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lecture 2

_ecture 2

Difterent representations of control
systems

Topics to be covered include:

« Differential Equation. (Complete Description)

« Transfer Function Model. (Simplest Description)
« State Space Model. (SS model)

« Function Block Diagram. (FBD)

« Signal Flow Graph Model. (SFG model)
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Modeling of Systems

Model: Relationship among observed signals.

Building
models

9

[« Split up system into subsystems,

A Modeling J « Joined subsystems mathematically,

» Does not necessarily involve any experimentation
\ on the actual system.

: A ETe  Itis directly based on experimentation.
2- System identification
 Input and output signals from the

\ 3- Combined system are recorded.
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Linear differential equation

The study of differential equations of the type described
above Is a rich and interesting subject. Of all the methods
avallable for studying linear differential equations, one
particularly useful tool is provided by Laplace Transforms.
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External description or transfer function model

d yJraleraoy:d—u+bou
dt’ dt dt
Taking laplace transform U zero initial condition

s*y(s)+asy(s)+a y(s)=su(s)+bu(s)

s+b TF model

Or
Input-output model

u(s) s'+as+a,

DE model =—» TF model

7?7 5
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Differential Equation Model & Transfer Function Model

Exercise 1: Differential equation and transfer function model of an RC
circuit.

Exercise 2: Differential equation and transfer function model of a
mechanical system.

Exercise 3: Differential equation and transfer function model of level
control system.

Exercise 4: Differential equation and transfer function model of dc
motor(speed control with terminal voltage).

Exercise 5: Differential equation and transfer function model of dc
motor(speed control with field voltage).
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Internal description or state space model

General form of LTI systems in state space form

A 8y, -
dyy, dy, .o

d, d., . .

Ay

n

nn

SS model
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State space model & transfer function model

Exercise 6: Derive SS model o i(t) A

for following system. P >

/|

—
L C R, v(t)
output

SSmodel =—» TF model

?? €

Exercise 7: Derive transfer function model for above system.
a) Directly.
b) Through SS model.
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Converting differential equation to SS model

DE model =—» SS model

Exercise 8: a) Derive differential equation model for a pendulum.
b) Derive state space model for pendulum.
c) Is it possible possible to derive transfer function model for pendulum.
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Converting high order differential equation to SS

Exercise 9: a) Derive differential equation model for following
position control system. :

b) Derive state space model for the system.

c) Derive transfer function model for the system.
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Function Block Diagram

FBD  construction AR e
Exercise 10: Derive FBD and transfer -
function for following system. —/M—
e © 06 0606 0 0 0 o vln —— C1 vout

-

Exercise 11: Derive FBD and transfer function for following system.

R1 R2
—/\W—" N
N +
® 06060 0 0 0 0 o Um — O —_— C2 vout

* *
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Signal Flow Graph Model (SFG)

SFG

construction

Exercise 12: Derive SFG of following SS model.

x°1 = a11X1 + A12X9 =+ blu
X.Z = dr21X1 =+ aAr2X9 +- bzu

Yy =c1x1 + x5 + du

12
Dr. Ali Karimpour Aug 2024



lecture 2

Signal Flow Graph to State Space

SFG model <>

SS model
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Mason’s flow graph loop rule

SFG or FBD
r(s) A sTox, sTho% 1 c(s) TF
z Mason’s rule (s 1
N . O[5
4 r(s) s“+5s+4
I\/Ii i

y(s) _ le
u(s) A
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Mason’s flow graph lop rule

Exercise 13: Derive c(s)/r(s)

1
r(s) »

Exercise 14: Suppose u=-ky , derive z/w. 1

lecture 2

1
5
W e > » > Wt
It is appeared in university entrance exam 1394. 2 M 2
H o > > > "
1
s

z_ 28" +s+Kk
w  (5+2k)s’+(k+4)s
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Mason’s flow graph lop rule
University entrance exam 1393

Exercise 15: Consider following tele-operating system and derive V. /F,
F X

V Z'(1+Z2'C +72Z,) Z+C +27,

m

F 1+42°C +2°Z.+2°C2°Z. Z(Z +C. +2)+CZ
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Mason’s flow graph lop rule

Exercise 16: Find the TF model for the following state diagrams.

r() cs) r(s) =
c(s) _as+b c(s) as’+bs+c
r(s) s+c r(s) s°+ds+e

This is a base form for first  This is a base form for second
order transfer function. Order transfer function.
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Realization

TF SS

G(s) =— L > X
s +55+4 Realization X

Rel
Il
I
N
x
[
I
o1
x
N
_|_
-

~ 5 -1 -\‘1 1

r(s) A e o— c(s)
W
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Realization

Some Realization methods

1- Direct Realization.

ooooooooo 19
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Direct Realization

Exercise 17: c(s)
Find SS model of following TF G(s) =
by direct method.

ST+ T7s+12
r(s) s°+4s°+5s+2

Exercise 18: :

Find SS model of following TF G(s)= S _ 28" +13s+17
by series method. r(s) s°+6s°+11s+6
Exercise 19: ,

Find SS model of following TF G(s) = c(s) _  s"+7s+12

by parallel method. r(s) s°+4s°+5s+2

@ 0 00, 070 0.0 0 20
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Converting differential equation to state space

SS

DE
: Explained before ... but 1?
C+5C+4c=r S

X, = X,
X, = —4X; —9X, +T
C=X

TF

1
s +55+4

G(s) =
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Different representations (Summary)

Internal description

DE model A SS model

TF model|\ <= [SFG or FBD
External description model
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Nonlinear systems

Although almost every real system includes

nonlinear features, many systems can be reasonably

described, at least within certain operating ranges, by
linear models.
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Nonlinear systems

z(t) = fla(t), u(t))
y(t) = g(x(t), u(t))
Say that {Xy(t), ug(t), yo(t)} Is a given set of trajectories that
satisfy the above equations, so we have
xq(t) = [(zg(t),ug(t));  zq(t,) given
yo(t) = 9(zq(t), ug(t))

. 2,
H(1) ~ flog,ua) 5| (@) —3Q) t 5| (ult) — ug)
u:uQ u:uQ
", 2,
u(t) ~ g(agug) + 57| (a() —ag) + 5| (ult) -~ ug)
u:uQ

u:uQ
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Nonlinear systems

. of of I
3(t) ~ f@q.ug) + 5| (@) —zg)+ o (ult) —ug)
u:uQ u:uQ
N g dg
w1~ g(oa,ue) + 52| (o) —30) + 50| (ult) —uq)
u:uQ ‘U,_‘U,Q
. ) of of
t) — N — — - —
z(t) — £Q(t) 50 | oo (x(t) —zq) + | meo Y t) —ug)
U=Uy U=
Og dg
t) — vy ~ —2 . — . _
y(t) — Yq(t) 92 | o—ce (z(t) —2Q) + 5-| . - (u(t) —uq)
U=UD U=U
Linearization procedure i aF| B of
Sx=ASx+BSu x| Ll
0g 0g
Ov=Cox+Do C=— ; D=—=
’ o “ ox | =% Ot |F=*g
H=iig H=ip, oe
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Linear model around equilibrium point

Exercise 20: Derive linear model for inverted pendulum
around its equilibrium points.

Exercise 21: Derive linear model for following
level control system. Suppose out put flow of mg

valve is Au(t)?/3 and output flow is Ax(t)Y2. Electric valve
u(t)

X(t)
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Simulation of level control system

2.8
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Disturbance

What must one do?
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Open loop and closed loop systems

Actuator
>

Sensor

C|OS€d-|OOp L ‘O controller o] prant Y
Control system - |
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Linear model for time delay

lecture 2

~7S 1 1 1
e = TS o 2 3 = 2
s fmeet e lrrs+—s°
Galr
7 e 2 1579 t : :
e 5E = 15t Order Pade approximation
T
2° =5
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Exercises

Exercise 22: Find the TF function and SS
and differential equation model for
following system.

Exercise 23: Find the TF function and SS model for position control
system.

a) Suppose angular position as output
b) Suppose angular velocu as output.
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Exercises

Exercise 24: Find Y(s)/U(s) for following system.

Y(s) s'+3s'+2s" +4s+1 :

Answer : =
U(s) s'+25°+3s°+5s5+1

Answer; =t =— K, o Y 1 Y
r s +k +Kk, '
32
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Exercises

Exercise 26: Find g such that C(s)/R(s) for following system be
(2s+2)/s+2 |

1 R(s) —rl > > > C(s)
Answer = g = . s

Exercise 27: Find Y ,(s)/R(s) for following system

Answer

(g+2)s*+(3g +7)s +3
(g +1)s’ +(5g +6)s’ +(6g +11)s +6
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Exercises

Exercise 28: Find C,(s)/R,(s) and C,(s)/R,(s) for following system

Bj ‘ Cj
i i G3 >

— Gl “—l—' G2

H2
Answer - f HI
o Ge >

e o —arasi—ooe M ©
> G4 » G5
G.(S) PA GGG -G)
R.(S) A 1 G,+6G6G, -G H.GGH, -G,G.G,
Exercise 29: Find the SS model for following system (Final Exams).

y'+5y'+6y=u"+uU
Exercise 30: Find the TF model for following system without any

Inverse manipulation. 13 1] [o
X= 0 -2 0|x+|/0yu
0 0 -5 1
c=[1 0 O] ¢

Dr. Ali Karimpour Aug 2024



lecture 2

Exercises

Exercise 31: Find C/R for following system.

Answer )
C GIGSGS(H G4H3)+ Gl(}‘#Gé(HGBHl) +GFIGTGF(3 +GEGSG5 —GIG?HEGSG?._ —GEGSHIG?Gﬁ
R 1+G,H, +G,H, -G,H,G,H, + G,H,G,H,

Exercise 32: Find the SS model for following system.

§'4+3s°+28 +4s+1
S'+25°+3s° +5s5+1

g(s)
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Exercises

Exercise 33: Find direct realization, series realization and parallel
realization for following sy - S+1

G(s)=—
(S"+25+2)(S+3)

Exercise 34: a) Find the transfer function of following system by
Masson formula (Final Exam / Olampiad).

b) Find the state space model of system.

c¢) Find the transfer function of system from the SS model in part b

d) Compare part “a” and part “c”
C S-l S-l 1

r(s) W C(S)

-a -b
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Exercises

Exercise 35: a) Find the transfer function of following system by
Masson formula (Olymiad 2008).

b) Find the state space model of system.
c¢) Find the transfer function of system from the SS model in part b

d) Compare part “a” and part “c”

-a -b
Exercise 36: Find the characteristic equation of following system.
(University entrance exam 1390).

G3

& t - +
2 2
’ . J
' Ha
Answer:1+GH +GGH -GGG HH H

EOH 28 3 1 2
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Exercises

F; s
39 L 05vh=F o [ 4 L
dt (A 111
: —=>Fou

A A
386
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Appendix
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Example 1: Express the following set of differential equations
in the form of X =Ax()+Brt) and draw corresponding state
diagram.

Solution: Clearly

X =

—1 2 0]
-2 0 3

-1 -1 0]

State diagram 1is:

X, ==X, (t) + 2%, ()
X, = —2X, () + 3%, (t) + r,(t)
X3 ==X (t) - X, (t) + I (t)

2024
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Appendix

Example 2: Determine the transfer function of following system without

using any inverse manipulation;1 e -
X(t)=| 0 =2 O|X®)+|0fr(t) ct)=[1 O O]X(t)+2r(t)
=0 Lg¥=5] 1

Solution: Transfer function without inverse manipulation is possible by using state diagram, state
diagram of system is:

2

By using general gain formula, transfer function is:
c(s) MA +M,A, 2x(1—(=557 =257 —s7)+ (1052 +557 +252) = (=1057) )+ s x (1 - (<257")
r(s) A - I—(=5s =25 =5 )+ (105> + 552 + 25 2) = (=10s7)

257 +16s7 +355+22
5P +8s” +17s+10




lecture 2

Appendix

Example 3: Derive C(s)/N(s)

C(s)

m=1 A :1_(_HlG4 _GzGeHz _GstG4GsH2) +((_G4H1)(_GzGeH2))
M, =1 A =1+G,H, =1+H,G,+G,G.H, +G,6,6,6,H, +G,H,G,G,H,

C(s) 1.1+ H,G,)
N(s) 1+H,G,+G,GH,+G,G,G6,G.H, +G,H,G,GH,
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Appendix

Example 4: Determine the modal form of this transfer function. One
particular useful canonical form is called the Modal Form.

It Is a diagonal representation of the state-space model.
Assume for now that the transfer function has distinct real poles
p; (but this easily extends to the case with complex poles.)

N (¢ N (¢
sy — ) _ (5
D(s) (s —=pi)(s—=p2)--(s—pn)
1 D) Tn
— + + -+
S—pP1 S —po S — DPn

Now define a collection of first order systems, each with state X

42
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Al _ N = 1 = P12 +nru
Uls) T s — 1 = P11 1
AT = L9 = DXy + IaU
Uls) T i — 2 = P22 T 72
X N ) T, Ny N
— v n — Pn :C}"l TI"I. U
Us)  s—p, P
Which can be written as: x(t) = Ax(t) + Bu(t)
g y(t) = Cx(t) + Du(t)
N2 _ L _
. p n _ | T"n _ |

lecture 2
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Example 5 Suppose electromagnetic force is i%/y and ****
find linearzed model around y=y,

2 g2
MM:Mg_I (t)

s — L dt? y : .
= o di X1=y,X2=y,X3=|
e(t) =Rji+L—
y dt
i R e(t
X=X X, =0———— x3_——1x3+ﬁ
M X L L

Equilibrium point:

X0 = Yo Xoo = 0 X3 = iQ = 4/ May, € = R1\/ May,
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Example 5 Suppose electromagnetic force is i?/y and “**
find linearzed model around y=y,,

87 A R e(t
L b e s e P
S ] M X, L L
y Equilibrium point: (X1Q  Kogy 1 X ) (yo .0, Magy, , R,\/ Mgy, )

@ Linearization procedure e of B of
Sx=A8x+BSu il Ou |70
og og
oy=Cox+Do C=—= ., D==
Y o “ X |*=7p Ot | *=%g
=i, L=l
XK, =X, p | =&
2 0 1 0 BT
: X X
FK, = o o=y “aedif g |
Yo My, XK, |=|— 0 =2 7 X, |+| 0 |ce(t)
J AR (D) o] | gl AR
MKy =——L K, +— 0 0 R L 15
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Example 6 Consider the following nonlinear system. Suppose u(t)=0

and initial condition Is X,,=X,,=1. FInd the linearized system around
N AR [ UL i VA SR s

o
W Ty
X, (t) = u(t)x,(t)

X,(t)=0x@{)=0 = x(t)=a=1

Xxti==1 = x((t)y=-1+b=-1+1

Linearization procedure 4 a| B of
Ox=A40x+Bdu o i 8?/{;35
g og
oy=Cox+Do C=-—-= : D=2
Y .?C “ Ox |™=%g Ot | *™=%g
L=ty L=u,

il + ou(t)
K,| |0 OfX, | |1-t +
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Appendix

Example 7(Inverted pendulum)

lecture 2

B

y(®)

—l

In Figure , we have used the following notation:

y(t)
o(t)
M

m
I

f(t)

distance from some reference point

angle of pendulum

mass of cart

mass of pendulum (assumed concentrated at tip)
length of pendulum

forces applied to pendulum e
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Appendix

Example 7(Inverted pendulum)

48



lecture 2

Appendix

Application of Newtonian physics to this system leads to
the following model:

i = 5 +Slin29 0 [{S) +0%(t)esinO(t) — gcosO(t) sin O(t)
0= +;n29 m [—%cos@(t) +02(t)esin 0(t) cosO(t) + (1 — A )gsin 0(¢)

where X, =(M/m)

This Is a linear state space model in which A, B and C are:

0 1 0 0 0
00 —2 0 L
_ M . _ M . _
A=1, 0 | B=| ¥ |; €=[1 0 0 0
0 0 (M+m)g 0 _ 1

MZ . L M2 49
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