waves in AC Machines
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Rotating MMF Waves in AC Machines



Dr. Ali Karimpour June 2024

Lecture #2
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Torque determination  in cylindrical AC Machine (Electromagnetic view point)

𝜔

What does happen if we change two currents?

What does happen if we have a three-phase four poles machine?

What does happen if we have a two-phase two poles machine?

What does happen if we apply a capacitance in phase b and then use same 

voltage for both phase.
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Electromechanical Energy Conversion Principal
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𝑊𝑓𝑙𝑑 =
𝜆2

2𝐿(𝜃)

𝑊′𝑓𝑙𝑑 =
1

2
𝐿(𝜃)𝑖2

Coupled circuit view point

Magnetic field view point

𝜏𝑖𝑛𝑡 = −
𝜕𝑤𝑓𝑙𝑑 𝐵, 𝜃

𝜕𝜃

𝜏𝑖𝑛𝑡 = −
𝜕𝑤𝑓𝑙𝑑 𝜆, 𝜃

𝜕𝜃

𝜏𝑖𝑛𝑡 =
𝜕𝑤′𝑓𝑙𝑑 𝐻, 𝜃

𝜕𝜃

𝜏𝑖𝑛𝑡 =
𝜕𝑤′𝑓𝑙𝑑 𝑖, 𝜃

𝜕𝜃

𝑊𝑓𝑙𝑑 = න
𝑉

𝐵2

2𝜇
𝑑𝑉

𝑊′𝑓𝑙𝑑 = න
𝑉

1

2
𝜇𝐻2𝑑𝑉

Torque determination

 in AC Machines

• Magnetic field view point  (Nonsalient-Pole(Cylindrical) Machines) 

• Couple circuit view point  (Nonsalient-Pole(Cylindrical) and Salient-Pole Machines) 
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Torque determination  in electrical Machines (Magnetic field  view point)

𝐻𝑠

𝐻𝑟

𝛿𝑠𝑟

𝐻𝑠𝑟
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|𝐻𝑠𝑟|2 = |𝐻𝑠|2+|𝐻𝑟|2+2|𝐻𝑠||𝐻𝑟|𝑐𝑜𝑠𝛿𝑠𝑟

𝜔𝑓𝑙𝑑
′ = න

𝑣

1

2
𝜇0 |𝐻𝑠𝑟|2𝑠𝑖𝑛2 𝜃 𝑑𝑣

𝜔𝑓𝑙𝑑
′ = න

0

2𝜋 1

2
𝜇0 |𝐻𝑠𝑟|2𝑠𝑖𝑛2 𝜃 𝑙𝑔𝑟𝑑𝜃

𝜔𝑓𝑙𝑑
′ =

𝜇0𝜋𝑔𝑟𝑙

2
|𝐻𝑠𝑟|2 =

𝜇0𝜋𝑔𝑟𝑙

2
|𝐻𝑠|2+|𝐻𝑟|2+2|𝐻𝑠||𝐻𝑟|𝑐𝑜𝑠𝛿𝑠𝑟

=
𝜇0𝜋𝑔𝑟𝑙

2
|𝐻𝑠𝑟|2

39

Torque determination  in electrical Machines (Magnetic field  view point)

𝜏 =
𝜕𝜔𝑓𝑙𝑑

′

𝜕𝛿𝑠𝑟

𝜏 = −𝜇0𝜋𝑔𝑟𝑙|𝐻𝑠||𝐻𝑟|𝑠𝑖𝑛𝛿𝑠𝑟

𝐻𝑠

𝐻𝑟

𝛿𝑠𝑟

𝐻𝑠𝑟
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𝐻𝑠 =
4

𝜋

𝑘𝑤𝑁𝑎

2𝑔
𝐼𝑚

3

2
𝐻𝑟 =

4

𝜋

𝑘𝑤𝑟𝑁𝑟

2𝑔
𝐼𝑟

40

𝜏 = −𝜇0𝜋𝑔𝑟𝑙|𝐻𝑠||𝐻𝑟|𝑠𝑖𝑛𝛿𝑠𝑟

𝜏 = −𝜇0𝜋𝑔𝑟𝑙|𝐻𝑠||𝐻𝑟|𝑠𝑖𝑛𝛿𝑠𝑟 𝜏 = −𝜇0𝜋𝑔𝑟𝑙|𝐻𝑠||𝐻𝑠𝑟|𝑠𝑖𝑛𝛿𝑠 𝜏 = −𝜇0𝜋𝑔𝑟𝑙|𝐻𝑟||𝐻𝑠𝑟|𝑠𝑖𝑛𝛿𝑟

Torque determination  in electrical Machines (Magnetic field  view point)
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• Iranian Power System Network
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o AC Machines
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Torque Production Condition

𝜏 = −𝜇0𝜋𝑔𝑟𝑙|𝐻𝑠||𝐻𝑟|𝑠𝑖𝑛𝛿𝑠𝑟

𝐻𝑠

𝐻𝑟

𝛿𝑠𝑟

Now let suppose that 𝐻𝑠 rotates at speed of 𝜔 and  𝐻𝑟 rotates at speed of 𝜔+. 

𝐻𝑠

𝐻𝑟

𝛿𝑠𝑟
𝜔

𝜔+

𝜏 = −𝜇0𝜋𝑔𝑟𝑙|𝐻𝑠||𝐻𝑟|sin(… )

Electric machines can produce torque at steady state if ………………………………
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DC Machines:

𝐻𝑠

𝐻𝑟

𝛿𝑠𝑟 = 90°

AC Machines ??

𝑛𝑠

𝑛𝑠

Torque Production Condition

𝜏 = −𝜇0𝜋𝑔𝑟𝑙|𝐻𝑠||𝐻𝑟|𝑠𝑖𝑛𝛿𝑠𝑟

𝐻𝑠

𝐻𝑟

𝛿𝑠𝑟

𝜔

𝜔
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𝐼𝑎 = 𝐼𝑚cos(𝜔𝑡) 𝐼𝑏 = 𝐼𝑚cos(𝜔𝑡 + 120) 𝐼𝑐 = 𝐼𝑚cos(𝜔𝑡 − 120)

𝐻𝑠 =
4

𝜋

𝑘𝑤𝑁𝑎

2𝑔
𝐼𝑚

3

2
cos 𝜃 − 𝜔𝑡

a' a

𝜃 = 0

b'

b c'

c

×

.×

.

×.

44

𝐻𝑟 =
4

𝜋

𝑘𝑤𝑟𝑁𝑟

2𝑔
𝐼𝑟 cos 𝜃

r' r×.

Torque Production Condition
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𝐼𝑎 = 𝐼𝑚cos(𝜔𝑡) 𝐼𝑏 = 𝐼𝑚cos(𝜔𝑡 + 120) 𝐼𝑐 = 𝐼𝑚cos(𝜔𝑡 − 120)

𝐻𝑠 =
4

𝜋

𝑘𝑤𝑁𝑎

2𝑔
𝐼𝑚

3

2
cos 𝜃 − 𝜔𝑡

45

𝐻𝑟 =
4

𝜋

𝑘𝑤𝑟𝑁𝑟

2𝑔
𝐼𝑟 cos 𝜃 𝐼𝑟 = 𝑐𝑡𝑒.

𝜏 = −
𝜇0𝜋𝑔𝐷𝑙

2
|𝐻𝑠||𝐻𝑟|𝑠𝑖𝑛𝛿𝑠𝑟

𝐻𝑠

𝐻𝑟

𝛿𝑠𝑟

𝐻𝑠𝑟

𝜔

Synchronous machine

Torque Production Condition
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𝐼𝑎 = 𝐼𝑚cos(𝜔𝑡) 𝐼𝑏 = 𝐼𝑚cos(𝜔𝑡 + 120) 𝐼𝑐 = 𝐼𝑚cos(𝜔𝑡 − 120)

𝐻𝑠 =
4

𝜋

𝑘𝑤𝑁𝑎

2𝑔
𝐼𝑚

3

2
cos 𝜃 − 𝜔𝑡

46

𝜔

𝜏 = −
𝜇0𝜋𝑔𝐷𝑙

2
|𝐻𝑠||𝐻𝑟|𝑠𝑖𝑛𝛿𝑠𝑟

𝜔 =?

Asynchronous machine/Induction machine

Torque Production Condition
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𝜏 = −
𝜇0𝜋𝑔𝐷𝑙

2
|𝐻𝑠||𝐻𝑟|𝑠𝑖𝑛𝛿𝑠𝑟

𝐻𝑠

𝐻𝑟

𝛿𝑠𝑟

𝐻𝑠𝑟

DC Machines:

𝐻𝑠

𝐻𝑟

𝛿𝑠𝑟 = 90°

AC Machines ??

𝑛𝑓𝑠

𝑛𝑓𝑟

Torque Production Condition
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Example 1 (Final Exam, December 2022): In the figure below, θ is the angle between the stator coil axis and the rotor axis. 
The coil a carries a constant current of 20.
Guidance: To solve this problem, you should rely on physical understanding; mathematical 
relationships are not required. Determine the direction of the torque in terms of clockwise (cw) 
or counterclockwise (ccw).
a) For θ = 90°, determine the existence and direction of the torque. 
b)   For θ = 0°, determine the existence and direction of the torque. 
a) For θ = 45°, determine the existence and direction of the torque. 
b) For θ = -45°, determine the existence and direction of the torque.

Example 2 (Final Exam, January 2023): Consider the diagram below. Assume that the positive 
current enters from the side marked with a cross and exits from the other side.
Given the applied currents, comment on the speed and direction of the rotating magnetic 
field in the stator.

𝑖𝑎 = 5 sin 100𝜋𝑡 + 33 , 𝑖𝑏 = 5 sin 100𝜋𝑡 + 123  

Torque Production Condition
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𝜏 = −
𝜇0𝜋𝑔𝐷𝑙

2
|𝐻𝑠||𝐻𝑟|𝑠𝑖𝑛𝛿𝑠𝑟

𝐻𝑠

𝐻𝑟

𝛿𝑠𝑟

𝐻𝑠𝑟

DC Machines:

𝐻𝑠

𝐻𝑟

𝛿𝑠𝑟 = 90°

AC Machines ??

𝑛𝑓𝑠

𝑛𝑓𝑟

Torque Production Condition
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A constant direct 
current (if=If)An alternative 

current ia=Im sinωt

The motor can just work at the 

speed of …... in …..  or …...

Torque Production Condition
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A constant direct 
current (if=If)

An alternative 
current ib=Im sinωt

The motor can just work at the 

speed of …... in …..

An alternative 
current ia=Im cosωt

Torque Production Condition
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An alternative 
current ia=Im sinωt

The motor can just work at the 

speed of …... in …..  or …...

Torque Production Condition
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Torque determination  in cylindrical two phases AC Machine (Coupled circuit view point)

𝜔𝑓𝑙𝑑
′ =

1

2
𝐿𝑎𝑎𝑖𝑎

2 +
1

2
𝐿𝑏𝑏𝑖𝑏

2 +
1

2
𝐿𝑟𝑟𝑖𝑟

2 + 𝐿𝑎𝑏𝑖𝑎𝑖𝑏 + 𝐿𝑎𝑟𝑖𝑎𝑖𝑟 + 𝐿𝑏𝑟𝑖𝑏𝑖𝑟

  

a' a

𝜃

b'

b

𝜏 =
𝜕𝜔𝑓𝑙𝑑

′

𝜕𝜃

Stator 

“a” 

winding

Stator 

“b” 

winding

Rotor 

“r” 

winding
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Torque determination  in cylindrical two phases AC Machine (Coupled circuit view point)

𝜔𝑓𝑙𝑑
′ =

1

2
𝐿𝑎𝑎𝑖𝑎

2 +
1

2
𝐿𝑏𝑏𝑖𝑏

2 +
1

2
𝐿𝑟𝑟𝑖𝑟

2 + 𝐿𝑎𝑏𝑖𝑎𝑖𝑏 + 𝐿𝑎𝑟𝑖𝑎𝑖𝑟 + 𝐿𝑏𝑟𝑖𝑏𝑖𝑟

  
𝜆𝑎

𝜆𝑏

𝜆𝑟

=

𝐿𝑎𝑎 𝐿𝑎𝑏 𝐿𝑎𝑟

𝐿𝑏𝑎 𝐿𝑏𝑏 𝐿𝑏𝑟

𝐿𝑟𝑎 𝐿𝑟𝑏 𝐿𝑟𝑟

𝑖𝑎

𝑖𝑏

𝑖𝑟

𝐿𝑎𝑎 =
𝜆𝑎

𝑖𝑎
|

𝑖𝑏 = 𝑖𝑟 = ∘
𝜆𝑎 = 𝑘𝜔𝑁𝑎𝜑𝑎

𝐵𝑎 =
4

𝜋

𝑘𝜔𝑁𝑎𝑖𝑎

2𝑔
𝜇0𝑐𝑜𝑠𝜃 𝜑𝑎 = න 𝐵𝑎𝑑𝐴 𝜑𝑎 = න

−
𝜋
2

+
𝜋
2 4

𝜋

𝑘𝜔𝑁𝑎𝑖𝑎

2𝑔
𝜇0𝑐𝑜𝑠𝜃𝑟𝑙𝑑𝜃

𝐿𝑎𝑎 =
4𝑘𝜔

2 𝑁𝑎
2

𝜋𝑔
𝜇0𝑟𝑙

𝐿𝑎𝑎0

𝐿𝑎𝑎 = 𝐿𝑏𝑏 = 𝐿𝑎𝑎0 + 𝑙𝑎𝑙 𝐿𝑟𝑟 =
4𝑘𝜔𝑟

2 𝑁𝑟
2

𝜋𝑔
𝜇0𝑟𝑙 + 𝑙𝑟𝑙
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𝜔𝑓𝑙𝑑
′ =

1

2
𝐿𝑎𝑎𝑖𝑎

2 +
1

2
𝐿𝑏𝑏𝑖𝑏

2 +
1

2
𝐿𝑟𝑟𝑖𝑟

2 + 𝐿𝑎𝑏𝑖𝑎𝑖𝑏 + 𝐿𝑎𝑟𝑖𝑎𝑖𝑟 + 𝐿𝑏𝑟𝑖𝑏𝑖𝑟

  
𝜆𝑎

𝜆𝑏

𝜆𝑟

=

𝐿𝑎𝑎 𝐿𝑎𝑏 𝐿𝑎𝑟

𝐿𝑏𝑎 𝐿𝑏𝑏 𝐿𝑏𝑟

𝐿𝑟𝑎 𝐿𝑟𝑏 𝐿𝑟𝑟

𝑖𝑎

𝑖𝑏

𝑖𝑟

𝐿𝑏𝑎 = 𝐿𝑎𝑏 =
𝜆𝑏

𝑖𝑎
|

𝑖𝑏 = 𝑖𝑟 = ∘
𝜆𝑏 = 𝑘𝜔𝑁𝑏 . 0

𝐿𝑎𝑏 = 𝐿𝑏𝑎 = 0

Torque determination  in cylindrical two phases AC Machine (Coupled circuit view point)
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𝜔𝑓𝑙𝑑
′ =

1

2
𝐿𝑎𝑎𝑖𝑎

2 +
1

2
𝐿𝑏𝑏𝑖𝑏

2 +
1

2
𝐿𝑟𝑟𝑖𝑟

2 + 𝐿𝑎𝑏𝑖𝑎𝑖𝑏 + 𝐿𝑎𝑟𝑖𝑎𝑖𝑟 + 𝐿𝑏𝑟𝑖𝑏𝑖𝑟

  

𝜆𝑎

𝜆𝑏

𝜆𝑟

=

𝐿𝑎𝑎 𝐿𝑎𝑏 𝐿𝑎𝑟

𝐿𝑏𝑎 𝐿𝑏𝑏 𝐿𝑏𝑟

𝐿𝑟𝑎 𝐿𝑟𝑏 𝐿𝑟𝑟

𝑖𝑎

𝑖𝑏

𝑖𝑟

𝐿𝑟𝑎 = 𝐿𝑎𝑟 =
𝜆𝑟

𝑖𝑎
|

𝑖𝑏 = 𝑖𝑟 = ∘ 𝜆𝑟 = 𝑘𝜔𝑟𝑁𝑟𝜑𝑎𝑐𝑜𝑠𝜃

𝐵𝑎 =
4

𝜋

𝑘𝜔𝑁𝑎𝑖𝑎

2𝑔
𝜇0𝑐𝑜𝑠𝜃 𝜑𝑎 = න 𝐵𝑎𝑑𝐴 𝜑𝑎 = න

−
𝜋
2

+
𝜋
2 4

𝜋

𝑘𝜔𝑁𝑎𝑖𝑎

2𝑔
𝜇0𝑐𝑜𝑠𝜃𝑟𝑙𝑑𝜃

𝜑𝑎 =
4𝑘𝜔𝑁𝑎

𝜋𝑔
𝜇0𝑟𝑙𝑖𝑎 𝐿𝑟𝑎 = 𝐿𝑎𝑟 =

4𝑘𝜔𝑟𝑁𝑟𝑘𝜔𝑁𝑎

𝜋𝑔
𝜇0𝑟𝑙𝑐𝑜𝑠𝜃

𝑀

𝐿𝑟𝑏 = 𝐿𝑏𝑟 = 𝑀𝑐𝑜𝑠(𝜃 + 90)

Torque determination  in cylindrical two phases AC Machine (Coupled circuit view point)
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𝜔𝑓𝑙𝑑
′ =

1

2
𝐿𝑎𝑎𝑖𝑎

2 +
1

2
𝐿𝑏𝑏𝑖𝑏

2 +
1

2
𝐿𝑟𝑟𝑖𝑟

2 + 𝐿𝑎𝑏𝑖𝑎𝑖𝑏 + 𝐿𝑎𝑟𝑖𝑎𝑖𝑟 + 𝐿𝑏𝑟𝑖𝑏𝑖𝑟

  

𝜏 =
𝜕𝜔𝑓𝑙𝑑

′

𝜕𝜃

𝐿𝑎𝑎 = 𝐿𝑏𝑏 = 𝐿𝑎𝑎0 + 𝑙𝑎𝑙 𝐿𝑟𝑟 = 𝐿𝑟𝑟0 + 𝑙𝑟𝑙 𝐿𝑎𝑏 = 𝐿𝑏𝑎 = 0

𝐿𝑟𝑏 = 𝐿𝑏𝑟 = 𝑀𝑐𝑜𝑠(𝜃 + 90)𝐿𝑟𝑎 = 𝐿𝑎𝑟 = 𝑀𝑐𝑜𝑠𝜃

𝑖𝑎 = 𝐼𝑚cos(𝜔𝑡) 𝑖𝑏 = 𝐼𝑚cos(𝜔𝑡 + 90)

𝜏 = −𝑀𝑖𝑎𝑖𝑟 sin 𝜃 − 𝑀𝑖𝑎𝑖𝑟sin(𝜃 + 90)

𝜏 = −𝑀𝐼𝑚𝐼𝑟sin ( 𝜃 − 𝜔𝑡) 𝜏𝑠𝑠 = −𝑀𝐼𝑚𝐼𝑟sin(𝛿)

Torque determination  in cylindrical two phases AC Machine (Coupled circuit view point)

𝑖𝑟 = 𝐼𝑟 = 𝑐𝑡𝑒.
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Torque determination  in cylindrical AC Machine (Coupled  circuit view point)

𝜔𝑓𝑙𝑑
′ =

1

2
𝐿𝑎𝑎𝑖𝑎

2 +
1

2
𝐿𝑏𝑏𝑖𝑏

2 +
1

2
𝐿𝑐𝑐𝑖𝑐

2 +
1

2
𝐿𝑟𝑟𝑖𝑟

2 + 𝐿𝑎𝑏𝑖𝑎𝑖𝑏 + 𝐿𝑎𝑐𝑖𝑎𝑖𝑐 + 𝐿𝑏𝑐𝑖𝑏𝑖𝑐 + 𝐿𝑎𝑟𝑖𝑎𝑖𝑟 + 𝐿𝑏𝑟𝑖𝑏𝑖𝑟 + 𝐿𝑐𝑟𝑖𝑐𝑖𝑟

  

𝜏 =
𝜕𝜔𝑓𝑙𝑑

′

𝜕𝜃

Stator “c” 

winding

Stator “a” 

winding

Stator “b” 

winding

Rotor “r” 

winding
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Torque determination  in cylindrical AC Machine (Coupled  circuit view point)

𝜔𝑓𝑙𝑑
′ =

1

2
𝐿𝑎𝑎𝑖𝑎

2 +
1

2
𝐿𝑏𝑏𝑖𝑏

2 +
1

2
𝐿𝑐𝑐𝑖𝑐

2 +
1

2
𝐿𝑟𝑟𝑖𝑟

2 +

  
𝐿𝑎𝑏𝑖𝑎𝑖𝑏 + 𝐿𝑎𝑐𝑖𝑎𝑖𝑐 + 𝐿𝑏𝑐𝑖𝑏𝑖𝑐 + 𝐿𝑎𝑟𝑖𝑎𝑖𝑟 + 𝐿𝑏𝑟𝑖𝑏𝑖𝑟 + 𝐿𝑐𝑟𝑖𝑐𝑖𝑟  

  

𝜏 =
𝜕𝜔𝑓𝑙𝑑

′

𝜕𝜃

𝜆𝑎

𝜆𝑏

𝜆𝑐

𝜆𝑟

=

𝐿𝑎𝑎 𝐿𝑎𝑏

𝐿𝑏𝑎 𝐿𝑏𝑏

𝐿𝑎𝑐 𝐿𝑎𝑟

𝐿𝑏𝑐 𝐿𝑏𝑟

𝐿𝑐𝑎 𝐿𝑐𝑏

𝐿𝑟𝑎 𝐿𝑟𝑏

𝐿𝑐𝑐 𝐿𝑐𝑟

𝐿𝑟𝑐 𝐿𝑟𝑟

𝑖𝑎

𝑖𝑏

𝑖𝑐

𝑖𝑟
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Torque determination  in cylindrical AC Machine (Coupled  circuit view point)

𝜆𝑎

𝜆𝑏

𝜆𝑐

𝜆𝑟

=

𝐿𝑎𝑎 𝐿𝑎𝑏

𝐿𝑏𝑎 𝐿𝑏𝑏

𝐿𝑎𝑐 𝐿𝑎𝑟

𝐿𝑏𝑐 𝐿𝑏𝑟

𝐿𝑐𝑎 𝐿𝑐𝑏

𝐿𝑟𝑎 𝐿𝑟𝑏

𝐿𝑐𝑐 𝐿𝑐𝑟

𝐿𝑟𝑐 𝐿𝑟𝑟

𝑖𝑎

𝑖𝑏

𝑖𝑐

𝑖𝑟
a' a×.

Stator and rotor self inductances

𝐿𝑎𝑎 =
𝜆𝑎

𝑖𝑎
|

𝑖𝑏 = 𝑖𝑐 = 𝑖𝑟 = ∘
𝜆𝑎 = 𝑘𝜔𝑁𝑎𝜑𝑎

𝐵𝑎 =
4

𝜋

𝑘𝜔𝑁𝑎𝑖𝑎

2𝑔
𝜇0𝑐𝑜𝑠𝜃 𝜑𝑎 = න 𝐵𝑎𝑑𝐴 𝜑𝑎 = න

−
𝜋
2

+
𝜋
2 4

𝜋

𝑘𝜔𝑁𝑎𝑖𝑎

2𝑔
𝜇0𝑐𝑜𝑠𝜃𝑟𝑙𝑑𝜃

𝐿𝑎𝑎 =
4𝑘𝜔

2 𝑁𝑎
2

𝜋𝑔
𝜇0𝑟𝑙

𝐿𝑎𝑎0

𝐿𝑎𝑎 = 𝐿𝑏𝑏 = 𝐿𝑐𝑐 = 𝐿𝑎𝑎0 + 𝑙𝑎𝑙 𝐿𝑟𝑟 =
4𝑘𝜔𝑟

2 𝑁𝑟
2

𝜋𝑔
𝜇0𝑟𝑙 + 𝑙𝑟𝑙
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Torque determination  in cylindrical AC Machine (Coupled  circuit view point)

𝜆𝑎

𝜆𝑏

𝜆𝑐

𝜆𝑟

=

𝐿𝑎𝑎 𝐿𝑎𝑏

𝐿𝑏𝑎 𝐿𝑏𝑏

𝐿𝑎𝑐 𝐿𝑎𝑟

𝐿𝑏𝑐 𝐿𝑏𝑟

𝐿𝑐𝑎 𝐿𝑐𝑏

𝐿𝑟𝑎 𝐿𝑟𝑏

𝐿𝑐𝑐 𝐿𝑐𝑟

𝐿𝑟𝑐 𝐿𝑟𝑟

𝑖𝑎

𝑖𝑏

𝑖𝑐

𝑖𝑟

a' a×.
Stator mutual inductances

𝐿𝑏𝑎 =
𝜆𝑏

𝑖𝑎
|

𝑖𝑏 = 𝑖𝑐 = 𝑖𝑟 = ∘

𝐿𝑏𝑎 =
𝜆𝑎𝑐𝑜𝑠120

𝑖𝑎
|

𝑖𝑏 = 𝑖𝑐 = 𝑖𝑟 = ∘
= −

1

2
𝐿𝑎𝑎0

b

b'

𝐿𝑎𝑏 = 𝐿𝑏𝑎 = 𝐿𝑎𝑐 = 𝐿𝑐𝑎 = 𝐿𝑏𝑐 = 𝐿𝑐𝑏 = −
1

2
𝐿𝑎𝑎0
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Torque determination  in cylindrical AC Machine (Coupled  circuit view point)

𝜆𝑎

𝜆𝑏

𝜆𝑐

𝜆𝑟

=

𝐿𝑎𝑎 𝐿𝑎𝑏

𝐿𝑏𝑎 𝐿𝑏𝑏

𝐿𝑎𝑐 𝐿𝑎𝑟

𝐿𝑏𝑐 𝐿𝑏𝑟

𝐿𝑐𝑎 𝐿𝑐𝑏

𝐿𝑟𝑎 𝐿𝑟𝑏

𝐿𝑐𝑐 𝐿𝑐𝑟

𝐿𝑟𝑐 𝐿𝑟𝑟

𝑖𝑎

𝑖𝑏

𝑖𝑐

𝑖𝑟

a' a×.Stator and rotor mutual inductances

𝐿𝑟𝑎 =
𝜆𝑟

𝑖𝑎
|

𝑖𝑏 = 𝑖𝑐 = 𝑖𝑟 = ∘ 

r

r'

𝜃

𝜑𝑎 = න
−

𝜋
2

+
𝜋
2 4

𝜋

𝑘𝜔𝑁𝑎𝑖𝑎

2𝑔
𝜇0𝑐𝑜𝑠𝜃𝑟𝑙𝑑𝜃 𝐿𝑟𝑎 =

 

4𝑘𝜔𝑟𝑁𝑟𝑘𝜔𝑁𝑎

𝜋𝑔
𝜇0𝑟𝑙𝑐𝑜𝑠𝜃

𝑀

𝐿𝑟𝑎 = 𝐿𝑎𝑟 = 𝑀𝑐𝑜𝑠𝜃

𝜆𝑟 = 𝑘𝜔𝑟𝑁𝑟𝜑𝑟  = 𝑘𝜔𝑟𝑁𝑟𝜑𝑎𝑐𝑜𝑠𝜃
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Torque determination  in cylindrical AC Machine (Coupled  circuit view point)

𝜆𝑎

𝜆𝑏

𝜆𝑐

𝜆𝑟

=

𝐿𝑎𝑎 𝐿𝑎𝑏

𝐿𝑏𝑎 𝐿𝑏𝑏

𝐿𝑎𝑐 𝐿𝑎𝑟

𝐿𝑏𝑐 𝐿𝑏𝑟

𝐿𝑐𝑎 𝐿𝑐𝑏

𝐿𝑟𝑎 𝐿𝑟𝑏

𝐿𝑐𝑐 𝐿𝑐𝑟

𝐿𝑟𝑐 𝐿𝑟𝑟

𝑖𝑎

𝑖𝑏

𝑖𝑐

𝑖𝑟

Stator and rotor mutual inductances

×

.

r

r'

𝜃

𝐿𝑟𝑎 =
 

4𝑘𝜔𝑟𝑁𝑟𝑘𝜔𝑁𝑎

𝜋𝑔
𝜇0𝑟𝑙𝑐𝑜𝑠𝜃

𝑀

𝐿𝑟𝑏 = 𝐿𝑏𝑟 = 𝑀𝑐𝑜𝑠(𝜃 + 120) 𝐿𝑟𝑐 = 𝐿𝑐𝑟 = 𝑀𝑐𝑜𝑠(𝜃 − 120)𝐿𝑟𝑎 = 𝐿𝑎𝑟 = 𝑀𝑐𝑜𝑠𝜃



Dr. Ali Karimpour June 2024

Lecture #2

65

Torque determination  in cylindrical AC Machine (Coupled  circuit view point)

𝜔𝑓𝑙𝑑
′ =

1

2
𝐿𝑎𝑎𝑖𝑎

2 +
1

2
𝐿𝑏𝑏𝑖𝑏

2 +
1

2
𝐿𝑐𝑐𝑖𝑐

2 +
1

2
𝐿𝑟𝑟𝑖𝑟

2 +

  
𝐿𝑎𝑏𝑖𝑎𝑖𝑏 + 𝐿𝑎𝑐𝑖𝑎𝑖𝑐 + 𝐿𝑏𝑐𝑖𝑏𝑖𝑐 + 𝐿𝑎𝑟𝑖𝑎𝑖𝑟 + 𝐿𝑏𝑟𝑖𝑏𝑖𝑟 + 𝐿𝑐𝑟𝑖𝑐𝑖𝑟  

  

𝜏 =
𝜕𝜔𝑓𝑙𝑑

′

𝜕𝜃

𝐿𝑎𝑎 = 𝐿𝑏𝑏 = 𝐿𝑐𝑐 = 𝐿𝑎𝑎0 + 𝑙𝑎𝑙

𝐿𝑎𝑏 = 𝐿𝑏𝑎 = 𝐿𝑎𝑐 = 𝐿𝑐𝑎 = 𝐿𝑏𝑐 = 𝐿𝑐𝑏 = −
1

2
𝐿𝑎𝑎0

𝐿𝑟𝑎 = 𝐿𝑎𝑟 = 𝑀𝑐𝑜𝑠𝜃 𝐿𝑟𝑏 = 𝐿𝑏𝑟 = 𝑀𝑐𝑜𝑠(𝜃 + 120) 𝐿𝑟𝑐 = 𝐿𝑐𝑟 = 𝑀𝑐𝑜𝑠(𝜃 − 120)

= −𝑀𝑖𝑎𝑖𝑟 sin 𝜃 − 𝑀𝑖𝑏𝑖𝑟sin 𝜃 + 120 − 𝑀𝑖𝑐𝑖𝑟sin(𝜃 − 120)
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Torque determination  in cylindrical AC Machine (Coupled  circuit view point)

𝜔𝑓𝑙𝑑
′ =

1

2
𝐿𝑎𝑎𝑖𝑎

2 +
1

2
𝐿𝑏𝑏𝑖𝑏

2 +
1

2
𝐿𝑐𝑐𝑖𝑐

2 +
1

2
𝐿𝑟𝑟𝑖𝑟

2 + 𝐿𝑎𝑏𝑖𝑎𝑖𝑏 + 𝐿𝑎𝑐𝑖𝑎𝑖𝑐 + 𝐿𝑏𝑐𝑖𝑏𝑖𝑐 +

  
+𝐿𝑎𝑟𝑖𝑎𝑖𝑟 + 𝐿𝑏𝑟𝑖𝑏𝑖𝑟 + 𝐿𝑐𝑟𝑖𝑐𝑖𝑟  

  

𝑀 =
4𝑘𝜔𝑟𝑁𝑟𝑘𝜔𝑁𝑎

𝜋𝑔
𝜇0𝑟𝑙

𝜏 = −𝑀𝑖𝑎𝑖𝑟 sin 𝜃 − 𝑀𝑖𝑏𝑖𝑟sin 𝜃 + 120 − 𝑀𝑖𝑐𝑖𝑟sin(𝜃 − 120)

𝑖𝑎 = 𝐼𝑚cos(𝜔𝑡) 𝑖𝑏 = 𝐼𝑚cos(𝜔𝑡 + 120) 𝑖𝑐 = 𝐼𝑚cos(𝜔𝑡 − 120)

𝜏 = −𝑀𝐼𝑚𝐼𝑟 cos 𝜔𝑡 sin 𝜃 − 𝑀𝐼𝑚𝐼𝑟 cos 𝜔𝑡 + 120 sin 𝜃 + 120 − 𝑀𝐼𝑚𝐼𝑟cos(𝜔𝑡 − 120)sin(𝜃 − 120)

𝜏 = −
3

2
𝑀𝐼𝑚𝐼𝑟 sin 𝜃 − 𝜔𝑡

𝜏𝑠𝑠 = −
3

2
𝑀𝐼𝑚𝐼𝑟 sin 𝛿

= −
3

2
𝑀𝐼𝑚𝐼𝑟sin 𝛿 + 𝜔𝑚𝑡 − 𝜔𝑡

𝑖𝑟 = 𝐼𝑟 = 𝑐𝑡𝑒.
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𝜔𝑓𝑙𝑑
′ =

1

2
𝐿𝑎𝑎𝑖𝑎

2 +
1

2
𝐿𝑏𝑏𝑖𝑏

2 +
1

2
𝐿𝑟𝑟𝑖𝑟

2 + 𝐿𝑎𝑏𝑖𝑎𝑖𝑏 + 𝐿𝑎𝑟𝑖𝑎𝑖𝑟 + 𝐿𝑏𝑟𝑖𝑏𝑖𝑟

  

𝜏 =
𝜕𝜔𝑓𝑙𝑑

′

𝜕𝜃

𝐿𝑟𝑟 = 𝐿𝑟𝑟0 + 𝑙𝑟𝑙

𝐿𝑏𝑟 = 𝑀𝑐𝑜𝑠(𝜃 + 90)𝐿𝑎𝑟 = 𝑀𝑐𝑜𝑠𝜃

𝑖𝑎 = 𝐼𝑚cos(𝜔𝑡) 𝑖𝑏 = 𝐼𝑚cos(𝜔𝑡 + 90)

𝐿𝑎𝑎 =? ? 𝐿𝑎𝑎 = 𝐿1 + 𝐿2𝑐𝑜𝑠2𝜃 𝐿𝑏𝑏 = 𝐿1 − 𝐿2𝑐𝑜𝑠2𝜃

𝐿𝑎𝑏 =? ? 𝐿𝑎𝑏 = −𝐿2𝑠𝑖𝑛2𝜃

= 𝐿2𝑠𝑖𝑛2𝜃(𝑖𝑏
2 − 𝑖𝑎

2) − 2𝐿2𝑐𝑜𝑠2𝜃𝑖𝑎𝑖𝑏 − 𝑀𝑠𝑖𝑛𝜃𝑖𝑎𝑖𝑟 − 𝑀𝑠𝑖𝑛(𝜃 + 90)𝑖𝑏𝑖𝑟

  

𝜏 = −𝐿2𝐼𝑚
2 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜔𝑡 + 𝐿2𝐼𝑚

2 𝑐𝑜𝑠2𝜃𝑠𝑖𝑛2𝜔𝑡 − 𝑀𝐼𝑚𝐼𝑟𝑠𝑖𝑛 𝜃 − 𝜔𝑡
  

𝐿𝑎𝑟 =? ?

Torque determination  in salient-pole two phases AC Machine (Coupled  circuit view point)

𝑖𝑟 = 𝐼𝑟 = 𝑐𝑡𝑒.
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Torque determination  in salient-pole two phases AC Machine (Coupled  circuit view point)

𝜔𝑓𝑙𝑑
′ =

1

2
𝐿𝑎𝑎𝑖𝑎

2 +
1

2
𝐿𝑏𝑏𝑖𝑏

2 +
1

2
𝐿𝑟𝑟𝑖𝑟

2 + 𝐿𝑎𝑏𝑖𝑎𝑖𝑏 + 𝐿𝑎𝑟𝑖𝑎𝑖𝑟 + 𝐿𝑏𝑟𝑖𝑏𝑖𝑟

  

𝜏 = −𝐿2𝐼𝑚
2 𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜔𝑡 + 𝐿2𝐼𝑚

2 𝑐𝑜𝑠2𝜃𝑠𝑖𝑛2𝜔𝑡 − 𝑀𝐼𝑚𝐼𝑟𝑠𝑖𝑛(𝜃 − 𝜔𝑡)
  

𝜏 = −𝐿2𝐼𝑚
2 sin 2𝜃 − 2𝜔𝑡 − 𝑀𝐼𝑚𝐼𝑟𝑠𝑖𝑛(𝜃 − 𝜔𝑡)

  

𝜏 = −𝐿2𝐼𝑚
2 sin 2𝛿 − 𝑀𝐼𝑚𝐼𝑟𝑠𝑖𝑛(𝛿)
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Torque determination  in salient-pole one phase AC Machine (Coupled  circuit view point)

Example 3: The magnetic circuit of following figure consists of a 
single-coil stator and an oval rotor. Because the air-gap is nonuniform,
the coil inductance varies with rotor angular position, measured 
between the magnetic axis of the stator coil and the major axis of 
the rotor, as

where L0 = 10.6 mH and L2 = 2.7 mH. Find the torque as a function of θ for a coil current of 2 A.
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